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The distribution in angle of the protons from the deuteron-deuteron reaction has been 
measured with a gas target over a range of bombarding energy from 60 to 390 Kev. The 


results are representable by 


N(@)=1+A cos? @ 


in which @ is the angle which the proton’s velocity makes with the direction of the deuteron 
beam as measured in the center-of-mass coordinate system and N(@) is the number observed 
per unit solid angle at 6. The value of A is found to be markedly dependent on bombarding 


energy. 





INTRODUCTION 


EASUREMENTS of the angular distribu- 
tion of the protons emitted in the reaction 


H?+ H2—H?+H! 


have shown that the distribution is markedly 
anisotropic and that it is probably of the form 
1+A cos?@ in the center-of-mass coordinate 
system.!~® 

Different investigators have not obtained 
concordant results on the value of A nor on the 
question of its energy dependence. Satisfactory 
interpretation of their measurements is made 
difficult, however, by two practical factors 
inherent in the use of thick deuterium targets: 
(1) an uncertainty in the actual collision energy 
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of an incident deuteron caused by surface 
contamination, and (2) an uncertainty in the 
character of the target—that is, in the distribu- 
tion of deuterium and in the stopping power 
during prolonged bombardment. 

The seriousness of these uncertainties is even 
greater since both yield and angular distribution 
data on the same or an equivalent thick target 
must be known as a function of bombarding 
energy in order to deduce thin-target (i.e., theo- 
retically interesting) angular-distribution data. 

A suitably arranged gaseous target is free of 
these uncertainties and is very attractive as an 
experimental possibility. It has been found 
feasible to use such a target of deuterium gas in 
a careful study of the angular distribution of the 
protons at several bombarding energies. 

The simplicity and importance of the deuteron- 
deuteron reaction recommend such a study. 


HIGH VOLTAGE EQUIPMENT 


The magnetically analyzed deuteron beam of 
10 to 20 microamperes used in this work was 
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PUMP SPEED 9LITERS 





Fic. 1. Schematic diagram of pumping system used to maintain the necessary pressure differential 
between the target chamber and the accelerating tube. 


obtained in a five-foot accelerating tube provided 
with a low voltage ion source. Rectified po- 
tentials up to 400 kilovolts were available from 
a transformer-rectifier-quadrupler of Cockcroft- 
Walton type. 

The average energy of the deuteron beam was 
determined with an accuracy of about 5 percent 
with a high resistance voltmeter of standard 
type. The voltmeter consisted of 455 ten- 
megohm IRC metalized resistors, which had 
been carefully calibrated for resistance as a 
function of current. The voltmeter was checked 
for linearity by setting the deflecting magnet, 
then raising the voltage to bring successive m/e 
components of the beam into the narrow entrance 
canal of the tatget chamber. 


Gas TARGETS 


A gas target can be a close approximation to 
an ideally thin target. The stopping power of 
deuterium gas at a pressure of 1 mm of Hg for 
100-kev deuterons is about 0.2 kev per cm and 
the number of disintegrations produced by a 
beam of one microampere in 3 or 4 mm of path 
is sufficient to give a workable counting rate in 
a reasonably small solid angle. Thus, the energy 
loss of the beam in traversing the target is 
quite negligible for the energies used in these 
experiments. 

At low bombarding energies the advantages 
of such a target are lost if the deuteron beam is 
admitted to the target chamber through a foil. 
Foils sufficiently thick to stand up under the 


6 Hafstad, Heydenburg and Tuve, Phys. Rev. 50, 504 
). 
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intense beams necessary introduce a large energy 
loss difficult to measure accurately, a straggling 
large compared to the residual energy, and 
a spread in energy due to variations in foil 
thickness. 

These difficulties are avoided by admitting the 
beam through a tube of sufficiently small bore to 
permit the maintenance of the necessary pressure 
difference between the target chamber and the 
accelerating tube. While the beam must, of 
course, traverse a certain minimum distance 
through a gas of increasing density in order to 
reach the effective target volume the apparatus 
can easily be arranged so that this path does not 
exceed 15 cm. The resulting total energy loss is 
about 2 kev per mm of gas pressure in the 
target chamber. The straggling produced is 
obviously negligible. The effective collision ener- 
gies of the deuterons in the beam can thus be 
known with an error of less than one percent for 
bombarding energies greater than 50 kev. 

The gas flow from such a chamber is easily 
handled by a two-stage differential pumping 
system as shown schematically in Fig. 1. With 
the geometrical arrangement indicated it is 
possible to get a beam of approximately a 
microampere through the target volume. With 
a gas pressure of 1.5 mm of Hg the yield from 
5 mm of beam length is about 500 protons per 
minute into a solid angle of 0.007 steradian at 
90°. Under these conditions one-half liter of 
deuterium at NTP iS required per hour of 
operation. No provision was made for recovering 
the gas. 

Although the use of a smooth wall capillary 











DISTRIBUTION IN 
to admit the beam to the target volume is 
desirable because of its greater impedance to gas 
flow from the target chamber experience has 
shown that the use of such a tubular capillary 
introduces what appears to be a serious loss of 
energy in the incident beam. The result is an 
apparent equatorial asymmetry in the observed 
angular distribution. 

The substitution of a series of thin diaphragms 
to reduce small angle scattering as shown in Fig. 
2 removes this effect and gives an angular distri- 
bution with the proper equatorial symmetry. 


TARGET CHAMBER 


The apparatus used is shown in Fig. 2 (a, b, c). 
Essentially it consists of a regular twelve-sided 
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right cylinder A whose thick walls are pierced by 
12 holes with coplanar axes bored in the centers 
of its 12 faces. Into one of these holes is set a 
tube B which carries the system of 5 diaphragms 
through which the beam enters the target 
chamber.’ The sizes of these diaphragms and the 
inside diameter of the intervening spacers are so 
chosen that no part of the spacers can be seen 
by both the incident beam and the target volume. 
Only the edges of the diaphragms can scatter 
directly into the target volume, and this scat- 
tering is minimized by making these diaphragms 
thin in comparison to their spacing. The beam 

7 Note that 2(a) and 2(b) are drawn with the beam enter- 


ing from the bottom. In use the entrance canal was 
uppermost. 
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Fic. 2 (a, b, c). Final target chamber. 
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is allowed to escape from the target chamber 
before its main portion strikes a metal surface, 
in this case the bottom of an insulated cup C. 
This reduces the intensity in the vicinity of the 
ionization chambers of the neutrons produced 
where the beam is stopped, and thus aids in 
keeping down the background count. 

The method of making observations is evident 
from the figures. The stationary ion chamber J’ 
views the beam from a fixed azimuth (90°) and 
receives particles from a length of beam and 
within a solid angle determined by the dia- 
phragms a, a’. The number of protons entering 
this chamber is simply a measure of the number 
of disintegrations produced by the bombarding 
beam. 

The movable ion chamber J sees the beam 
through apertures 6, b’. The aperture b’ is a 
circular hole #5” in diameter in the center of a 
brass plug which fits tightly into one of the 12 
regularly spaced holes mentioned above. Be- 
tween the aperture b’ and the ion chamber is a 
vacuum-tight aluminum window (0.0015 inch 
thick) supported as shown in the sketch. The 
hole in this window support is large enough so 
that it does not define the solid angle. The 
other defining aperture, ), is a slot perpendicular 
to the beam carried on another twelve-sided 
metal cylinder D which is mounted so as to be 
accurately coaxial with the cylinder A. The 
slots 6 are made amply long so that the ion 
chamber can see the full diameter of the beam. 

The position of these slots on the cylinder D 
was determined as follows. Circular holes }’’ in 
diameter .were bored in the centers of the flat 
faces of the cylinder D. Into these could be 
fitted a cylindrical metal plug one end of which 
had been cut away from opposite sides so as to 
leave two parallel flat faces equidistant from the 
axis of the cylinder. This plug was inserted into 
the 3” holes mentioned above, the slit edges 
were set up against its flat faces, and the slits 
were then fastened in place. The plug could be 
withdrawn, rotated 180° about its axis, and 
reinserted with an equally good fit, showing 
that the center of the slit coincided with the 
axis of the hole. This procedure also arranged 
that the slits were all quite closely the same 
width, a fact which was subsequently checked 
by means of a micrometer microscope. 





The placing of the cylinder D in correct 
azimuth relative to A was secured as follows. 
With the cylinder D removed it was first verified 
that the axes of the 12 holes in the cylinder A 
were coplanar and possessed a common point of 
intersection. This was done by passing a close 
fitting piece of ground rod through a pair of 
diametrically opposite windows and measuring 
the distances from this rod to the faces of the 
cylinder A which were parallel to it, and meas- 
uring the distances to the ends of the cylinder. 
By this means it was verified that the constructed 
chamber did not deviate from the desired 
geometry by more than 0.001” in the dimensions 
referred to. The cylinder D was then placed in 
correct azimuth by inserting into the holes } 
rods which had on their inner ends concentric 
cylindrical portions of such size that they fitted 
closely into the holes in D. 

Apertures in only one-half of the target 
chamber were used in the actual observations. 
The diametrically opposite ones were provided 
for convenience in checking accuracy of ma- 
chining, in aligning D, and in assuring the correct 
location of the movable ion chamber. 

Shields (not shown) were so placed that the 
exit windows b’ could see no part of the beam 
save that in the effective target volume. 

The entrance canal B is insulated from the 
target chamber and is connected to an external 
lead. Cup C is insulated also. These features are 
useful in aligning the canal with the beam and 
in maintaining as large a current as possible 
through the target chamber. None of the 
measurements depends on a knowledge of this 
current, however. 

The pumping system was essentially that 
shown in Fig. 1. Since the impedance of the 
system of diaphragms (Fig. 2) was only about 
one-fifth that of the capillary of Fig. 1, it was 
necessary to operate with a deuterium pressure 
of 0.3 mm of Hg in the target chamber instead 
of the 1.5 mm referred to previously. 


COUNTING EQUIPMENT 


As described above there is a fixed ionization 
chamber located at a=90°, where a is the 
angle with respect to the forward direction of 
the beam as measured in the laboratory. A 
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second ionization chamber is mounted on a heavy 
spindle whose axis coincides with the transverse 
axis of the scattering chamber. This second 
chamber counts in turn the protons ejected 
through each of the five windows (0’ of Fig. 2c) 
at the angles a=30°, 60°, 90°, 120°, 150°. Its 
position with respect to a window is accurately 
determined by a diametrically opposite aligning 
pin (c of Fig. 2c). 

Each chamber has a depth of 9.3 mm. The 
pulses were amplified by independent linear 
amplifiers, passed through thyratron pulse sharp- 
eners and high vacuum-tube scale-of-two cir- 
cuits.* The outputs of the scalers actuated 
multivibrator type driving circuits which de- 
livered a power pulse to mechanical recorders. 

Since the highest counting rate used was 
about three protons per second the counting 


TABLE I. Distribution in angle of protons from deuteron- 
j deuteron reaction. 








STATISTICAL 
PROBABLE 





E ERROR 
(KEV) a I (a) N(a) 6 N(@) +% 
390 150° 3.25 1.62 153.7° 2.02 2.3 
120 1.43 1.24 126.3 1.41 4.3 

90 1.00 1.00 97.3 1.00 5.2 

60 1.50 1.30 66.3 1.14 4.2 

30 4.75 2.38 33.7 1.92 1.5 

320 150 3.38 1.69 153.3 2.07 2.0 
120 1.42 1.23 125.8 1.38 3.3 

90 1.00 1.00 96.7 1.00 2.4 

60 1.49 1.29 65.8 1.15 3.2 

30 4.45 2.22 33.3 1.83 1.7 

260 150 3.06 1.53 152.8 1.82 1.5 
120 1.32 1.14 125.1 1.27 6.3 

90 1.00 1.00 95.9 1.00 2.4 

60 1.46 1.26 65.1 1.14 4.7 

30 4.14 2.07 32.8 1.74 1.3 

210 150 3.02 1.51 152.7 1.78 3.7 
120 1.37 1.19 124.6 1.30 4.8 

90 1.00 1.00 95.3 1.00 2.4 

60 1.60 1.38 64.6 1.27 3.4 

30 4.08 2.04 32.7 1.75 1.5 

140 150 3.02 1.51 152.2 1.72 2.9 
120 1.38 1.19 123.7 1.29 4.7 

. 90 1.00 1.00 94.3 1.00 2.4 

60 1.48 1.28 63.7 1.20 4.2 

30 3.69 1.84 32.2 1.62 2.5 

60 150 2.46 1.23 151.4 1.34 2.6 
120 1.33 1.15 122.4 1.20 5.2 

90 1.00 1.00 92.7 1.00 2.4 

60 1.40 1.21 62.4 1.15 4.5 

30 2.91 1.46 31.4 1.34 2.6 








* Lifschutz and Lawson, Rev. Sci. Inst. 9, 83 (1937). 
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losses due to resolving time of the mechanical 
recorders were negligible. 

Visual checking of the amplifier output with 
an oscilloscope guarded against spurious counts 
due to sparks or acoustic disturbances. 


COUNTING PROCEDURE 


The measurement of the angular distribution 
was made as follows. During a counting interval 
the fixed (monitor) chamber counts a number of 
protons F proportional to the total number of 
disintegrations produced in the effective target 
volume. In the same interval the movable 
chamber records a count M consisting of the 
protons emerging through one of the five 
windows® plus a background count apparently 
due to neutron recoils in the ionization chamber. 
The background in the fixed chamber was 
negligible since it counted a number of protons 
of the order of ten times that counted in a 
given interval by the movable chamber and 
since further the fluctuations in background 
count were never observed to exceed reasonable 
statistical expectations. 

To correct for the background of the movable 
ionization chamber a measure of its magnitude 
was made at frequent intervals during a run at 
any one window by excluding the protons from 
the ionization chamber with a heavy aluminum 
foil and recording the background count. This 
was done without moving the chamber. 

During a counting interval under these condi- 
tions the movable chamber records a background 
count B while the monitor chamber records a 
count F, still proportional to the number of 
disintegrations in the target volume. A run at 
any one window then consists of several counting 
intervals interspersed with background counting 
intervals. Calling PF, M, B, F, the total numbers 
of-the respective counts obtained during a run, 
the quantity 

1 F M B 
A et liad 
F P, F P, 


® In order to make the signal to noise ratio in the ampli- 
fier output as large as possible, the protons were slowed to 
within two or three centimeters of the end of their range by 
aluminum foils of stopping power appropriate to the value 
of proton energy for the window under consideration and 
to the bombarding energy. 
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Fic. 3. Angular distribution of the ejected protons 
plotted against cos? @. Note that the scale for successive 
curves is shifted 0.2 unit of ordinate. The length of the 
vertical bar through each point is equal to twice the sta- 
tistical probable error of that point. 


was calculated. The experimental values of this 
quantity, normalized to unity at a=90°, are 
tabulated as J(a) in Table I. No geometric or 
other corrections have been applied in calcu- 
lating (a), other than the background correction 
just described. ‘ 

Several thousand protons were observed at 
each window at each voltage. The statistical 
probable errors given in the last column of 
Table I were calculated in the usual way, 
remembering that J(a) is the function of experi- 
mental data written in the paragraph above. 


RESULTS 


Examination of the geometry of the target 
chamber shows that the effective target volume 


TABLE II. Values of A(E) as obtained from Fig. 3. 








E(kev) 60 ~* 140 210 260 320 390 
A 0.46 0.95 1.02 1.17 1.38 1.49 
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Fic. 4. Values of A as a function of the energy of the 
incident deuterons. 


is with negligible error proportional to 1/sin a. 
Thus, the laboratory angular distribution 


N(a) =I (a) sin a. 


This distribution N(a) has been transformed 
to the corresponding distribution N(@) in the 
center of mass system.* 

The results are tabulated in Table I and are 
exhibited graphically as a function of cos? @ in 
Fig. 3. 

It is evident that the distribution can be 
reasonably well represented by an equation of 
the form 


N(0)=1+A(E) cos? 6 


in which A is a function of the bombarding 
energy E. 

Table II shows the values of A(£) as obtained 
from the slopes and intercepts of the curves of 
Fig. 3. These values are quite well represented 
by the expression A =A E!. In Fig. 4 the data 
of Table II are plotted. Note that E is the bom- 
barding energy as measured in the laboratory. 
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Magnetic Moments of Odd Nuclei 
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To understand the grouping of the nuclear magnetic 
moments a generalization of Schmidt’s single-particle 
model is considered. In the first approximation, the ground 
state of an odd nucleus is taken to be a doublet state with 
definite partition quantum numbers, but involving both 
possible values of the azimuthal quantum number L. Only 
very general assumptions are made concerning the de- 
tailed composition of the wave function. On this basis the 
orbital part of the magnetic moment turns out to be es- 
sentially that following from the liquid drop model; the 
spin part is identical with that of Schmidt. The limits of 


the magnetic moments, when plotted against J, are given 
by the solid lines on Fig. 1. Next, we have calculated the 
deviations from the magnetic moments thus obtained 
which arise from the admixture of states with higher par- 
tition quantum numbers to the original wave function. The 
result is that the magnetic moment is not greatly changed 
even when the partition quantum numbers are no longer 
sharp. (Cf. Fig. 2.) The present model fails to explain the 
near equality of the moments of isotopes which has been 
found experimentally. 





MAGNETIC MOMENTS OF Opp NUCLEI 


1. The rapid: accumulation of experimental 
data on the magnetic moments of nuclei through- 
out the periodic table on the one hand and the 
great accuracy which can now be achieved in 
their measurement on the other, encourage theo- 
retical consideration in this field. Previous calcu- 
lations of magnetic moments may be divided into 
two groups: those proceeding with detailed as- 
sumptions about nuclear forces and the structure 
of the nucleus,' and others in which more general 
and qualitative ideas are used. The former 
calculations are restricted to light nuclei. They 
involve rather detailed assumptions concerning 
the nuclear wave functions such as the inde- 
pendent particle model or the a-particle model. 
Furthermore, Russell-Saunders coupling was as- 
sumed throughout until recently when Rose and 
especially Phillips emphasized the significance of 
the spin-spin interaction, particularly for the 
magnetic moments of even nuclei with odd 
number of protons and neutrons. These calcu- 
lations were extended and critically reviewed 
recently by Inglis.” 

* Member of Institute for Advanced Study, Princeton, 
Autumn, 1939. 

1M. E. Rose and H. Bethe, Phys. Rev. 51, 205 (1937); 
H. Bethe, Phys. Rev. 53, 842 (1938); L. R. Hafstad and 
E. Teller, Phys. Rev. 54, 681 (1938); M. E. Rose, Phys. 
Rev. 56, 1064 (1939); M. Phillips, Phys. Rev. 57, 160 
(1940); D. Inglis, Phys. Rev. 51, 531 (1937); 53, 882 (1938); 


55, 329 (1939); R. G. Sachs, Phys. Rev. 55, 825 (1939). 
?:—D. R. Inglis, Phys. Rev. 56, 1175 (1939). 


The more schematic considerations of Schiiler, 
Schmidt and Hund’ as well as those of the 
present paper are based on the fact that the 
magnetic moments uz, plotted as function of the 
total angular momentum J, lie between two 
rather close curves. This regularity holds for odd 
nuclei, and the two curves for nuclei with an odd 
number of protons and those for nuclei with an 
odd number of neutrons are different. The 
experimental material at present available is 
illustrated in Fig. 1. 

In order to explain this regularity, the above 
authors assumed tentatively that the whole mag- 
netic moment is due to a single particle, which is 
a proton in the former and a neutron in the 
latter case. Its state can be described by a total 
and an orbital angular momentum. The former is 
the total J of the nucleus, the latter, /, is either 
J+ or J—}. The magnetic moment is calcu- 
lated by the customary Landé-Goudsmit formula 
and should lie either on the upper or on the lower 
broken line of Fig. 1, corresponding to the two 
possibilities /= J+}. 

One would be tempted to interpret the fact 
that the observed magnetic moments lie between 
rather than on these curves by assuming a 
deviation from the L—S scheme. However, no 


’Th. Schmidt, Zeits. f. Physik 106, 358 (1937); H. 
Schiiler, Zeits. f. Physik 107, 12 (1937); F. Hund, Physik 
Zeits. 38, 929 (1937). 
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such deviation exists in the nonrelativistic‘ one- 
body problem, on account of the parity rule. The 
nearest one could come to the above picture 
would be to assume for the correct wave function 
a linear combination of two wave functions of the 
above kind. These would correspond, respec- 
tively, to an even and an odd state of the core, 
both with angular momentum zero. The orbital 
angular momentum of the outside particle would 
be J—} in one and J+ in the other wave 
function. Such a model would naturally and 
directly lead to magnetic moments between the 
two Schmidt curves. The assumption concerning 
the angular momentum of the core finds support 
in the fact that all nuclei with an even number of 
both protons and neutrons have no angular 
momentum. The assumption that the whole 
orbital angular momentum is carried by one 
particle is to some extent supported by the 
remark of Hund that the total angular mo- 
mentum is never greater than 3} plus what the 
angular momentum of a single particle would be, 
assuming a reasonable shell structure.® 

In spite of this, and in spite of the apparent 
success of the above model for the explanation of 
nuclear magnetic moments, it seems to us to be 
somewhat too specialized. In the first place, it is 
hard to understand that the core wave function 
should contain only states with zero angular 
momenta, considering that states with higher 
angular momenta of the core alone (an even-even 
nucleus) are known in many cases to be very 
close to the normal state. It appears indeed 
highly doubtful that the first excited state of 
even-even nuclei is a state with zero angular 
momentum in the majority of all cases. In addi- 
tion to this, no simple two-particle operator has 
matrix elements between two wave functions of 
the above described character. The fact that 
both occur in an actual wave function would be, 
therefore, most probably due to the coupling of 
both to a third part in the wave function which 
corresponds to a core with a finite angular 
momentum. Although this third part could be 


*H. Margenau, Phys. Rev. 57, 383 (1940). This calcu- 
lation shows that the relativistic corrections to the mag- 
netic momenta are too small to explain the deviation of 
the measured momenta from the curves of Fig. 1. 

5 W. Elsasser, J. de phys. et rad. 4, 549 (1933); 5, 389 
635 (1934); H. Margenau, Phys. Rev. 46, 613 (1934); 


F. Hund, reference 3. 
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Fic. 1. Magnetic moments of odd nuciei plotted against 
J. Circles represent experimental values. Solid lines are 
upper and lower limits as obtained in this paper if only the 
lowest partition quantum numbers are taken into account. 
Dotted lines are limits obtained by Schmidt on the basis 
of a one-particle model. 


very small, it appears improbable that it should 
couple only such states in which the core has no 
angular momentum. It may be mentioned, fur- 
thermore, that, as Bethe® has pointed out, there 
should be a marked difference between the 
Couloumb energies of nuclei with even and odd Z 
if a single particle model were valid for the last 
particle. Recent measurements indicate that such 
an effect, if it exists, is very small.” We have 
decided, therefore, to look for a more general 
model which is capable of explaining the grouping 
of the magnetic moments between the two 
Schmidt curves. ' 


*H. A. Bethe, Phys. Rev. 54, 436 (1938). 

7 Recent measurements of W. H. Barkas, E. C. Creutz, 
L. A. Delsasso and M. G. White and of R. O. Haxby, 
W. E. Shoupp, W. E. Stephens and W. H. Wells (cf. also 
Bull. Am. P - Soc., New York meeting, February, 1940) 
show that the Coulomb energy difference is a much 
smoother function of the atomic mass than appeared at the 
time reference 6 was written. This applies, according to a 
kind personal communication of Dr. Stephens, particularly 
for nuclei with a mass number greater than 9. 
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MAGNETIC MOMENTS OF ODD NUCLEI 


This has been attempted before by K. Way® 
using an extreme form of the liquid drop model. 
She assumed that all particles participate about 
equally in the orbital motion so that the g factor 
(2 Mc/he times u/J) for the orbital motion is 
n,/(m»+mwn). This appears quite reasonable. Way 
assumes a similar g factor for the spin moment 
also. This would correspond to a very broad 
distribution of the spin angular momenta over all 
possible values—an assumption which is hardly 
acceptable. In the present paper, the g factor of 
the spin angular momentum will be calculated 
with a “symmetric Hamiltonian.” This will give, 
essentially, the same g factor for the spin which 
obtains in Schmidt’s model. This part of the 
model is, thus, to a large degree independent of 
the assumption that the moment is due to a 
single particle. For the g factor of the orbital 
moment, on the other hand, our result is identical 
with that of K. Way. Assuming Russell-Saunders 
coupling, we arrive at the conclusion that the 
magnetic moments should lie on the full lines of 
Fig. 1 while deviations from Russell-Saunders 
coupling (which are, of course, quite possible in 
our model) would shift the magnetic moments to 
the region between the full lines. 

2. In describing the ground states of odd 
nuclei the assumption will be made that a spin- 
independent, symmetric Hamiltonian is a good 
starting point for the calculation of wave func- 
tions. In this approximation the states can be 
characterized by partition quantum numbers 
(PP’P’’) and the normal states of all odd nuclei 
are doublet states, and also the azimuthal 
quantum number L and Y;=}})¢rr0z have sharp 
values.* Considering now interactions which do 
not satisfy the above requirements, states with 
different S, L, etc. will mix. The mixing will be 

*K. Way, Phys. Rev. 55, 963 (1939). 

*E. Wigner, Phys. Rev. 51, 106 (1937); F. Hund, Zeits. 
f. Physik 105, 202 (1937). In explanation of the terminology 
here used it may be stated that (PP’P”’) is the name of a 
supermultiplet, just as S in atomic spectra labels a multi- 
plet. P is the highest value which either S,, Ty, or Y¢ can 
take, just as, for pr agg" multiplets, S is the highest 
value which S, can take. P’ is the highest value of one of 
the remaining pair (e.g. S, or VY; if Ty=P); P” is the 
highest —— value of the remaining operator (e.g., Y; 
if T;=P, S,=P’). Mathematically, S,, Ty and Y; play 
entirely identical roles. The normal state of a nucleus has 
as small values of P, P’, P’” as possible. Since P=P’=P”, 
the best choice for P is the value of Ty. Thus, for the low- 
est state, P= T;, and P’ and P” are as small as possible. 


For the low excited states we still have P=7;, but P’ and 
P” are somewhat greater than for the ground state. 
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much stronger between states with different L 
and equal S and (PP’P”’), than for states which 
differ also in S and (PP’P’’). The reason for this 
is that states with different L can be very close to 
the normal state'® while states with higher S or 
(PP’P’’) belong to a different ‘‘supermultiplet”’ 
and lie necessarily much higher in first approxi- 
mation. Our assumption for the normal state will 
be, that the state has S=} and the lowest 
possible partition quantum numbers (cf. further 
below), while for L only the assumption will be 
made that it can give, together with S=}, the 
total J of the nucleus. Thus, the wave function 
will contain both an L=J—} and an L=J+} 
part. These assumptions will make the spin 
moment equal to the value assumed by Schmidt. 

In the following two sections, we shall carry 
out the calculations which were outlined above. 
Assuming a symmetric Hamiltonian, we could 
assume that the wave function has the lowest 
possible partition quantum numbers. This would 
allow us to calculate the magnetic moments, as 
outlined above. However, it would not permit us 
to estimate the deviation from this magnetic 
moment which is caused by an admixture of 
states with other partition quantum numbers to 
the original wave function. This, however, is 
quite necessary because the (PP’P’’) cannot be 
expected to be good quantum numbers for heavy 
nuclei. In spite of this, most of the heavy nuclei, 
also, fall between our two curves. This can be 
understood on the basis of the above picture only 
if moderate deviations from the assumed wave 
functions do not give very large changes in the 
magnetic moment, i.e., if the magnitude of yu is 
not changed very strongly even when (PP’P”) 
loses its strict significance as a quantum number. 
This will indeed turn out to be the case. In view 
of this, it should be noted, even the fact that the 
moments of all light nuclei are between the two 
curves does not prove that (PP’P”’) isa very good 
quantum number for them. 

3. The so-called magnetic moment of the 
nucleus, u, is the component Mz of the magnetic 
moment in a direction Z in which the component 
of the total angular momentum Jz is equal to the 
total angular momentum J. The magnetic mo- 
ment consists of two parts, the orbital magnetic 


10 E. Teller and J. A. Wheeler, Phys. Rev. 53, 778 (1938). 
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moment Az and the spin magnetic moment ~z. 
It has been discussed repeatedly" whether it is 
permissible to consider the magnetic moment as 
the sum of the orbital and spin moments of the 
different particles. We shall assume here that 
this is permissible within the accuracy of our 
calculations. 

We shall consider first the orbital magnetic 
moment which is, in units of the Bohr nuclear 
magneton, equal to the Z component of the 
orbital momenta of the protons, in units of h. As 
mentioned before, it is not possible to carry out 
the calculation of this quantity rigorously but we 
shall adduce a plausibility argument for the 
correctness of the value assumed by Way. 

Let us decompose the total wave function V 
into parts with definite ZL and S 


VW=DiarsV is. (1) 


If Russell-Saunders coupling could be assumed, 
(1) would consist of only one term. The V5 are 
assumed to be normalized, the sum of the squares 
of the {azs| is 1. Since the total orbital angular 
momentum does not commute with the Z com- 
ponent of the orbital proton momentum, there 
will appear in the calculation of (¥, AzW) certain 
cross terms between V,s and WV z's. These are 
generally small in comparison with the diagonal 
terms and will here be disregarded. Justification 
for this procedure will be given at the end of this 
section. Thus the orbital magnetic moment for ¥ 
will be taken to be the sum of the magnetic 
moments of the different parts of W in (1): 


(W, Az¥)=>0 lazs|*(Wis, Az¥ xs). (2) 
Ls 


The W 5 in (1) have a definite Z component of the 
total angular momentum Jz but no definite Z 
components of L and S. We can denote the 
functions with definite Z components of L and S, 
out of which V;5 is compounded, by Vis», where 
m and yu are the Z components Lz and Sz of L 
and S, respectively. We can then define a g factor 
for every one of these functions by the equation 


(Vi smu, Az¥ ism) =ga(LS)m. (3) 


The ga do not depend on m or yu but depend, of 
course, on all other quantum numbers. The 


"Cf. W. E. Lamb and L. I. Schiff, Phys. Rev. 53, 651 
(1938); D. R. Inglis, reference 2. 
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matrix elements for Vs can be calculated from 
the ga by the well-known Landé-Goudsmit 


formula 
(Wis, AzVxs) 
J(J+1)+L(L+1) —S(S+1)_ 


2IT4+1) gx(LS). (4) 





Our task is therefore to calculate the ga(LS). For 
this purpose we can further decompose each 
Vism, into parts in which the total orbital mo- 
menta of the protons and neutrons alone have 
definite values, / and /’: 

Vis= s biswVisw. (5) 
Again the sum of |6,s.|? over / and I’ is 1, and 
the matrix element (Wzs, AzV¥zs) can be calcu- 
lated as the sum of the matrix elements of Az for 
the different V_s.. separately. Formulas derivable 
from the vector addition principle yield immedi- 
ately (since the g factor for protons is 1, for 
neutrons 0) 


L(L+1)+/(1+1) —l’(U’+1) 
ga(LS) => | bisw |? ' 
w 2L(L+1) - (6) 





The summation in (6) must be carried out, in 
general, over all values of / and /’ which can give a 
total L according to the vector addition model. 
Eqs. (4) and (6) give the average value of Az for 
the wave function V,s in terms of the proba- 
bilities for this L being composed in the different 
possible ways out of orbital momenta of protons 
and neutrons, / and /’. At this point it is necessary 
to make some assumption concerning these proba- 
bilities. For a nucleus with an equal number of 
neutrons and protons, it follows from the sym- 
metry of the Hamiltonian with respect to protons 
and neutrons that the probability for the angular 
momenta / and /’ for protons and neutrons, is 
equal to the probability for the momenta /’ and /. 
This means |bzs.|?=|b2sv1|* and, under this 
condition, (6) can be summed up and gives 3. This 
is in agreement with Way’s value np/(n,+mw). It 
can be shown, furthermore, that for np#ny, the 
deviation of (6) from } is proportional to the 
neutron excess. This is also in agreement with 
Way’s assumption. It is not possible to show, in 
general, that the proportionality constant is 
4(np+ny)—; in fact, it could be different for 
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different isotopic spin multiplets. However, it 
clearly has this value if mp =0 (in this case /=0 in 
(6)) and we shall assume it henceforth. 

Schmidt’s assumption, on the other hand, 
would amount to 6; 51, =0 unless /’ =0 in case of 
an odd mp, and 6; 5:1. =0 unless /=0 in case of odd 
ny. Although, as mentioned before, this gives 
results which are in closer agreement with experi- 
mental data than our results are, we could not 
satisfy ourselves that it conforms with the 
picture of nuclear structure formed on the basis 
of other lines of evidence. It should be men- 
tioned, however, that the nuclear moment does 
not depend critically on the validity of these 
assumptions since the whole orbital magnetic 
moment plays only a subordinate role in the total 
moment. Thus our curves do not differ greatly 
from Schmidt’s. 

Our final result for the orbital part of the 
magnetic moment is 


up 
(v, Az) = 2 |azs|* Jz 


np+nn 


IFA LEAN) ~SS+1) 
2I(J+1) 








The |azs|? will be determined later. 

We have neglected some cross terms in Eq. (2) 
and we wish now to give an estimate for them. 
Their exact calculation would, of course, necessi- 
tate the use of a specific nuclear model which 
would yield the coefficients 6; s:,,, whose number 
is unlimited. Each cross term involves a summa- 
tion of the type 


2X bisw* bu sw(VYrsw, Az¥ i sw). 
These cross terms vanish, of course, unless 
L'=L+1. For their evaluation it is important to 
note that the proton and neutron wave functions 
y, and yy out of which ¥,s. is composed, are in 
general different from the wave functions y,’ and 
vv’ out of which WV; 5s, is composed. However, 
the matrix elements of Az are largest if y:=y,’ 
and ¥,=y,’ and are otherwise proportional to 
the scalar products of these wave functions. These 
scalar products must be expected to be quite 
small. Furthermore, the } will vary quite irregu- 
larly as to sign and magnitude, and since the sum 


107 


of their squares is unity, the result of the summa- 
tion is further diminished. (The Hartree model 
would be quite unsuited for the calculation of the 
above sums since it gives only a small number of 
b’s and since the above y, yr are closely related 
to the wi’, wv’.) 

4. For the calculation of the spin magnetic 
moment we decompose the wave function into 
parts which have definite partition quantum 
numbers (PP’P’’) and definite angular mo- 
menta L 


VW =Docpi.V pr. (8) 


P is an abbreviation for (PP’P’’) (the (ST Y) of 
reference 9). The Vp, are assumed to be nor- 
malized, the sum of the squares of | cp,| is 1. If the 
“first approximation” of reference 9 could be 
assumed to be valid, (8) would contain only one 
term, corresponding to a single partition and a 
single L. Actually, it will be necessary to assume 
that terms corresponding to more than one value 
of L, at least, occur in (8). The operator for the 
magnetic moment is 


2z2= =mp 2 31 tri )ozitun X a+ rior 
(9 
=Murtuv)E ozit+} (var) 0 Zi. : 





Here, r;; is the isotopic spin coordinate for the ith 
particle. Its value is 1 for neutrons, —1 for 
protons. The oz; are the usual matrices for the Z 
components of the spin angular momenta, with 
characteristic values +1 and —1. The up and py 
are the magnetic moments of proton and neutron. 
If we again express all magnetic moments in 
nuclear Bohr magnetons ef /2Mc, (9) becomes 


Yz=0.855Sz—4.715 Yr, 
=2 Lozi; =32 Tri Zi- 


(9a) 
where 


Since (9a) does not depend on space coordinates, 
it has no matrix elements between parts of the 
wave function which belong to different L or to 
different partitions. Its mean value is, therefore 


(YW, =2¥)=2 \cpx|*(Wpr,2zVpz), (10) 
i.e., simply the sum of the magnetic moments of 
the different parts of ¥. In atomic spectra, the 
partition quantum number completely deter- 
mines the total spin angular momentum S, and 





H. MARGENAU 





108 


conversely S determines the partition quantum 
number so that it is sufficient to specify one of 
these. In nuclear problems, on the other hand, 
because of the existence of the isotopic spin, we 
have “‘supermultiplets” and, except for special 
cases, several S values belong to one super- 
multiplet and have the same energy if we disre- 
gard spin dependent forces. Nevertheless, S can 
be specified simultaneously with (PP’P”), J, Jz 
and L. Hence, Vp, can be decomposed again: 


Vpr=)> cs?*¥pxs, (11) 
S 


where again 
LX |¢s?*|*=1. 
Ss 


TABLE I. Magnetic moments of nuclei with odd proton and 
with odd neutron. 











J “ SOURCE J » SOURCE 
Odd Proton Odd Proton 

H} 1/2 2.79 1 Eu! 3.4 16 
Li? 3/2 3.25 2 Eu" 5/2 1.5 16 
B!: 3/2? 2.682 3 Lu'% 7/2 2.6 18 
Fw 1/2 2.62 2 Au’ = 3/2? 0.2 16 
Na 3/2 2.216 4 Ties 1/2 1.45 19 
Al? 5/2 3.628 5 T1205 1/2 1.45 19 
Cis 5/2? 1.365? 6 Bi209 9/2 4.0 20 
K» 3/2 0.391 a 
K“ 3/2 0.22 7 Odd Neutron 
Sc 7/2 44-48 8 Be® 3/2? —1.175 21 
Mn 5/2 3.0 9 Zn? 5/2 0.9 22 
Co 7/2 3.5 10 Kr%3 9/2? —1. 23 
Cu® 3/2 2.43 11 Sr8? 9/2 ~-1.1 24 
Cu® 3/2 2.54 11 Cam 1/2 —0.65 25 
Ga*® 3/2 2.11 12,32 | Cdus 1/2 —0.65 25 
Ga™! 3/2 2.69 12,32 | Sn 1/2 —0.89 26 
As? 3/2 1.5 13 Sn 1/2 —0.89 26 
Rb® 5/2 1.34 6 Xe 1/2 -—0.9 23 
Rb* 3/2 2.74 6 Xe = =3/2 0.7 27, 23 
Ag'0 1/2 —0.10 14 Ba!% 3/2 0.9 28 
Ag’ 1/2 —0.19 14 Ba!?) = 3/2 0.9 28 
Ints 9/2 6.4 15 Yb! 1/2 0.45 30 
Sb! 5/2 3.7 16 Yb 5/2 —0.65 30 
Sb!33 7/2 2.8 16 Pris 1/2 0.6 31 
[127 5/2 2.8 17 Hg” 1/2 0.5 29 
Cs'8 7/2 2.57 4 Hg?! 3/2 —0.6 29 
La! 7/2 2.8 16 Pb? 3=61/2 0.6 23 
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Introducing this into (10) we obtain 


(W,22¥)= ¥ |cpz|?\cs?“|2(¥ers, 2z¥ prs), (12) 
PLS 


plus nondiagonal matrix elements in which Vpzs5 
is combined with a Wpzs-. We shall neglect the 
latter, for reasons which will be apparent later. In 
order to calculate the (Wpzs, =z¥pxs), we can 
go over from the wave functions Vpz,s in which 
J, Jz, L, S are specified, to wave functions 
Yptsm in which J, L, S, Lz=m, Sz=wn are 
specified. We define in analogy to (3) 


(Vi smu, 22zV rsmy) =Zs(PS)y. (13) 
Since the operator =z contains only spin 
quantities, its matrix elements are uniquely given 
if the dependence of Vs», on the ordinary and 
isotopic spin coordinates is known; that is, they 
are given by the partition quantum numbers 
(PP’P”’) and S. In particular, gs is independent 
of Z and the same for all wave functions with the 
same (PP’P’’) and S. For (12) we have according 
to the oft-quoted Landé-Goudsmit formula, 


(Vpxs, >zV pis) 


J(J+1)+S(S+1)—-—L(L+1) 
= J gs(PS). 


=Jz (14) 
2J(J+1) 





The calculation of the spin part of the magnetic 
moment is thus reduced to the calculation of the 
|cpz|*, the |cs?“|*, and the gs(PS). The only 
approximation made so far is the neglect of the 
off-diagonal elements mentioned after Eq. (12). 

The partition which has the lowest energy in 
the approximation in which the spin dependent 
forces are neglected is"? (PP’ P’’) = (T;}+4) where 
T;=3(nmvy—np) is the isotopic spin. We thus 
obtain to this approximation for the elements 
with isotopic spin 7; only one S, namely S=}. 
Hence the L values in (10) which are compatible 
with a definite J are J—} and J+}. If we assume 
that this partition alone is present in W, (10) 
contains only two terms, P assuming only one 
and L only two values. For both of these, (11) 
contains only one term, corresponding to S=}, 
and there are, of course, no off-diagonal elements 
in addition to the terms (12) so that (14) holds in 
this case rigorously. 


2 E. Wigner, Phys. Rev. 51, 947 (1937). 
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The value of gs(PS) can be obtained rigorously 
also. The first part of =z in (9a) gives simply 
0.855 in (13). The second part gives — 4715-3 if 
u=Sz=} and if we have a (7;34) multiplet. It 
gives +4715-3 if w=} and we have a (7;3—}3) 
multiplet. This is evident even from the definition 
of the (PP’P”) symbols: P is the maximum 
possible value of the isotopic spin 7; for the 
supermultiplet. P’=} is the maximum value of 
Sz, compatible with the value P for 7; (it is 
because of this that S is uniquely given). P”, 
finally, is the maximum value of Y; (in our case 
the only value) which is compatible with the 
maximum values of P and P’. Hence we obtain 
for 


gs((T:3+3), L, })=0.855F4.715. (15) 
The sum P+ P’+P” has the form 2k —}(ny+np) 


with an integer k. In our case, furthermore, 
P=}(my—np) so that P’+P” has the form 
2k—ny. Since P’=}3, we have P’=+43 if the 
number of neutrons is odd, P’’ = —3 if the num- 
ber of neutrons is even, that of the protons 
therefore odd. In the former case the upper sign 
holds in (15), in the latter case the lower. The gs 
which one obtains in this way, —3.86 and 5.57 
are 2uy and 2uyp, i.e., the g factors for a single 
neutron and proton. This had to be expected as 
soon as it was established that the gs can be 
calculated uniquely on the basis of our assump- 
tions and are, thus, to a large degree independent 
of a special model. In consequence hereof, the g 
factor can be calculated using any special model 
compatible with the validity of the first approxi- 
mation of reference 9. Such a model is, e.g., that 
consisting of one extra particle outside a closed, 
unmagnetic shell which contains an even number 
of protons and neutrons. The g factor for such 
a model is evidently that for the single particle 
outside the shell. Thus the mean value of 2z is 
identical with the one postulated by Schmidt. 
We can now easily calculate the mean value of 
Azalso. If one assumes Russell-Saunders coupling, 
L can be either J—} or J+}, and thus either 
|ay-44|* or |@ 744,|? is one in (7), while all the 
other a@zs become zero. The whole magnetic 
moment should correspond, therefore, to one of 
these possibilities, represented by the full lines 
of Fig. 1. However, it was pointed out in the 
introduction that one hardly can expect strict 
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Fic. 2. Solid lines represent limits of magnetic moments 
for states of higher partition quantum numbers. Paren- 
theses mean (P’P’’)(S). The two branches of the curves 
correspond to L=|J—S| and L=J+S; the arrow points 
in the direction from |J—S| to J+5S. The broken lines 
are identical with the full lines of Fig. 1. 


L-S coupling, and this makes the whole region 
between the full lines possible. Schmidt’s curves 
are given as broken lines. Table I contains the 
experimental material used in preparing these 
figures. 

5. Figure 1 shows that most magnetic moments 
lie in the region expected under the assumption 
that the partition of the wave function is 
(7;3+4)."* This does not prove, of course, that 
this assumption is correct because it remains 
possible that the magnetic moments lie in this 
region even if other partitions are also present. 
In order to decide this point, it would be neces- 
sary to calculate the magnetic moment without 
the above assumption. This, however, is clearly 
impossible, as long as the coefficients in (10) are 
unknown. We have adopted, therefore, the 
following procedure. 


% The elements whose magnetic moments do not fall 
between the full lines in Fig. 1 are: In™ (odd ‘me Kr® 
and Sr*’ (odd neutron). They all have J =9/2. 
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Equation (12) shows that the total spin mag- 
netic moment (V, =z) is the average of the spin 
magnetic moments of the different Vpzs with 
weights |cpzcs?“|* which are the probabilities 
for the corresponding partition, azimuthal and 
spin quantum numbers. In this, only the terms 
omitted in (12) are neglected which are always 
relatively small. The same thing holds for the 
orbital magnetic moment, given by (7). We have, 
therefore, calculated the total magnetic moment 
assuming that only one P, S and L occur in the 
total wave function but permitting various possi- 
bilities for these. The real magnetic moment 
would be a weighted average of the magnetic 
moments obtained in this way. 

The results of these calculations are given in 
the Fig. 2. The broken lines are identical with the 
full lines of Fig. 1 and correspond to the partition 
(T;}+}). The other lines correspond to higher 
multiplets (PP’P”), all with P=T7; while 
(P’P”)(S) are given in brackets. The S is, 
naturally, always smaller than or equal to P’. 
The two branches of the curves correspond to 
L={|J—S| and L=J+S, the arrow points in the 
direction from | /—S| to J+S. The values of the 
magnetic moment for intermediate values of L 
are in all cases between the two branches of the 
curve. 

For (7), ,/(n,+nv)=%} was assumed. In 
order to calculate the spin magnetic moment by 
(12) and (14) the gs(PS) of (13) must be known. 
These consist of two parts, corresponding to the 
two parts of Sz in (9a). The first part is evi- 
dently 0.855. The second part depends on the 
matrix elements of Y;. 

In all the partitions considered, every S occurs 
only once in every supermultiplet for 7;=P. 
This means that although several terms are 
united to a supermultiplet, all these terms have 
different S. The gs for the largest S=P’ is given 
by the fact that the matrix element of Y; is P”’ 
for the wave function with 7;=P, Sz=S=P’. 
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For this S, therefore, the value of gs is4.715P’’/P’. 
The sum of the matrix elements of Y; for 
Sz=P’—1 can be obtained from Fig. 1 of refer- 
ence 9 as the sum of the possible values of Y; for 
this value of Sz and 7;. If we subtract from this 
value the matrix element corresponding to the 
state Sz=S—1, S=P’, which is P’’(S—1)/S, we 
obtain the matrix element for the state Sz=S 
= P’—1 and this gives the gs for S=P’—1 if 
there is such a state. The matrix elements of Y; 
and hence the gs and hence all the matrix 
elements of the spin magnetic moment can be 
determined in this way. The calculation was 
carried out for those (PP’P’’) which give, ac- 
cording to Eqs. (10), (15) of reference 12 the 
lowest energies. 

The fact that all moments of light nuclei and 
practically all moments of the other elements lie 
between the limits valid for the (7;}+4) 
multiplet indicates, at any rate, that this multiplet 
plays a preponderant role in the normal state of 
odd elements. 

6. We wish to point in conclusion to an experi- 
mental finding which gives reason to more serious 
doubts in the considerations presented here than 
anything mentioned above. According to the 
preceding considerations, the magnetic moments 
are expected to be distributed between the two 
lines of Fig. 1 in a rather random fashion. We 
cannot see any reason, however, why two isotopes 
with equal total angular momenta should have 
exactly equal magnetic moments. In fact we fail 
to see any model which would explain such a 
result.!4 In spite of this, so nearly equal moments 
for isotopes seem to have been found in at least 
three cases (Cu, Re, In) that it does not appear 
possible to blame this on a chance coincidence. 
We are unable to give an explanation for this 


phenomenon. 


4H. Schiiler and H. Korsching, Zeits. f. Physik 105, 168 
(1937). 
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Enskog’s general theory of thermal diffusion holds for 
a gas of spherically symmetrical molecules which is 
sufficiently dilute that collisions of more than two mole- 
cules at a time are of negligible importance. The first 
approximation to the thermal diffusion constant of a 
mixture of two isotopes is derived from this theory. The 
result is presented in terms of suitably defined cross- 
section integrals, in which the intermolecular forces are 
not yet specialized. This general formula for the thermal 
diffusion constant @ is then worked out explicitly for 
several well-known molecular models: the elastic sphere 
model, the inverse power model, the Sutherland model, 
and the Lennard-Jones model. The various limitations on 
the accuracy of the theory are discussed, and the theo- 
retical results are compared with the very few experi- 
mental data which are as yet available. The comparison 


indicates that the customary molecular models of kinetic 
theory are hardly adequate to give a satisfactory account 
of thermal diffusion. These models are relatively satis- 
factory for the elementary free-path phenomena to which 
they are usually applied, but they are not sufficiently 
precise to meet the more exacting test of thermal diffusion. 
The best check between theory and experiment is obtained 
for neon with the Sutherland model. The use of this model, 
however, places the entire burden of accounting for the 
observed decrease of a with temperature on the attractive 
part of the intermolecular forces, whereas in view of the 
smallness of this attractive force as determined by other 
methods, it can hardly be doubted that the decrease is 
actually due to the increased “softness” of the repulsive 
force at low temperatures. 





HE importance of the phenomenon of 

thermal diffusion has recently been en- 
hanced by the striking success of its use in 
separating isotopes.'* With this success has come 
the need for a more complete knowledge of the 
value of the thermal diffusion coefficient for a 
mixture of isotopes. The theoretical value of this 
coefficient for two simple molecular models has 
already been stated,** but the relation of these 
results to the general theory of thermal diffusion 
has not been given. It is the purpose of this 
paper to indicate the general expression for the 
coefficient of thermal diffusion in the case of 
isotopes, and to derive from this general expres- 
sion the results which have previously been 
stated without proof. We shall also derive the 
theoretical value of the coefficient for certain 
other molecular models, and compare these 
theoretical results with the small amount of 
experimental data which is available. 


1K. Clusius and G. Dickel, Zeits. f. physik. Chemie 44, 
397 (1939). 

?R. Clark Jones and W. H. Furry, Rev. Mod. Phys., 
to be published. 

*W. H. Furry, R. Clark Jones, and L. Onsager, Phys. 
Rev. 55, 1083 (1939). 

*R. Clark Jones and W. H. Furry, Phys. Rev. 57, 547L 
(1940). 


NOTATION AND DEFINITIONS 


The phenomenon of thermal diffusion consists 
in the fact that a temperature gradient in a 
mixture of two gases gives rise to a gradient of 
the relative concentration of the two constitu- 
ents. We shall discuss here only the case of a 
mixture of two isotopes of the same gas. Let c; 
be fractional particle density of the lighter 
molecules, and cz, the corresponding quantity for 
the heavier molecules. The concentrations c; and 
C2 are thus also the fractional partial pressures 
of the two species. We clearly have 


cite.=1. | (1) 


Let v, be the convection velocity of the lighter 
molecules, and vz the convection velocity of the 
heavier molecules. The convection velocity of 
the gas as a whole is given by 


V=C1Vi + CoVo. (2) 


The coefficient of ordinary diffusion, Dj., and 
the coefficient of thermal diffusion, Dr, are then 
defined as the quantities which appear in the 
equation of diffusion 


e1(Vi—Vv) =€1C2(Vi—Ve) 
= — Dy. grad c,+Dr grad log T. (3) 


Unlike the coefficient of ordinary diffusion, the 
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coefficient of thermal diffusion is proportional to 
the product ¢ci¢2. We are therefore led to intro- 
duce another quantity, the thermal diffusion 
constant a, which is related to Dr by 


a=Dr/(D1261¢2). (4) 


In the remainder of this paper we shall refer to 
a rather than Dr. 


QUALITATIVE REMARKS 


To a far greater extent than is the case with 
the three ordinary gas coefficients, the value of 
the thermal diffusion constant is sensitive to the 
molecular model. The free-path arguments of 
elementary kinetic theory are quite inadequate 
to give either its existence or its sign. Chapman® 
has dwelt at some length on the difficulties 
which beset any attempt to explain the effect 
upon elementary grounds. Recently, however, 
Frankel® has shown that it is possible to derive 
by means of a dimensional argument all of the 
essential features of the coefficient for the 
important special case of the inverse power 
model. This will be discussed in more detail later 
on when we examine this model. 

The history of the theoretical development of 
thermal diffusion is rather interesting, but it will 
not be discussed here because it is presented 
elsewhere—briefly in reference 2, and more 
completely in reference 9. 

The theory of thermal diffusion appears as a 
by-product of any sufficiently complete and 
rigorous kinetic theory of the phenomena of 
thermal conductivity, viscosity, and diffusion in 
gases. Two correct presentations of such a theory 
are now available. The first was given by 
Enskog’ in his doctoral dissertation, as supple- 
mented by an article’ which appeared later. 
The second is in the recent book by Chapman 
and Cowling.® The former is more abstract and 
rather difficult to read. The latter has the 
disadvantage that its notation differs from that 
used by Enskog and most other recent writers 
on this subject. Chiefly because it is more 


5S. Chapman, Phil. Mag. 7, 1 (1929). 

*S. P. Frankel, Phys. Rev. 57, 661L (1940). 

7D. Enskog, Doctoral Dissertation, Upsala, 1917. 

8 D. Enskog, Arkiv f. Mat., Astron., och Fysik 16, No. 
16 (1922). 

*S. Chapman and T. G. Cowling, The Mathematical 
Theory of Non-uniform Gases (Cambridge, 1939). 


concise, the notation of Enskog will be used in 
this article. The relation of the notation used 
by Chapman and Cowling to that used here, 
will, however, be indicated. 

The theory of Enskog holds for a gas of 
spherically symmetrical molecules which is suffi- 
ciently dilute that triple collisions are of negli- 
gible importance in comparison with collisions 
of two molecules. The general expression ob- 
tained for a is the ratio of an infinite determinant 
to one of its minors; the elements of the determi- 
nants are integrals over the velocity spaces of 
the two molecules. The result which we shall 
present in this paper is the first approximation 
to the exact result. 

The case of isotopes represents a simplification 
in the value of a as compared with the case of 
dissimilar molecules which is analogous to the 
simplicity of the coefficient of self-diffusion as 
compared with the coefficient of diffusion for 
two dissimilar gases. This simplification occurs 
because in the case of a gas consisting of a 
mixture of isotopes, we may suppose that the 
force fields of all the molecules are identical, 
since the field of force is determined only by 
the electronic configuration, and not by the mass 
of the nucleus. ' 


DETAILED THEORY 


The exact result is expressible in terms of 
integrals over the orbit of a molecule of species 
1 as it moves in the field of a molecule of species 
2. If the force fields of the molecules fall off with 
distance with sufficient rapidity for the gas to 
have an equation of state which is independent 
of the shape of its container, it is always possible 
to define an impact parameter and a relative 
velocity at infinity for a collision between two 
molecules. Let the impact parameter be indicated 
by 5, and the relative velocity at infinity by g. 
Enskog then changes the scale of b and g accord- 
ing to the transformation: 


g=(2kT/m)'y, (5) 
b=sa(y)B, (6) 


where m=m,m2/(m,+mz2) is the reduced mass, 
s is an arbitrary constant length, and o(y) is 
an arbitrary function of y and therefore of g. 
This method of factorization of the impac 
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parameter, 5, leads in practice to a considerable 
simplification of the formulae, provided that s 
and o(y) are suitably chosen. 

Let 6(8, y) be the angle of deflection suffered 
by either molecule when it is deflected by the 
field of force of another, as measured in the 
center of gravity coordinate system. We may 
now define the quantities 


Q(y) = f {1—P,(cos 6)}Bd8 (7) 


and in turn the quantities 


an= f ere a)tOrdy. (8) 
0 


The ©’s are dimensionless collision cross sections 
suitably averaged over 8 and y. Enskog would 
write s, ¢, O, and Q%” with the subscript 12. 
Since we shall have little occasion to refer to 
these quantities except when they refer to a 
collision between a molecule of species 1 and a 
molecule of species 2, we shall continue to omit 
the subscript. Note that it is not Q%”, but 
rather s°Q:" which is independent of the choice 
of s and o. The expression (12) for a is independ- 
ent of s, but this is not true of the expressions 
for the coefficients of viscosity and diffusion. 

The procedure of Chapman and Cowling® is 
similar. They define the quantities 
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oo= f {1—cos! 0} gbdb (9) 
and : 


2 (r) =a! f enr*yt2gdy, (10) 
0 


The relation between the two sets of quantities 
is thus 


oY) =s*o2g0"); od) =3s%g2¢0), 
2 (r) =5s°(2rk T/m)'Q0: 2r+3) 
Q(r) = 3s%(2ekT/m)IQ 249), 


(11) 


There are no one-to-one relations of the type 
(11) for values of / greater than two. 

We have already stated that the exact ex- 
pression for a which is valid for a mixture of any 
two gases whose molecules are spherically sym- 
metrical comes out of the theory as the ratio of 
two infinite determinants. In the case of isotopes, 
we may consider that the force fields of all the 
molecules are identical, since the force fields are 
determined entirely by the electronic configura- 
tion of the atoms or molecules. The first approxi- 
mation to the exact expression, which is given 
by Enskog* and Chapman and Cowling,f may 
then be developed in a series of ascending powers 
of (m2—m,)/(m2+m,). Only the first term of 
this series is important for most pairs of isotopes. 

In the notation of Enskog, the first term of 
this series expansion is 


(22°: m?~5§04 5))(150% 4200, 7) 





a= 


Since this expression is homogeneous and of 
order zero in the Qs, the expression for @ in 
terms of the 2 (r)’s used by Chapman and 
Cowling will differ only in the substitution of 
(3/2)2@(2) for 29&”, and of 2% (r) for 2427+, 
We now proceed to the evaluation of this 
expression for certain simple molecular models, 
namely : elastic spheres, the inverse power model, 
the Sutherland model, and the Lennard-Jones 
model. The values of 0 which we shall use 
are sprinkled through the literature in a variety 
of notations. In the case of the elastic sphere 
and inverse power models, the derivations of 
the quantities 0 will be presented, not because 
the derivations are elsewhere unavailable, but 


2 matmy L2P(1652% 9) — 602%? +1200. + 16920) 





(12) 





because they may be given so simply and briefly. 
that it seems worth while to give them as 
illustrations of the concrete meaning of the 
formulae. 


THE ELAstTic SPHERE MODEL 


We shall suppose each molecule to behave as 
a smooth, rigid, elastic sphere of diameter s. 
The molecules of species 1 have the mass my, 
and the molecules of species 2 have the mass me, 
where m, <mz. 

Let us observe the collision between one 
molecule of species 1 and another of species 2. 


* Reference 8, p. 51. 
t Reference 9, p. 253. 
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s? 1+(—1)']/2rkT\ 3 
am(=—]2— ( ) (r+1)! (17) 
8 l+1 m 


We shall imagine ourselves at rest in the center 
of gravity system at a point removed a short 
distance from the place where the collision is 
about to occur. The spheres will enter our field 
of view moving in opposite directions along 
straight lines which are necessarily parallel. The 
perpendicular distance between the two lines is 
the impact parameter 0b. If 6 is greater than s, 
no collision will occur, and the angle of deflection 
6 is zero. For the case in which 3 is less than s, 
let us indicate the angle between the line of 
centers at the moment of impact and the previ- 
ous direction of motion by x. We clearly have 


sin x =b/s=8, (13) 


if we identify the diameter s with the s which 
appears in (6), and set o(y)=1. Since we are in 
the center of gravity coordinate system, the 
conservation of energy and momentum now 
requires that the spheres bounce off in a direction 
such that the angle between the new and old 
directions of motion is 2x. This is perhaps most 
easily seen by noting that the components of 
velocity parallel to the line of centers at impact 
must be reversed in the collision, whereas the 
perpendicular components are unaltered. The 
angle of deflection is thus 


0@=x—2x, BL1 
=0, B21. (14) 


The integral in (7) is most easily evaluated by 
changing the variable of integration from 6 to 
x=cos 6. From (13) and (14) we have dx = } dB, 
so that in this case the expression (7) for 0° 


becomes 


+1 
eom1f {1—P.(x)}dx=4, 1>0. (15) 
-1 
The integral of the latter term in the curly 
bracket vanishes for / greater than zero, since 
for this range of integration, the Legendre 
polynomials are orthogonal to Po(x) =1. 
The expression (8) for 2%” with ¢=1, 0 =3, 
becomes simply 


a”) =3(3(k—-1)]! (16) 


'The expression corresponding to (16) in the 
notation of Chapman and CowlingT is 


t Reference 9, p. 168. 





The substitution of (16) in (12) then yields 
for the elastic sphere model 


105 me—m, 


a=— . (1) 
118 mo+m, 





This result was first given by Furry, Jones and 
Onsager.* 


THE INVERSE POWER MODEL 


In this model the molecules are considered to 
be centers of a repulsive force which falls off as 
the inverse vth power of the distance of separa- 
tion ; the repulsive force is given by 


F=x/r’, (18) 


where x is a constant which determines the 
strength of the repulsion at a given distance. 

In order to discuss the details of a collision 
between two such molecules, let us use a polar 
coordinate system 7, ¢, with its plane in the 
plane of motion of the molecules, and with its 
origin at one of the two molecules. In terms of 
the reciprocal radius u=1/r, the equation of 
motion is then®* 


du\? 1 2 * 
(<) =——n"*— f Fdr, (19) 
do b? mg*b? J, 


where, as in (5), m is the reduced mass. We now 
subject g and 6 to the transformations (5) and 
(6), with 


s=(K/2kT)"O-), o(y)=y~-2/@-. (20) 





These transformations, along with the substitu- 
tion x=bu and the relation (18), reduce (19) to 


the form 
dx\? 2 sx\""! 
(=) ~— (-) any 
do v—1\8 


The value of x which corresponds to the value 
of r at the distance of closest approach is the 
smallest positive root of 


1—x?—(2/(v—1))(x/B)’"'=0. (22) 





% W. F. Osgood, Mechanics (Macmillan, 1937), p. 109. 
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Let this root be indicated by xo(8). Then the 
angle which is swept out by the molecule as it 
moves from infinity to the point of closest 
approach is, according to (21), 


_ f {1 —x?—(2/(v—1))(x/B)"}-Mdx. (23) 


This angle will be the same when measured in 
the center of gravity system. The angle of 
deflection @ is now, as in the case of elastic 
spheres, the quantity —2x. By (23), the angle 
6 depends only on » and 8, and therefore 0 is 
a number which depends only on vy and I. 
Following Enskog,* we set 


QM =A, (24) 


The numbers A,” have been evaluated by 
Chapman’ for /=1 and 2, and v=3, 5, 7, 9, 11 
and 15, by means of numerical integration. The 
values obtained by Chapman are tabulated in 
Table I, except that the values for »=9 are 
those obtained by Hassé and Cook." 

There is a variety of notations for the quanti- 
ties which we have indicated by A, ”: 


Chapman and Jeans,” 
Enskog® Cowling® Chapman!"® 
Aw = A;(y) = I,(v)/2n 
A, = 3A2(v)/2 = 3I2(r), ‘Qn. 


The quantities A; and A» which were used by 
Maxwell are the same as J,(5) and J2(5). 


TABLE I. Quantities for the inverse power model. 











r Ay) A, S(») 6f(v)/5 C(») 
3 0.8115 1.825 1.500 1.800 0.714 
4.5 1.58 0.80 
5 0.4220 0.6541 1.2918 1.5501 0.8156 
6 1.512 0.831 
7 0.3855 0.5349 1.2335 1.4802 0.8431 
8 1.454 0.854 
9 0.3808 0.4956 1.1930 1.4316 0.8648 
10 1.412 0.874 
11 0.3835 0.4778 1.1631 1.3957 0.8823 
12 1.382 0.890 
13 1.370 0.896 
14 1.359 0.901 
15 0.3931 0.4642 1.1248 1.3498 0.9064 
«© 0.5000 0.5000 1.0000 1.2000 1.0000 








10S. Chapman, Memoirs and Proc. of the Manchester 
Lit. and Phil. Soc. 66, No. 1 (1922). 

"H. R. Hassé and W. R. Cook, Proc. Roy. Soc. 125, 
196 (1929). 

2 J. H. Jeans, Dynamical Theory of Gases (Cambridge, 
fourth edition, 1925). 


By virtue of (20) and (24), we now have 





k+1 2 
26) =34,7 —- ). (25) 


v—1 


As we have noted before, the expression (12) for 
a is homogeneous and of order zero in the Q's. 
This means that we may multiply Q“” as given 
by (25) by any quantity whatever which does 
not depend on the indices / and k. One of the 
simple choices for such a multiplying factor is 
(Q°:©)—!, which leads to 


20.91; 
2° D3 —2/(v—1); 
2 9 [4—2/(v—1)} ([3—2/(v—1)}; (26) 
Q2% D3 f(r), 
where 
f(v) = {1—2/(3(v—1))j}A2/Ai™. (27) 


Substitution of (26) in (12) now yields for the 
inverse power law 
105 me—m, v—5 


a=— C(v), (II) 
118 Mo+m, yv—1 





where 
59 (15/f)+6 


) = — 28) 
21 43+16{f—1/(v—1)+1/(»—1)*| 





is a function of »v whose value lies between 0.8 
and 0.9 for values of »v between 5 and 15. The 
behavior of most gases corresponds to a value 
of » within this range. The functions f(v) and 
C(v) are tabulated in Table I, as is also the 
function (6/5)f(v) because of its importance in 
the determination of the coefficient of self- 
diffusion D, which is also important in the theory 
of separating isotopes by thermal diffusion. The 
inverse power model predicts 


D=(6/5)f(») n/p, (29) 


where 7 and p are the coefficient of viscosity 
and the density, respectively. 

The result (II) was first obtained by Jones 
and Furry.‘ 

Probably the most interesting aspect of (II) 
is the vanishing of a for v=5, that is, for Max- 
wellian molecules. For values of » greater than 
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TABLE II. Values for various gases of n, of Rr according to the inverse power model, and of the Sutherland constant C. 




















Gas REFERENCE T°K n Rr(n) Cc Gas REFERENCE T°K n Rr(n) Cc 
A a 221 0.89 0.18 138 | He d 333 0.666 0.60 66 
333 0.80 0.34 147 398 0.694 0.54 96 
423 0.76 0.41 142 448 0.667 0.60 90 
498 0.71 0.51 150 498 0.679 0.57 108 
979 0.62 0.70 140 
No d 333 0.737 0.46 102 
He a 48 0.644 0.64 6 398 0.713 0.50 107 
123 0.646 0.64 21 448 0.687 0.55 103 
210 0.652 0.63 © 37 498 0.645 0.64 85 
333 0.669 0.59 66 
423 0.667 0.59 83 | NH; d 291-573 ~1.0 ~0 ~550 
1022 0.645 0.64 173 
NO e 308 0.79 0.36 128 
Ne a 244 0.668 0.59 34 498 0.64 0.66 121 
333 0.657 0.62 61 
423 0.644 0.64 70 | NO 325 0.97 0.05 277 
498 0.644 0.64 82 349-551 ~0.87 ~0.22 ~255 
1030 0.623 0.69 128 
CH, e 308 0.860 0.23 174 
Xe b 347 0.92 0.13 250 348 0.825 0.30 168 
425 0.91 0.15 303 398 0.795 0.35 166 
525 0.83 0.29 254 448 0.769 0.40 165 
498 0.728 0.48 146 
Bre c 330 0.833 0.28 162 
475 0.985 0.02 496 | C.He e 308 0.958 0.07 260 
498 0.801 0.34 213 
Cl, c 293-523 ~1.0 ~0 ~400 
C;Hs e 308 0.965 0.06 267 
I; c 420 0.92 0.13 301 498 0.830 0.29 244 
482 1.04 —0.06 590 
CO, f 325 0.92 0.13 240 
HCl a 293-523 ~1.0 ~~ ~350 525 0.85 0.25 281 
HI c 294-524 ~1.0 ~0 ~400 | CO h 347 0.72 0.49 96 
450 0.69 0.55 103 
Oz d 333 0.775 0.38 126 525 0.63 0.68 98 
398 0.735 0.46 122 
448 0.731 0.47 132 | SO, 1 287-472 ~1 ~0 ~425 
498 0.655 0.62 91 
a M. Trautz and H. Binkele, Ann. d. Physik 5, 561 (1930). g M. Trautz and E. Gabriel, Ann. d. Physik 11, 606 (1931). 
b M. Trautz and R. Heberling, Ann. d. Physik 20, 118 (1934). h M. Trautz and A. Melster, Ann. d. Physik 7, 409 (1930). 
cM. Trautz and H. Winterkorn, Ann. d. Physik 10, 511 (1931). i M. Trautz and W. Weizel, Ann. d. Physik 78, 305 (1925). 
d M. Trautz and R. Heberling, Ann. d. Physik 10, 155 (1931). Note: Further data for high temperatures may be found in Tables 17 
e M. Trautz and K. Sorg, Ann. d. Physik 10, 81 (1931). to 30 of M. Trautz and K. Serg, Ann. d. Physik 7, 427 (1930). 
JM. Trautz and F. Kurtz, Ann. d. Physik 9, 981 (1931). 


5, @ is positive, whereas for values of v less than 
5, a is negative. It is very pleasing that this 
rather mysterious behavior may be explained 
by the elementary dimensional argument which 
is advanced by Frankel;* his argument shows 
that @ is zero for Maxwellian molecules, and 
that the coefficient changes sign at v=5, being 
positive for vy greater than 5. Frankel’s argument 
is no small achievement, since an elementary 
argument to show the existence and sign of the 
effect has long been desired. 

The inverse power model, which is quite 
successful in explaining the temperature de- 
pendence of the elementary coefficients for most 
gases, is less successful in the case of thermal 
diffusion because the latter phenomenon is so 


much more sensitive to the molecular model; 
the value and sign of the thermal diffusion 
coefficient depend essentially on the nature of 
the intermolecular forces, and approximations 
which are adequate for the treatment of free-path 
phenomena do not suffice for thermal diffusion. 
Equation (II) indicates that a should be inde- 
pendent of the temperature ; this is not confirmed, 
even approximately, by experiment. 

Because no other model has the simplicity of 
this one, however, we shall probably continue 
to use it for some time to obtain an estimate of 
the value of a. In comparing the results of 
various molecular models, it is convenient to 
consider the ratio of the experimental or pre- 
dicted value of a to that predicted by (I) for 
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hard spheres. This ratio will be denoted by Rr. 
In the case of the inverse power model, we have 


v—5 
Rr= 





C(y). (30) 
v—1 

An estimate of an appropriate value of v for a 
given gas may be obtained from its second virial 
coefficient, or more conveniently from the 
temperature variation of the viscosity. If the 
viscosity varies as 7", a dimensional argument 
suffices to show that m and » are related by 


y=(2n+3)/(2n—1). (31) 
In terms of m, (30) becomes 


Rr=2(1—n)C((2n+3)/(2n—1)) 


1.7(1—n). (32) 


Using the relation (32), Brown" has in this 
manner given an estimate of the value of Rr for 
a number of gases. Brown’s table, with rather 
extensive changes and additions, is given as 
Table II. The more precise of the relations 
(32) is tabulated in Table ITI. 

The predictions of Table II should not be 
taken too seriously, particularly in those cases 
where very small values of Rr are predicted; 
in such cases the inverse power model is com- 
pletely inadequate. 


INTERMOLECULAR FORCES 


It is now thought that the best simple approxi- 
mation to the forces exerted between molecules 





TABLE III. Rr as a function of n according to the 
inverse power model. 








» wees Rr= pate ts Rr= 
n 2n—1 2(1—n)C(r) n 2u—1 2(1 —n)C(») 

1.1 4.33 —0.159 0.85 6.71 0.252 
1.075 4.48 —0.120 0.8 7.67 0.340 
1.05 4.65 — 0.081 0.75 9 0.432 
1.025 4.81 — 0.040 0.7 11 0.529 
1.0 5 zero 0.675 12.42 0.580 
0.975 5.21 0.041 0.65 14.32 0.632 
0.950 5.44 0.082 C.6 21 0.74 
0.925 5.71 0.124 0.55 41 0.86 
0.9 6 0.166 0.5 2 1.000 











of the noble gases can be expressed as the sum 
of an inverse seventh power attraction and an 
exponential repulsion.“ For the range of radii 
which are concerned in molecular collisions at 
ordinary temperatures, a force of this kind can 
be approximated quite well by an equation of 
the form 


F=x/r’—x«'/r”’. (33) 


An equation of this form has been used by 
Lennard-Jones'® in the theoretical interpretation 
of the equation of state observed for various 
gases. The implication in kinetic theory of such 
a law of force has never been completely worked 
out, however, because of the enormous mathe- 
matical complexity to which it leads. The special 
cases of y= «© and v’=3 have been worked out 
as far as terms of the first order in the attractive 
force. These cases are, respectively, the Suther- 
land and the Lennard-Jones model. 


THE SUTHERLAND MODEL 


The molecules are considered to be smooth elastic spheres of diameter s, surrounded by an attrac- 
tive field of force which decreases as the inverse vth power of the distance. The attractive force 


between two molecules is taken to be 


F=—x«/r’. (34) 


It follows from the work of James'* that for this case 


OM =F {14+20i(r)e/(RTY*)} (35) 


and 


OQ =41143i2(v)e/(kTY)}, (36) 


4 Harrison Brown, Phys. Rev. 57, 242L (1940). 


“ R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics (Cambridge, 1939). 


% J. E. Lennard-Jones, Proc. Roy. Soc. 106, 463 (1924). 


°C. G. F. James, Proc. Camb. Phil. Soc. 20, 447 (1921). 
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where 1;(v) and 72(v) are functions of v defined by 


ino) =2f yr(i—yyt f x’—"(1 —x?)-Idxdy 
0 0 








(37) 
r+1 
=}-—4(y—1)>, r=0, 1,2, --: 
(2r+v)(2r+1)(2r+3)(2r+5) 
and ' : 
12(v) -4f y"(2y?—1) (1 -»f x’—"(1—x*)-Idxdy 
0 0 (38) 
r+1 
=}3-8(y—-1)), r=0, 1, 2, -- 
(2r+)(2r+3)(2r+5)(2r+7) 
and where 
e=x/{(v—1)s’—}} (39) 


is the negative potential energy of two molecules at the moment of contact. The s and a of (6) 
have the same values as in the case of simple elastic spheres. 
The insertion of (35) and (36) in (8) then yields 


1{sk-1 k—3\ | 
014) =— (—) 1+2ii(o)(e/AT)(—) 1} (40) 
4\X\ 2 2 
and 
1{sk-1 k—3\ | 
2%) =— (—) I+ 3i(0)(«/kT)(—) I, (41) 
4 2 2 } 


The last two expressions, as well as (35) and (36), are valid only to terms in the first order of €/kT. 
Our results will therefore be correct only when e/k7T is small compared with unity. 
The relation obtained by substituting (40) and (41) in (12) is, for the Sutherland model 
105 meo—m, (1—4;(v)e/RT)(1+ | (Sa1(v) +272(v)) /7} €/RT) 


=— ‘ (IIT) 
“ 118 mo+m, (1+12(v)e/RT) (1+ | (3921(v) +16722(v)) /59} €/RT) 





To terms of the first order in €/k7, Eq. (III) is equivalent to 





105 me—m, 
a=— (1—Fi(v)e/kT), (IIT’) 
118 Mot+m, ; 
where F(v) = | 3912,(v) +40722(r) } /413, (42) 
whence Rr=1—Fi(v)e/kT. (43) 


The error involved in ignoring higher powers of ¢/kT is probably less in (III) than in (III’). 
The quantities 7;(v) and 72(v) have been evaluated by Enskog’ and James,'® and are tabulated 
along with F(v) in Table IV. The notation used here is that of Chapman and Cowling, which is 


related to that of Enskog according to 
a(v)=41;/i2, 6(v) =322/2. (44) 


The table of 7;(v) and i2(v) given by Chapman and Cowling contains errors which are here corrected. 


THE LENNARD-JONES MODEL 


In this model the molecules interact according to a force law of the form (33), with v’=3. This 
choice of v’ is made not because of its physical appropriateness (v’=7 would be a better choice), 
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TABLE IV. Quantities for the Sutherland mode]. TABLE V. Quantities for the Lennard-Jones model. 

» i1(v) i2(v) F(») » By) B{”) g(r) D(») 

2 1/3 =0.3333 4/15=0.2667 0.5784 3 —0.812 — 1.825 1.000 1.000 
3 (12—*)/8=0.2663 (w?—8)/8=0.2337 0.4824 5 (—0.331) —0.7244 0.589 0.653 
4 3-4 log 2=0.2274 &(3 log 2—2)/3=0.2118 0.4240 7 —0.173 — 0.4137 0.299 0.376 
5 (3e?—28)/8=0.2011 3(10— r?)/2=0.1956 0.3831 9 —0.077 —0.2474 0.126 0.218 
6 0.182 0.183 0.353 11 —0.016 — 0.1430 0.025 0.125 
7 1/6=0.1667 5(94?—88)/24=0.1722 0.3275 15 +0.0564 — 0.0266 —0.081 0.088 
9 13/90 =0.1444 7/45=0.1556 0.2900 +0.2662 +0.3506 — 0.266 —0.216 











but because of its mathematical convenience. It follows from the work of Lennard-Jones,'’ and 
Chapman and Cowling, that 


OM =A FBR! /{ x2! -Y(QRT 2) B/D}, (45) 


where the A’s are the quantities already introduced in (24), and the B’s are quantities which must 
be determined by numerical quadrature. The B, and B,“ used here are related to the quantities 
used by Chapman and Cowling according to 


By” =B,(v), Bz” =3B,(r)/2. (46) 


The values of B, tabulated in Table V were determined by Chapman and Cowling, and the values 
of B,“ by Lennard-Jones.'? The values of B,, B,®, and B,™ are not given by the writers men- 
tioned, but the latter two must clearly be the negatives of A,® and A. The value of B,® was 
then determined by interpolation in the expression B:/(B,—0.05), which is nearly constant for 
v=3, 7,9, and 11. It is assumed in stating (45) that s and o have the same values as for the inverse 
power model. 

From (8) and (45) we now have 




















k+1 2 x’ k—3 
a= 54,or(—— )+4B ( ): (47) 
2 y—1 x2/@-12 BT &—-3)/0@-D 2 
and substitution of this expression in (12) gives for the Lennard-Jones model 
105 mo—my, y—5 x’g(v) kD(v) 
a=— cin + (+ ), (IV) 
118 Motm, y—1 x2! @-1)(2RT) &-3)/G-D x2! O-D(2RT) &-3/0-D 
where 
d g(v) = —B,/{AiT(3—2/(v—1))} (48) 
an 
(10B2/(B,f)—15 117+32B2/B, ) 
D(v) =g(v) < + . , (49) 
15+6f 177+48{ f—1/(v—1)+1/(v—1)?*} } 


and f(v) is the same function that arose in the case of the inverse power model. The functions g(v) 
and D(v) are also tabulated in Table V. Equations (45), (47) and (IV) are correct only to the first 
order in «’/{x2/0-D(2RT)O-9/0-D} 

Equation (IV) has the property that it predicts a to be independent of temperature for a value 
of v slightly less than 15; for smaller values of v, it indicates that a will increase as the temperature 
decreases. 


THE LIMITATIONS INVOLVED IN EQUATION (12) 
It has already been stated that (12) is the first approximation to the exact result as given by the 


ratio of two infinite determinants. We may obtain a rough estimate of the error involved in the 
first approximation by the following considerations. 


7 J. E. Lennard-Jones, Proc. Roy. Soc. 106, 441 (1924). 
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It was shown by Enskog'® in 1912 that for the 
case in which both the mass and the concen- 
tration of the lighter molecules are negligible in 
comparison with the corresponding quantities 
for the heavier particles, the exact value of a@ for 
the inverse power model is 


1v—5 
po 


=- . (50) 
2v—1 





On the other hand, it is shown by Chapman and 
Cowling that the value of a given by the first 
approximation is in this case 


(51) 








a= 


v—5 4 (3v—5)(v+1) 
5-- ; 
/| 5 (v—1)? 


v—1 
Comparison of (50) and (51) indicates that the 
first approximation gives 10/13 of the exact 
result for elastic spheres, 8/9 of the exact value 
for y=9, and a vanishing error as v approaches 5. 

This limiting case, the Lorentzian case, is a 
particularly bad case for all of the coefficients 
which refer to a mixture of two gases, however. 
The first approximation gives a result which for 
elastic spheres is about 98 percent of the exact 
result for the coefficients of conductivity, vis- 
cosity, and self-diffusion of a simple gas, whereas 
in the Lorentzian case, the first approximation 
is in error by 8, 12, and 15 percent, respectively. 
If, then, one wishes to draw an analogy between 
the coefficient of self-diffusion and the thermal 
diffusion coefficient of isotopes, one might make 
the slightly enlightened guess that the expression 
(12) is about 5 percent low for elastic spheres, 
with a smaller error for smaller values of ». 
This is at best only a guess. 

The theory of Enskog which we have been 
using is, of course, a purely classical theory. 
The introduction of quantum mechanics changes 
the statistics obeyed by the molecules, and 
requires that the general theory of Enskog be 
redone from the beginning. This has been done 
by Hellund and Uehling.'® The difference be- 
tween classical and quantum statistics is, how- 
ever, of negligible importance for gases at ordinary 


18 D. Enskog, Ann. d. Physik 38, 731 (1912). 
oil 4 J. Hellund and E. A, Uehling, Phys, Rev. 56, 818 


temperatures and pressures. The chief change 
brought about by quantum mechanics lies in the 
calculation of the collision cross sections, and 
this change is easily made within the framework 
of Enskog’s theory; the quantities 0“ and 2») 
which are to be inserted in (12) should be 
computed quantum-mechanically. Even here the 
difference between the classical and quantum 
cross sections is small, except possibly for 
hydrogen and helium. The most important 
quantum-mechanical effect is the fact that the 
wave functions for a collision between identical 
and nonidentical particles must have different 
symmetries, with the result that the cross 
sections for a collision between identical and 
between nonidentical particles are not equal. 
This effect was pointed out by Hellund and 
Uehling.'® 

Professor Mott-Smith (University of Illinois) 
has worked out the details of this symmetry 
effect for elastic spheres (private communica- 
tion), and the writer hopes that he will soon 
publish his interesting considerations. 


COMPARISON WITH EXPERIMENT 


Direct experimental determinations of the 
thermal diffusion coefficient of isotopes are very 
few in number. Nier®®*! has measured the value of 
a over two temperature ranges for methane, and 
over three temperature intervals for neon. His 
results are shown in Table VI. The quantity Rr 
is the ratio of the observed value of a@ to that 
predicted by (I). 

Hassé and Cook" give viscosity data for neon 
at nine temperatures in the range 91.66°- 
717.6°K. The values of m obtained from these 
data for the temperature ranges 91.66°-194.7°, 
91.66°-288.1°, and 288.1°-575.1°, are, respec- 


TABLE VI. Values of a determined experimentally by Nier. 











Species 1 Species 2 Temp. RANGE a Rr 
C"H, CH, 296°-728° 0.0080+ ~5% 0.30 
296°-573° 0.0074+~5% 0.27 

Ne”? Ne 283°-617°K 0.03024 2% 0.71 
90°-294°K 0.0188+ 2% 0.44 
90°-195°K 0.0165+ 8% 0.39 








20 A. O. Nier, Phys. Rev. 56, 1009 (1939). 
21 A. O. Nier, Phys. Rev. 57, 338 (1940). 
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tively, 0.745, 0.716, and 0.676. According to 
the inverse power model the values of Rr which 
correspond to these values of m, are by Table III, 
0.44, 0.50, and 0.58. These values are to be 
compared with the experimental values of Rr 
for roughly the same temperature ranges: 0.39, 
0.44, and 0.71. Of course, the fact that varies 
with temperature at all indicates that the 
inverse power model is lacking. 

The value of Rr as predicted by viscosity 
data may also be obtained from the Sutherland 
model. According to the work of James,'® the 
constant C which appears in the Sutherland 
equation for the viscosity is given by 


C=i2(v)e/k. (52) 


If we assume v=7, the value predicted by the 
quantum theory of van der Waals forces, we 
find from (III) and (52) that 


(1—0.9679 C/T)(1+0.9771 C/T) 








Rr= ’ (53) 
(1+C/T)(1+0.9110 C/T) 
1—0.98 C/T. 
= : (54) 
1+0.92 C/T 


The experimental data of Hassé and Cook for 
neon may be fitted rather well over the entire 
range of temperature by the Sutherland relation 
with C=60°. With this value of C, the values 
of Rr predicted by (54) for the temperatures 
142°, 192°, and 450°, are, respectively, 0.42, 
0.54, and 0.77. These values agree with experi- 
ment somewhat better than in the case of the 
inverse power model. The same difficulty faces 
us here, however, that has led to the rejection 
of the Sutherland model as being more than a 
convenient interpolation formula; namely, the 
fact that the value of e/k=350°, which by (52) 
corresponds to C=60°, is much larger than the 
value which is indicated by other and more 
reliable measurements of this quantity, such as 
the latent heat of vaporization of the crystalline 
solid, and measurements of the second virial 
coefficient. According to Buckingham,” such 
considerations point quite definitely to a value 
of «/k of about 30° or 40°. 


2 R.A. Buckingham, Proc. Roy. Soc. 168, 264 (1938). 





Buckingham has been able to fit the experi- 
mental measurements of the second virial coeffi- 
cient of neon by a formula of the Lennard-Jones 
type (33) with v’ =7, and with a value of »v which 
may vary in the range 9 to 15. For all of these 
values of v, however, the Lennard-Jones model 
(with v’=3) predicts that a will fall or at least 
not rise as the temperature increases. Since this 
behavior is not at all in agreement with experi- 
ment, we must conclude that the Lennard-Jones 
model is not useful in connection with thermal 
diffusion in the case of neon. Whether this failure 
is due to the choice of »v’=3, or whether the 
difficulty is more deeply seated, the writer is 
unable to say or guess. 

The methane molecule does not possess a 
spherically symmetrical field of force, and we 
should therefore not expect that the theory of 
Enskog, which holds only for spherically sym- 
metrical molecules, would give results in close 
agreement with experiment. The inverse power 
model is particularly inappropriate in application 
to methane, inasmuch as the value of m varies 
between 1.028 and 0.728 in the temperature 
range 91.5°-522.8°K. From Table II, we find 
that for the temperatures 448° and 498°, the 
values of m are 0.77 and 0.73; we then find from 
Table III that the corresponding values of Rr 
are 0.40 and 0.49. These values may be compared 
with the experimental results 0.27 and 0.30. 
The Sutherland equation fits the viscosity data 
much better, with C equal to about 160°. With 
this value of C, the values of Rr predicted by 
(54) for the temperatures 430° and 512° are 
0.48 and 0.54, which are in very poor agreement 
with experiment. 

The comparison of theory with experiment is 
sufficiently good in the case of neon to encourage 
us that we are on the right track, but on the 
other hand is sufficiently poor to indicate that 
much remains to be done. In particular, we are 
faced with the task of working out the predictions 
of more complicated molecular models than 
those which have been considered up to the 
present time. The models discussed in the present 
paper have proved quite satisfactory for the 
treatment of free-path phenomena, but they are 
not sufficiently precise to meet the test of 
thermal diffusion. 
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A theoretical investigation shows that there should be a 
correlation between the directions of propagation of the 
quanta emitted in two successive transitions of a single 
radiating system. This correlation is described by a function 
W(@) which gives the relative probability that the second 
quantum will be emitted at an angle @ with the first; W is 
determined by the angular momenta of the three levels 
involved in the two transitions and by the multipole order 
of the radiation emitted in these transitions. The explicit 


INTRODUCTION 


T has been suggested by Dunworth! that there 
might be some correlation between the direc- 
tions of emission of two successive gamma- 
quanta emitted by a nucleus when this nucleus 
passes from an excited level A to the ground 
level C, by. way of a definite intermediate level B. 
This suggestion was pointed out to the author 
by Dr. I. A. Getting in connection with the 
latter’s search for such a correlation by means of 
gamma-gamma coincidence experiments. The 
present paper is a theoretical discussion of the 
question. 

The problem of resonance radiation? is basi- 
cally similar to the present one, since both are 
concerned with the radiation from an excited 
level in which a system finds itself as the result 
of an anisotropic process. This process is, in the 
first case, an absorption from a unidirectional 
(and usually polarized) beam of light; in the 
second, an emission of a quantum in one par- 
ticular direction. 


* Society of Fellows. 
1]. V. Dunworth, Rev. Sci. Inst. 11, 167 (1940). 
2 V. F. Weisskopf, Ann. d. Physik 9, 27 (1931). 


forms of W for all angular momenta and for dipole and 
quadrupole radiation are given; experimental determina- 
tion of W in any given case should limit these factors to a 
small number of possibilities. This has particular interest 
as a means of investigating the nuclear energy levels in- 
volved in y-radiation; here W should be observable by 
measuring the variation with @ of gamma-gamma coin- 
cidence counting rates. 


An explicit formulation involves the transi- 
tions between the (2J+1) m-states of each level. 
(J is total angular momentum of a level, the m 
are the eigenvalues of J,.) We designate the 
states of the nucleus as A:, B,, C,; subscripts 
are values of m. For a given multipole order of 
the transition AB (or BC), the angular distribu- 
tion of quanta emitted in a transition A,B, (or 
B,C,) depends only on |Am|, where Am=(p—n) 
or (n—1l); hence we write these distributions as 
¢jn—) (0) and f\p-n\(0). The relative probabilities 
of the various transitions A,B, and B,C, are 
denoted by gin and Gy», respectively. Now 
suppose that the nuclei are initially oriented at 
random—..e., all states A, equally populated for 
any arbitrary axis of quantization. In the 
transition AB, the sum of the probabilities of all 
components A,B, with a given Am is independent 
of Am; hence the probability that a quantum 
emitted at an angle @, with the axis has been 
emitted in a transition with given Am is propor- 
tional to ¢)4m)(@:). The relative populations of 
the B, are then >>; gingjn—1(01) and the angular 
distribution of radiation from the decay of state 
B,, alone is >> p Gupfip—nj (82). 
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Thus one might at first sight take as the total 
angular distribution of the second quantum the 
weighted sum of the angular distributions from 
each state B,, given by 


W (02) = Sonl dor Zingin—ri (01) J 
X[Xp Garfir—ni(O2) J. (1) 


However, Eq. (1) seems incorrect since it has 
W(62) depending not on the angle between the 
quanta, but on their directions with respect to 
the axis. This deeply offends one’s sense of 
spectroscopic stability, according to which the 
choice of axis should affect the ease of a calcula- 
tion but not the final result. As will be shown 
later, the point overlooked in obtaining Eq. (1) 
is the fact that if the first quantum is emitted 
in a definite direction then the phases of the 
states B, are related; hence these states do not 
radiate independently of each other and the 
last step in obtaining Eq. (1) is based on a 
fallacy. 

The same difficulty with phases beset the older 
quantum-theory calculations of the polarization 
of resonance radiation. There it was found that 
a physically reasonable result was obtained for 
one particular choice of axis (parallel to the 
electric vector of incident plane polarized light, 
or parallel to the direction of propagation of a 
circularly polarized beam) ; this was later justified 
quantum mechanically. Analogously, it will be 
shown that in our case the ‘‘naive’’ theory gives 
the correct result if one takes Oz, the axis of 
quantization, along the direction of propagation 
of the first quantum, since in this case the phases 
of the B, are random. Furthermore, with this 
choice of axis the observed quanta are emitted 
only in transitions for which Am= +1. (Propo- 
sition 2a, later.) Hence, on setting 6,=0 and 
6.=6, and dropping the constant factor ¢;(0), 
the relative probability that the second quantum 
will be emitted at an angle @ with the first‘ls 
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cause, although incorrect, 4€ suggests a simplified 
form (Eq. (2)) of the resiilt of the exact treatment 


(Eq. (10)) which rediades by at least ore order of 
magnitude the Jdbor tequired for €xplicit calcu- 
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- (2), 
treatment be-” where xo and e refer to the quantum emitted in 
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lation of W(@), as well as providing additional 
physical insight. 


THEORY 


The exact treatment is based on the time 
dependent Schrédinger equation (Eq. (4)) which 
deals with the interdependence of probability 
amplitudes rather than of their absolute squares. 

Emission or absorption of a quantum consti- 
tutes a transition between two states of the sys- 
tem nucleus-plus-quantized-radiation-field, and 
is caused by the small matter-radiation coupling, 
H, in the Hamiltonian of the whole system. 
Since the velocities of the heavy particles in the 
nucleus are small compared with the velocity of 
light we take 


H= - fi-ado= —< f pt-Ado, 


where p and iare the charge and current densities 
associated with the given transition of the 
nucleus. The radiation field vector potential, A, 
is taken in the gauge in which the scalar potential 
is zero. 

This radiation field is quantized by quantizing 
the amplitudes of its normal modes. These 
modes might, for example, be plane or spherical 
waves; the particular form is a matter of 
convenience and depends on arbitrarily chosen 
boundary conditions. Running plane waves are 
the most straightforward in dealing with direc- 
tions of propagation. The radiation field, then, 
is represented by an assembly of simple harmonic 
oscillators, each of which corresponds to a 
running plane wave of frequency », direction of 
propagation x», and polarization e. (The latter 
are both unit vectors.) The vector potential of 
such an oscillator is given by A=ge exp (ix-r) 
where x=xxo=2rvc—'xo. The time dependent 
amplitude of the oscillator, g, is independent of r. 
The matrix elements of H for a given transition 
are calculated from 


H= —ac~'e: f ot exp (ix-r)dv, (3) 


the transition. 

(The procedure now followed, from Eq. (4) 
to Eq. (7) inclusive, is very similar to that used 
in reference 2; we therefore omit many details.) 
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Let n; be the occupation number of the ith field oscillator. Then if the first and second quanta 
are emitted into the pth and cth field oscillators, respectively, the necessary states of the system 
may be specified, and their probability amplitudes written, as follows: 


State Probability amp. 
(Ai, Ny **N,***Ne***) a; 
(B,, Ny **N,+1--+n,**-) ine 
(Con ny: *'nN,+1---n,-+1---) Coss 


The time dependence of the probability amplitudes is given by 
—tha;=>>. Hya,+Ej;a;, (4) 


where a; and a, are any of the above aj, dnp, OF Cpe. Writing (Ar---n,--+|H|B,--+-n,+1---) 
=(A,|H,|B,), etc., Eq. (4) becomes 


— tha, =>», (Ar| H,| Bu) bnp, (5a) 
—ihb,,= Di(A l | H, | B,)*ai+ doc, p(B, | H, | Cy) Cppe Hh(v, — VAB)Onp, (Sb) 
— IC poe => ,(B.|H. | Cy) * bap th(vpt ve — VAC Cppo- (5c) 


Here hvag=Ea—Ez, etc., and Eg is taken as zero. The following solutions to (5) are then assumed, 
subject to determination of the unknown quantities therein so that (5) is satisfied: 


a;=a,exp[—2aT(A))t], bnp= Xi Bin. (exp [—2xT(A,)t]—exp [—22T,(B,)¢]), (6a, b) 
Cope = Xt erelep [—2nT(A,)t]—exp [—2aT yo(Cy)ED 
+2n Snpo(exp [—22T,(B,)t]—exp [—2Tye(Cy)t]). (6c) 
Substitution of Eq. (6) into Eq. (5) (most conveniently carried out by working upwards from 
Eqs. (5c) and (6c)) gives the following results: 
T'(A,)=7(A.), T,(Bn)=i(vas—%)+7(Br), VMpe(Cp) =t(vac—%p— ve), 
hBinp = ai(A 1| H,| Bn)*/(@[T(A1) — (Bx) ]+¥a8—») 
heipe = Yin Binp(Bn| He| Cy)*/Lvac—%p— ve til (Ai) ], 
Ninpe = —(Bn| He| Cp)* 2X01 Bine/[vac—%p — ve +il (Bn) J. 


(7) 


The a are entirely undetermined, corresponding to the fact that their values constitute the initial 
conditions of the problem. The 7(A,) are given by h*7(Ai)=LonwFin(vas) where F;,(v)dv 
=> ,|(A.|H,|B,)|*. (X, indicates summation from »,=v to v+dv, and over all directions and 
polarizations.) Hence 41ry(A_) is the probability of radiative transition from the state A;. An exactly 
analogous statement holds for y(B,). The y(A,) and y(B,) are independent of / and n, as would be 
expected from symmetry considerations. 


From Eq. (3), 


where 


(A,|H,|Bn) = —c~'(m,|q|m,+1)(A| H(o’, €*) | Bn) 
(A,|H(«o’, e*)|B,) =e*-(A,|t exp (ix’-r)| B,). (8) 
(Similarly for (B,| H,|C,).) H, and H(«op, ep) are effectively independent of v, over the line breadth 


range of frequencies. Remembering this and calculating a, b,,, and Cp.- by substitution of Eq. (7) 
into Eq. (6), we find that each probability amplitude is the product of two factors. The first depends 





ese af ape zm. 
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on ¢ and some or all of »,, v., y(B,) and y(A.). The second depends on the initial conditions and 
on the matrix elements of H(xo,e). As a result W,., the probability of emission of quanta into 
the oscillators o and p, will be the product of two factors of the same type. (W,, is given 
by limit (t— 0)>°5(|Cppe|*)w-) In calculating W(xo’, e’, xo”, e’””), the probability of emission of two 
quanta characterized, respectively, by xo’, e’ and xo”, e’’, one integrates W,, over v, and v,. The 
second factor in W,, is unaltered by this, and the integration of the first factor introduces no new 
dependence on xo’, e’, %’’, e”’, since the frequency distribution of oscillators is independent of xo 
and e. Hence the first factor in W,, and its parents, the first factors in the probability amplitudes, 
are useless since we are interested only in the relative variation of W (xo’, e’, xo”’, e’”) with xo’, e’, xo’, e”. 
i We therefore drop these factors and write the abbreviated probability amplitudes as a, b,, Cp: 


) aj=a),, 5,= > a)(A,| H( xo’, e’) |B,)*, (9a, b) 
Co= Don On(B,| (v0, e”’)|C,)* =>. ail > n(Ar| H(%0’, e’)| B,,)*(B,| H(%o”’, e”’) | C,)*3 (9c’) (9c’") 















































The a, specify the initial distribution of nuclei among the states A;. Normally this will be com- 
pletely random. This is equivalent to saying that a,=exp (i5,) (omitting normalization) where the 
| §,; are random—that is, where (exp [4(6:, — 4:,) _])w=4z,1,- (( )w hereafter indicates an averaging 
) over all nuclei, i.e. over all values of the 6;.) Any result is to be averaged over the 6;. Furthermore, 
to each x» there correspond two arbitrary orthogonal e’s; and since a y-ray counter cannot differ- 
entiate between these two polarizations any final result must be summed over e’ and e”’. 

Thus at any given time the relative probability of two quanta having been emitted in the directions 
Ko’, xo’, in the’solid angles dw’, dw’’, is Wdw'dw’’ where 


| W=LDoee(|Cp|*)m= Lit vere” | Den(Ar| (Ko, €”) | Bn)*(Bn| H (x0, e”) | Cy)*|? (10) 


2 





by Eq. (9c’’). Since W is not an absolute probability, we shall occasionally drop constant factors 
from it without further comment. 
The interference of probabilities mentioned in the Introduction is evident in Eq. (10). A nucleus 
| may pass from the state A; to C, by way of several intermediate states B,; but the probability of 
the transition A,C, is not the sum of the individual transition probabilities for the several routes 
A.B,C,. The interference arises because the contributions to c, from these different routes are 
summed before squaring rather than afterwards. If W is written down using Eq. (9c’) instead of 
Eq. (9c’’) it will be seen that the cross terms vanish when }>.-(b,:*)4=0 for n#k, i.e. when the 
phases of the 5, are random. 
We now state two propositions (previously referred to) which enable us to reduce aa (10) to 
Eq. (2), and which hold for all multipole orders (proofs in Appendix I): 
1. The value of W is independent of the direction which we choose for the axis of quantization, 
hence we may choose this direction to suit our convenience. 
! 2. If we take the axis along the direction of propagation of the first quantum, then: (2a) l—n 
=+1; (2b) }>--(bnbs*)w =0 for n¥k. 
Proposition (1) involves simply a slight generalization of the principle of spectroscopic stability. 
! ' (2a) is useful in proving (2b) as well as in calculating W; its physical significance was mentioned 
in the introduction. It might be noted that while (2b) makes the phases of the 6, random when 
we do not observe the polarization of the first quantum, they are also random if the first quantum 
is circularly polarized. 
These propositions enable us to put xo=k and write 


————— 


W = Snipere”’ | (A,| H(k, e’) | B,) | | (B,| H(%o”, e’’) | C>) i, l=n+1. (11) 


The interference has been removed. (In a sense one may say that the degeneracy of level B has 
been removed, since if B, were nondegenerate there would have been no interference in the first 
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TABLE I. R/Q, for both transitions dipole. 






































AjJ=-1 AjJ=0 Aj=1 
Aj=-1 4 = (2J~1) J(2J-1) 
i3 (i47+13) (26J?-+67) +40) 
Aino —(2J+3) (2J—1)(2J+3) 
(14741) (123?+12J+1) 
(J +1)(2J+3) 
aj=t (263?—15J—1) 
TABLE II. R/Q, for first transition quadrupole, second dipole. 
Aj=1 AJ=0 AjJ=-1 
Aj-2 =3 3(2J+3) —3(J+1)(2J+3) 
29 (267—3) (58.?—23J+3) 
Aj=-1 3(J—5) —3(2J+3)(J—5) 3(2J+3)(J—5) 
(55) +61) (58.2+49J—15) (110J?—497 +15) 
Aj-o (2J—3)(2J+5) —(2J—3)(2J +5) (2J—3)(2J+5) 
(36J?+-92J +61) 3(47°+4J—1) (363?—207+5) 
Aje-1 3(2J—1)(J+6) —3(2J—1)(J+6) 3(J+6) 
(110 J?+ 2697 +174) (582+67]—6) (55J—6) 
a —3J(2J—1) 3(2J—1) =3 
J (582+ 139) +84) (267 +29) 29 





place.) The quantities >>.-|(A.|H(xo’e’)|B,)|? and > .--|(B,|H(%o’e’’)|C,)|* contain in their 
dependence on xo’ and xo” the angular distributions of quanta emitted in the transitions A,B, and 
B,,C,, and when integrated over all directions of emission are proportional to the total probabilities 
of these transitions. Hence 


Le’ | (A,| H(xo’, e’) |B,) | "21 ¢\n—1\ (81), de 


(¢ and f normalized to any convenient constant.) Putting Eq. (12) into Eq. (11), setting 6:=0 and 
6,= 6, and dropping the constant ¢:(0), we obtain Eq. (2) as was promised. 

The gin, Gnp, and f\»—»|(@) depend on the multipolarity of the transition to which they refer, and 
this multipolarity is in turn determined by the predominating term in the expansion of exp (ix-r) 
in H(xo, e). In Appendix II the expanded form of H(%o, e) is given and the method of calculating 
the f\p—n)(9) is outlined. The resulting angular distributions (of course identical with those obtained 


by various other methods’) are as follows: 


Dipole radiation : f1(0) =1+cos? 0, fo(6) =2(1—cos? 6). ate 
Quadrupole radiation: f2(@)=1—cos‘ 6, f:(@)=1—3 cos? 6+4 cos‘ 6, fo(@) =6(cos* @—cos* 6). 


(Note that in accordance with proposition (2a), fo(0) =f2(0) =0.) The g:, and G,, for dipole or quad- 
rupole transitions may be obtained from the matrix elements in reference 3, pp. 63 or 95. 


ps 





(B, | Hx”, e’’) | Cy) | *2Gnp fi p—nj(02). (12) 





CALCULATIONS 


We designate the angular momenta of the levels A, B and C as J—Aj, J, and J+AJ, respectively, 
so that the angular momentum changes in the first and second transitions are Aj and AJ. 

The gi, are usually given as functions of the initial quantum numbers J—Aj and / but are more 
convenient for use here as functions of J and n. Making this change and defining 


dn =2nsintZn—1, 0) D,=Ga, nti tGa, n—ly E,=Ga, ng2tGa, n—2) 
W= f,(@) a dnGant+f(8) Zs d,Dn+fo(@) ws d,E,,. 


we have 


_ §%E.U.Condonand G. H. Shortley, Theory of Atomic Spectra (Cambridge University Press, 1935), for example, Chap. IV. 
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Aj=-2 


Aj=-1 


Aj=-2 


Aj=-1 
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TaBLE III. R/Q, for both transitions quadrupole. 











AJ=o AjJ=-1 
—(2J—3)(2J +1) (J+3) 
(QI+3)(6J+5) (i7J+15) 
(5J—2)(2J—3)(2J+5) —(17J?+17J—30) 
(20J*+52J*+41J+6) (357?+35)+6) 


— (2J—3)(4J?+4J—7)(2J+5) 
(2J —1)(2J+3)(4/7+4J—1) 


(5J+7)(2J —3)(2J+5) 
(20J*+8J?—3J+3) 


— (2 +3)(17J*+69J?—77J — 105) 
(70J*—9J*— 73 J?—27J—9) 











Aj=2 Aj=1 
J(2I —1)(22+13F +12) (2J—1)(J?—16J—12) 
(2I+3)(16]*+90*+ 161) +84) (347*+159J?+ 224] +96) 


— (2J —1)(17J§— 18J?— 164J — 24) 
(70 J*+ 289 J*+ 374 J?+ 188] +24) 











TaBLeE IV. S/Q, for both transitions quadrupole. 











Aj=0 AjJ=-1 

4(J—1)(2J—3) —4(2J—3) 

———- 32I+3)(6TF5) 3(177+15) 
—16(J—1)(2J—3)(2J+5) 16(2J—3)(2J+5) 
3(207?+52F°+415+6) 3(35P?-+35I +6) 


— 16(J+2)(2J —3)(2J+5) 
3(20/°+8 J? —3J+3) 
16(2J — 3)(2J +3)(J+2)(2J+5) 
3(70J*— 9.8 — 73 J? —27J —9) 


16(J —1)(J+2)(2J —3)(2J+5) 
3(2J —1)(2I+3)(4F27+4J—1) 











Aj=2 Aj=1 
J(2I—1)(J—1)(2J—3) —4(2J —1)(J—1)(2J—3) 
3(27 +3) 16J*+90J?+ 161) +84) 3(34. > +159 24224] +96) 


16(2J —1)(J—1)(2J—3)(2J +5) 











3(70J*+ 289 J*+ 374 J? + 188 J + 24) 


If the second transition is dipole, 


W=En da(Da+2Gan) +008? 8 Yn dn(Dn—2Gan) =O+R cos?8, (13a) 


while if it is quadrupole, (o? 

a 
W=>.. d,(D,+E,)+c0s? 0 Yon dn(2Gan—3Dn) al” 
+cos! @ Dn dn(—2Gan+4D,—En) =O+R cos? 0+S cos* 6. (13b) 


Dropping a constant factor, our correlation function for calculation is 


W(6) =1+(R/Q) cos? 6+(S/Q) cos‘ 6. 


AjJ=-2 
1 


8 
(J—2) 
(17J+2) 

— (2J+1)(2J+5) 
(2J—1)(6J +1) 
(2J+3)(J?+18J+5) 
(34J*—57J?+8J+3) 


(J +1)(2J+3)(2?7—9J+1) 
(2J —1)(16J*—42J?+ 29J +3) 











Aj=-2 
a 
24 
—4(2J+5) 
3(17I +2) 


4(J+2)(2J+5) 
3(2J—1)(6J +1) 
—4(2J+3)(J+2)(2J+5) 
3(34J*—57J?+8J +3) 
(J+1)(2I+3)(J+2)(2J+5) 
3(2J —1)\(16 J? — 42 J? + 29J +3) 











The gin, Gap, dn, D, and E, are linear functions of n? for dipole transitions and quadratic functions 
of n? for quadrupole transitions, so that the summations indicated may involve >>, 1, n?, n‘, n°, n® 
where n= —J, ---J. These sums (for m integral or half-integral) are given by‘ 


* The author is indebted to Dr. J. R. Stehn for a derivation of the formulae for Sn* and n°. 
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D> 1=2J+1, 3 > w=J(J+1)(2J4+1), 15 ¥ nt=J(J+1)(2J+1)(372+3J—1), 
21 > n®§=J(J+1)(2J+1)(3J4+6J*-3J+1), 
45 Do n§=J(J+1)(2I+1)(SI§+15I5 +554 — 15 J? — J?+9J —3). 


In Q, R, and S, each of these sums occurs multiplied by a polynomial in J. When the summations 
are completed for the most complicated case (both transitions quadrupole), Q, R and S are nearly 
always of the form J(J+1)(2J+1) times a sixth-degree polynomial in J. These polynomials are 
found to contain a number of linear factors such that R/Q and S/Q are ratios of much smaller 
polynomials. 

Since the coupling term is Hermitian, it is obvious from Eq. (10) that if two pairs of transitions 
are each other’s inverses, i.e., differ by an interchange of initial and final angular momenta and 
radiation processes, and have the same intermediate angular momentum, then their correlation 
functions are identical. However, the processes of calculating W for a sequence and for its inverse 
are distinctly different ; this provides a valuable check on the calculations. 12-00 (dipole, quadru- 
pole) and 0—2-—1 (quadrupole, dipole), for example, are two such sequences. For the second of 
these, (13a) shows that there is no cos‘ 6 term in W; for the first, this may be shown only by proving 
explicitly that S=0. 

The functions R/Q and S/Q are given in Tables I to IV. Any sequence not shown is to be obtained 
from its inverse. These functions are shown graphically in Figs. 1 to 5. Each curve begins at the 
lowest value of J permitted by the selection rules. (See Appendix II.) Beyond J=7, each curve is 
connected by an oblique line to its asymptote. 





DISCUSSION of the same order will not be distinguishable, 
since the g, G, f and ¢ are the same for each. 
W(@) will in general be a polynomial in cos? @ of 
degree /, where the lowest multipole present is a 
2'-pole. It will be noted that for dipole and 
quadrupole radiation W(@) is a constant for 
J=0, 3, and is linear in cos? @ for J=1, 3/2; one 
suspects that for all multipoles cos* @ may 
4 appear only when J2 k. 

Our procedure is changed only formally, and 
the final results not at all, if one or both transi- 
tions are absorptions rather than emissions. 
2 . Thus, for example, W should give the angular 


Some generalizations to higher multipole orders 
may be made. Electric and magnetic multipoles 








0,0 











- “Ab tt \ unidirectional unpolarized beam of light. 
— We have tacitly assumed that during 7, the 
lifetime of level B, J, is constant. But, for 
example, the atomic electrons produce at the 
O10 nucleus a field H oriented at random with respect 
2 Pe ee to «x; J precesses about H with the Larmor 
oo precession frequency v=uH/Jh. Roughly, J, 
will change by +A for half the nuclei when J 
A has precessed through an angle (37/4J), i.e., in 
time t=(3/8Jv)=(3h/8uH) sec. The hyper- 
fine structure splitting of an atomic level is 
Fic. 1. R/Q as function of J; both transitions dipole. Av~ (3uH/hc) ~1/te em; for Ay=1 cm (which 


Cc labeled Aj, AJ. Point t sh : on (1, —1 2 
cee fot. R/O=1. i oe of is usually true), #2 310-" sec. For three levels 
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it distribution of resonance radiation excited by a: 
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4 


Fic. 2. R/Q as function of J; first transition quadrupole, Fic. 4. S/Q as function of J; both transitions quadru- 

second dipole. Curves labeled Aj, AJ. pole. Curves labeled 4j, AJ. Points not shown: on (2, —2) 
curve, J=2, S/Q=4; on (2, —1), (1, —2) curve, J=2, 
5/2, S/Q=—16/3, —80/33. 





Fic. 3. R/Q as function of J; both transitions quadru- : 
pole. Curves labeled Aj, AJ. Points not shown: on (2, —2) Fic. 5. 1+(R+5S)/Q=W(0 or )/W(x/2), as function 
curve, J=2, R/Q=—3; on (2, —1), (1, —2) curve, J=2, of J; both transitions quadrupole. Curves labeled Aj, AJ. 
5/2, R/Q=5, 25/11. Point not shown: on (2, —2) curve, J=2, 1+(R+5S)/Q=2. 


of RaC’ and ThC’ for which 7 is known to be of true that ¢> 607, which is satisfactory. However, 
the order of 5X10 sec.,° it is then probably a nucleus of mass 200 emitting a 1-Mev quantum 
*H. A. Bethe, Rev. Mod. Phys. 9, 69 (1937). recoils with 2.5 volts energy and if unimpeded 








130 DONALD R. 


would travel 8X10-* cm, or two atomic diam- 
eters, in the above +r. It is hard to judge the 
effect of this motion on the time average H. 
As regards light nuclei, the y-lifetimes of five 
excited states formed by proton capture® are 
much shorter and recoil energies much higher 
(by factors 10-* to 10-* and 10? to 10‘, respec- 
tively) than in the above cases; the distances 
traveled in 7 range from 0.08 to 4.510-* cm. 
Reorientation is very improbable here unless the 
fields encountered in the recoil motion are larger, 
by 10* to 105, than the static field indicated by 
hyperfine structure. 

The condition #>r (criterion that J,=con- 
stant, as discussed above) is identical with the 
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condition that the splitting of level B under the 
influence of H be much less than the radiation 
width of B. 

As already mentioned, an attempt is being 
made by Getting to observe the angular corre- 
lation effect, using the y-rays M and X of 
ThPb.* The counting rates involved are low 
because of the inefficiency of y-ray counters and 
because each counter subtends a comparatively 
small solid angle at the source ; during the necessa- 
rily long runs the characteristics of the counters 
change so that no final results are yet available. 

The author is greatly indebted to Professor J. 


H. Van Vleck for several discussions of important - 


aspects of the questions here treated. 




















APPENDIX I 

Proposition (1) 

ai, b,, Cc, are probability amplitudes of eigenstates with a: fixed axis of quantization; let the corre- 
sponding probability amplitudes for some arbitrary axis be aj, Bn, Yp. (a, 8, y are not the quantities 
previously designated by these letters!) We first indicate the proof that >>,|c,|*?=>-,|v,|* if the 
a; which enter into the calculation of the y, are determined by a unitary transformation from the 
initially given a;. The usual form of the principle of spectroscopic stability (reference 3, Eq. (2?25)), 
applied to our case, only shows that the total transition probability is independent of the axis of 
quantization when the states of the initial level have equal amplitudes and random phases; thus it 
only tells us that (>>n|}n|?)w=(Son|Bn|?). For the transition BC we need a generalized form for 
arbitrary initial states. Following Condon and Shortley’ it is easily shown that 


Lol ve]? = La kp b,*b.(B,| H| Cy)(Be| H| Cy)* = Lp! cn|*, 


which may be written in their notation by putting b,=(Ts’|), Ba=(Ao’|), co=(T.’|), (Ba| H|C,) 
=(T,’|H|T.’), ete. 

As concerns the unitary transformation from the a; to the a, this is trivial for our particular initial 
conditions; it is physically obvious, or may be shown by making the transformation, that if 
(a* 1,41, = 61,1, then (a*;,a1,) = 51,1, Hence the a also are equal in amplitude and random in phase 
and averages of any quantity over the phases of the a, or of the a; are equivalent processes. Thus 
W=Dd( |p|?) =>-(| vp!|2) Where the y, are calculated from the a; in the same way as were the cy 


from the a;. 


Proposition (2a) 

Physically, /—m=-+1 means that whenever a system is observed to emit a quantum in a particular 
direction, the projection of J on this direction has changed by A; therefore the projection of the 
angular momentum of the quantum on its direction of propagation is +h. The latter result follows 
from Heitler’s treatment of the eigenwaves of the radiation field in a spherical hohlraum.’ Heitler 
chooses the set of eigenwaves which, when quantized, have definite values of the total angular 
momentum and its projection on Oz; these eigenwaves correspond to the various multipole radiation 
fields emitted in transitions of radiating matter between eigenstates of J? and J,. The angular de- 
pendence of the field strengths of these eigenwaves shows that the flow of energy along the axis of 
quantization Oz vanishes for all eigenwaves except those for which the projection of the angular 
momentum on the axis is , and which therefore were emitted in a transition AJ,=Am= +h. 


6 F. Oppenheimer, Proc. Camb. Phil. Soc. 32, 328 (1936). 
7W. Heitler, Proc. Camb. Phil. Soc. 32, 112 (1936). 
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The proposition may also be proved easily for the explicit form of H given in Eq. (8): 
(A,| F(x’, e’)|B,) =e’-(A.|t exp (in’-r)|B,) =e’: Sp, .(Ai|t! D.)(D,| exp (ix’-r) | B,). 


(D, indicates all states except those of levels A and B.) As is permitted by proposition (1), 
we make Oz coincide with xo’. Then ix-r=ixz; z, and hence exp (ixz), is diagonal in J,, therefore 
(D,|exp (txz)|B,) =0 unless s=n. Except when ]—n= +1, e-(A,|t|D,) is zero since e lies in the xy 
plane. Hence (A;| H(xo’, e’)|B,) =0 unless /—n= +1. 
Proposition (2b) 

By Eggs. (8) and (9b), 

Dee (bn* bk) w= Der (Ax| t exp (ix’-r)|B,)- (e:’*e:’+e2’*e2’) -(Ax| t exp (ix’-r) | By)*, 

which is to be evaluated for xo’ =k. The vectors e;’ and e,’ are the two arbitrary unit orthogonal 
(in general complex) polarization vectors associated with xo’. e;’ and e’ lie in the xy plane; it may 
easily be shown that e,’*e;’+e2’*e,’ =ii+jj. Since (A,| H(x%o’, e’)| B,) =0 for xo’ =k unless n=/+1, 
we have (5,,*b;)4=0 for n¥k unless k=n+2. The only quantity to be investigated, then, is 


De (b141*01-1) wv = (A,| f exp (ixz) | Biss) -(ii+jj)- (A,|t exp (tz) | Bis)* 
= {DY(Ai| | Diys)(Diy| exp (txz) | Bi41)} { p(Az| @| Di-s)*(Di-a| exp (éxz) | Bis)*} 
+ {Xov(Ai| y| Diss) (Disilexp (éxz) | Bis1)} 
X {Xv(Az| y| Di-s)*(Di-s| exp (ixz)|Br1)*}. (14) 


Now (A, |f|Djsi1) =2rivap(Ai|r|Dis1). From the matrices of x and y (e.g. reference 3, p. 63) one 
may verify that if (A,|x|Dii)=a(l) then (A:|y|Di1)=tal(l); (Ai|x|Dis)*=—a*(—l); and 
(A.|y|Di-1)* =ia*(—I). From this it follows that the terms in x in. Eq. (14) exactly cancel those in y; 
hence >> ./(b* 1161-1)" =0 as was to be shown. 


APPENDIX II 
Expanding, H (xo, €-) =e-t exp (ix-r) =e-f+2ivc'e-tr-no+--- 
=e-f+rivc'[e-(tr+rt)-xo+e-(tr—rt)-xo]+---. 


Since (N’|t| N’’) =2rivywe(N’|r|N’’), N’ and N”’ any two states of the nucleus, it follows easily 
that (N’|tr+rt| N’’) =2rtvyy(N’|rr| N’’). By classical or quantum-vector analysis, 


(N’|tr—rt|N’’)-Ko=(N’|rXt| N’’) Xx. 
The multipole moments of a system with charge and current densities p and i are defined thus: 


electric dipole moment =P= fprdv, 
electric quadrupole moment == JS prrdv, 
magnetic dipole moment =M=(1/2c) fprXtdv=(4) frXidv 


and in terms of these, H7(xo, e)~e-(P+M Xxo+irve'M-xo+---). 

The vector part of the matrix elements of P and M (reference 3, p. 63) is one of three orthonormal 
vectors T(Am). (T(t): T(j) =6;;.) The J selection rule is AJ=0, +1 with 0-0 forbidden. Similarly 
the matrix elements of Jt (reference 3, p. 95) are proportional to one of five ‘‘orthonormal”’ dyadics 
R(Am) (i.e. KR(i) : R(j) =4;;); and the selection rule on J is here AJ=0, +1, +2, with 0-0, 3-4}, 
1=0 forbidden. The angular distributions of radiation emitted by these multipoles depend only on 
Am and are proportional to >.|e-T(Am)|?, }>.|e-T(Am) Xxo!? and ¥.|e-R(Am)-xo|?. Since 
e:*e:+e2*e,=I—xoxo, (I=ii+jj+kk, the identity dyadic), these functions may be written 
T*(Am) - (I—xoxo)-T(Am), etc. Use of the explicit forms for T(Am) and (Am) gives the results in 
the text. 
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Calculations of total energy as a function of lattice 
constant, and of some other properties, have been made for 
metallic beryllium, by a self-consistent field method. Since 
such calculations have not been made before for any but 
monovalent metals, the principal object was to find out 
how far the various assumptions which are usually made 
in them remain valid for higher valencies, and to test the 
practicability of certain methods of making the calcula- 
tions. The theoretical values of binding energy, lattice 
constant, and compressibility agree reasonably well with 
experiment. The calculated work function, however, could 
be made to coincide with the experimental value only by 
assuming a surface double layer of over 5 volts, which 
seems impossibly large. This suggests a very large deviation 
of the exchange energy from the value for completely free 
electrons. An investigation of the behavior of the exchange 
energy yields an expression for the deviation from the free 
electron value which is valid for low electron densities, 
but not for those which occur in beryllium. The distribution 
of the electronic states in energy is found to be of the sort 


needed to account for the diamagnetism of beryllium. 
Concerning methods of calculation, it is shown that a 
rather complicated procedure is necessary to obtain quanti- 
tative results when a Hartree ion core field is used (as was 
done in the present case), and that construction of an 
empirical field is preferable. The assumption E,=E, 
+ah*k?/2m, for the energy of an electron with wave vector 
k, cannot be used for calculations of lattice constant or 
compressibility for a divalent metal; it is therefore neces- 
sary to calculate directly the energies of states near the 
Fermi surface. This was done by the ‘orthogonalized 
plane wave’’ method, which is shown by tests to be 
capable of fairly high accuracy, though laborious. This 
method suggests a simple qualitative way of understanding 
a number of features of the electronic energy spectrum of a 
metal and its manner of variation with lattice constant. 
Incidental results include a proof that the interaction of the 
1s shells is entirely negligible, and a calculation of the elec- 
trostatic interaction energy of the ions as a function of 
the c/a ratio. 





1. INTRODUCTION 


HE quantum theory of metals, in the form 

developed by Wigner and Seitz,' has proved 
rather successful in the explanation and quanti- 
tative calculation of a number of properties of 
alkali metals, such as binding energy, lattice 
constant, compressibility,? and work function.’ 
So far no attempt has been made to calculate 
any of these properties for a divalent metal ;‘ 
moreover, all the metals for which calculations 
of electronic energy bands‘ have been made have 
been cubic. The present work on beryllium was 
undertaken with several objects, of which the 


* National Research Fellow, 1937-39. At Princeton 
University during completion of this work, 1939-40. 

1 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933) and 
46, 509 (1934); F. Seitz, Phys. Rev. 47, 400 (1935). 

4 Bardeen, J. Chem. Phys. 6, 367, 372 (1938). 

3 E. Wigner and J. Bardeen, Phys. Rev. 48, 84 (1935); 
J. Bardeen, Phys. Rev. 49, 653 (1936). 

‘4 In addition to the calculations which have been referred 
to, there are in the literature calculations of the electron 
energy levels of a number of solids, made by the cellular 
method of Slater, Phys. Rev. 45, 794 (1934). Two of these 
are for metals with more than one valence electron od 
atom: M. F. Manning and H. Krutter, Phys. Rev. 51, 761 
(1937), (Ca); M. F. Manning and M. I. Chodorow, Phys. 
Rev. 56, 787 (1939) (W). However, in none of these cases 
has an attempt been made to calculate the total energy of 
the crystal. 


most important was that of finding out how far 
the various assumptions usually made in the 
application of the theory to monovalent metals 
remain valid for higher valencies. We also wanted 
to become familiar with the technique of calcu- 
lating electronic energies in a crystal of this sort, 
and in particular to see what additional diff- 
culties are introduced by the fact that the metal 
is divalent, and by the fact that it has a hex- 
agonal lattice. Finally, we hoped to make a 
fairly detailed test of the practicability and 
accuracy of the ‘orthogonalized plane wave” 
method of calculating electronic energies and 
wave functions in crystals, recently described by 
one of us.® 

Since the calculations which had to be made 
for beryllium were considerably more compli- 
cated than those which have been made for 
monovalent metals, and were in addition of an 
unfamiliar sort, it was not thought wise to try 
to carry them through with as high a precision 
as can be attained for alkalis. Nevertheless, 
sufficient accuracy had to be maintained so that 
a comparison of the results with experiment 


5 C. Herring, Phys. Rev. 57, 1169 (1940). 
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would throw light on the validity of some of the 
more fundamental assumptions made in the 
course of the work. It was therefore thought at 
the beginning that the most convenient thing to 
do would be to make a Hartree self-consistent 
field solution for the electrons in the metal by 
using for the core wave functions the 1s wave 
functions given by Hartree and Hartree® for 
Bet+. This self-consistent field solution was 
obtained, and our final results are based on it; 
however, the calculation of the total energy from 
the Hartree wave functions turned out to be 
rather more laborious than we had anticipated, 
and in fact both theory and computation would 
have been much simplified by constructing at 
the outset an empirical field of the sort used by 
Seitz! for lithium. Section 2 consists in the 
derivation of the formula (28) for the total 
energy of a beryllium crystal, in the Hartree 
approximation; if an empirical field had been 
used these lengthy calculations would not have 
been necessary. Section 3 describes the approxi- 
mately self-consistent potential field used for the 
calculations. The next four sections are devoted 
to the problem of finding the Hartree energy 
parameters E, for the continuous distribution of 
valence electron states. The quantities directly 
calculated for this purpose are: (1) the energy 
Ey of the lowest valence electron state, ob- 
tained by- the method of Wigner and Seitz;! 
(2) a=(m/h?)(@E,/dk ],-0, obtained by the 
method of Bardeen;? and (3) energies E, of a 
number of states near the surface of the Fermi 
distribution, obtained by the orthogonalized 
plane wave method.’ The distribution of the 
electronic states in energy can be estimated from 
these quantities by a graphical method. It is of 
less interest to know the number of states per 
unit range of E than the number per unit range 
of the quantity » defined by (29), since the latter 
is more closely connected with the ionization 
energies of the individual electronic states ; conse- 
quently the distributions are calculated in Sec- 
tion 7 for » rather than for E. The difference 
between n, and E;, consists of a number of terms, 
which can be calculated if the wave function ¢, 
is known. The graphical calculations of Section 7 
are aided by the use of rough values of 


* D. R. Hartree and W. Hartree, Proc. Roy. Soc. London 
A149, 210 (1935); A150, 9 (1935). 





B=(m/h*)(@°E,/dk*?), computed for the same 
wave vectors k for which the energies E;, men- 
tioned above were calculated. In Section 8 a 
brief investigation is made of the validity of the 
assumption, usually made in calculations of this 
sort, that the exchange energy of the valence 
electrons in the metal is the same as that of a 
free electron gas of the same density. Section 9 
contains all the results of the present work, and 
a discussion of their significance. 


2. ToTAL ENERGY IN THE HARTREE 
APPROXIMATION 


The notation employed in this and the follow- 
ing sections is for the most part the same as 
that of reference 5. Atomic units will be used, 
energies being measured in rydberg units and 
distances in units of the Bohr radius h?/me’. For 
mathematical convenience periodic boundary 
conditions will be imposed :’ it will be assumed 
that the crystal is of practically infinite extent, 
but that all the wave functions, potentials, etc. 
are trebly periodic in space, with periods N,t., 
Nits, N.t-, where ta, ts, t-, are three fundamental 
translations of the crystal lattice, and Nu, No, N., 
are three very large integers. The parallelepiped 
defined by Nata, Nets, N.t., will be called the 
“fundamental volume” ©; we assume it to 
consist of N unit cells each of volume Q and 
each containing m atoms (n=2 for beryllium). 
It will be assumed that each unit cell can be 
divided up into “atomic cells’’ each of volume 
Qo/n and all alike except for orientation. Mention 
will frequently be made of an “‘s sphere”’: this is 
a sphere with center at an atomic position and 
radius r, so chosen that its volume equals the 
volume of an atomic cell. The symbol (y:, 2) 
will be used for the scalar product /Qy¥i* Pedr of 
any pair of wave functions. 

When periodic boundary conditions are em- 
ployed one cannot speak of the electrostatic 
potential due to a charge distribution unless the 
integral of the charge density over 2 vanishes. 
So if we want to break up the electrostatic 
potential in the crystal, or the electrostatic self- 
energy, into contributions from different sources, 
we must use some artifice. For the potential due 
to any charge distribution satisfying our periodic 


7M. Born, Ency. Math. Wiss. 5, iii, p. 587; M. Born and 
J. H. C. Thompson, Proc. Roy. Soc. A147, 594 (1934). 
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boundary conditions we shall accordingly use 
what may be called the “neutralized potential” 
of the distribution.* If p is such a charge dis- 
tribution and # is its average value over Q, the 
neutralized potential @ due to p is defined as 
that solution of 


Vib= —41(p—§), 


which satisfies the periodicity conditions and has 
average value 0. In other words, ® is the potential 
due to the combination of p with a homogeneous 
charge distribution of such sign and density as 
to neutralize p over 2. It is not hard to see that 
the final electrostatic energy per atom of a 
neutral crystal will be independent of whether 
neutralized or ordinary potentials are used in 
calculating it. To make the analogy with the 
usual electrostatic potential as close as possible, 
we shall write 2Z/D(r) for the neutralized 
potential, in rydbergs per electron, due to a 
charge Z times the electronic charge located at 
the origin: thus D(r) is practically the same as r 
whenever r is small compared with the dimen- 
sions of the fundamental volume. 

If V; is the neutralized potential due to the 
charge distributions of all the Hartree eigen- 
functions except ¢;, the Hartree functions 9; 
will satisfy 

(Hot Vi) ¢i=Ej¢i, (1) 
where 


Hy= —V?—)22Z/D(r—R,) +c; (2) 


here Z is the nuclear charge (4 for beryllium), 
R, runs over the position vectors of all nuclei in 
the fundamental volume, and c is a constant 
fixing the zero for E;, which we are free to 
choose as we please. It will be a sufficiently good 
approximation to assume that when j is a core 
state yg; is the same as the Hartree 1s function 
for a free Be++ ion (hence that ¢; is localized 
about a particular atom); when j is a valence 
electron state ¢; will be taken to be a Bloch wave*® 

® This conception is similar to that used when electro- 
static potentials are calculated by the method of Ewald. 
See for example the article of M. Born and M. Géppert- 
Mayer in the Handbuch der Physik (Berlin, 2nd ed., 1933), 
Vol. 24/2, p. 711. We use periodic boundary conditions and 
neutrali potentials, rather than working with a finite 
crystal, because it is desirable to be able to break up the 
electrostatic energy into parts without the danger that some 


of the parts may depend on the size and see of the crystal. 
* F. Bloch, Zeits. f. Physik 52, 555 (1929). 
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of the form exp (tk;-r)u,(r), where Uk, has the 
translational periodicity of the lattice. In both 
cases g; is assumed normalized to 1 over Q, 
which for the core state is practically infinite. 
With wave functions of this form V; is practi- 
cally the same for all valence electron states, 
but is different for the core states. Wigner and 
Seitz have pointed out that the potential for a 
valence electron inside any s sphere is approxi- 


mately 
v(r)+(3X/r,—Xr*/r,'), (3) 


where v(r) is the potential due to the ion at the 
center, and where the second term is the potential 
due to a charge of X electrons uniformly dis- 
tributed over the volume of the s sphere (X =2 
for beryllium). When j is a valence electron state 
we may write 


(Ho+ Vj) = —V? + Uo. (4) 
The average value of Up is equal to ¢, and it will 


be convenient to choose c equal to the average 
of (3) over an s sphere: this may be written 





3 
c= f (oi) +2x/r\ar—3Xx/sr, (5) 
4rr,? J, 
provided we assume v(r) = —2X/r for r2r,. 


Since the ¢; for valence electron states are 
eigenfunctions of a single Hamiltonian, they are 
all orthogonal to one another. But since the 
Hamiltonian for the core states is different, the 
¢; for valence electron states will not be orthog- 
onal to those for the core states. The customary 
procedure’ in determining the total energy by 
the Hartree method commences by replacing the 
Hartree eigenfunctions by a set of orthogonal 
linear combinations of them. Accordingly we 
shall define the functions 


Vi=eitAg; (6) 


to be such an orthogonal and normal set. We 
may specify A4g;=0 when j is a core state (this 
implies neglect of the small overlap of core 
functions of different atoms"); and when j is a 


10D. R. Hartree and M. M. Black, Proc. Roy. Soc. 
London A139, 311 (1933). 

The effect of such overlapping on the total energy 
gives just the Heitler-London value & the potential energy 
of the repulsive force between the ions. It is shown in 
Appendix I that this repulsive force must be negligible, 
mer no attempt has been made to calculate it for the 
Hartree wave functions. 
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valence electron state the Hartree approximation the total energy Wy 
relative to widely separated Bet* ions and 

¢;(t) — La,(v) ¢1.(r—R,) electrons consists of three parts: the kinetic 

¥;(r) = : , (7) energy of the valence electrons, the electrostatic 

1-2 |a;(v) |? energy of the crystal relative to the decomposed 


state, and the exchange energy minus the 
where a;(v)=(¢1s,, ¢;) is the scalar product of exchange energy in the decomposed state. Each 
the 1s function on the vth nucleus with ¢g;. In of these three must be calculated with the y,. 





In calculating the sum of these three terms we need not for the present restrict ourselves to the 
case of beryllium, and accordingly Eq. (13) below will hold for any values of Z, X, and n. The electro- 
static term may be broken up into the neutralized interaction energy of the ions, that of the valence 
electrons, and that of the ions with the valence electrons. In calculating the neutralized interaction 
energy of two different ions u and », it is convenient to picture each ion as composed of a positive 
point charge equal to the charge X carried by an ion, and a neutral distribution consisting of the 
core electrons and a positive point charge (Z— X). The interaction energy of the neutral distributions 
of u and » is zero, if we neglect overlapping. The energy of the neutral distribution of u in the neutral- 
ized potential due to the point charge X at R, is 


X 
f <to)2-R,|)+2X/|2 Ry | Jer, 
: @ 2 

where — X/Q is the constant charge density used in forming the neutralized potential of the point 
charge X, and the quantity in brackets is the negative of the (ordinary, not neutralized) potential 
due to the neutral distribution on uw. Adding twice this to the interaction energy 2X?/D(R,—R,) 
of the point charges gives the neutralized interaction energy of the two ions. We can now write 


Electrostatic part of Wy =} >> { 2X?/D(R,—R,) +2x/2f [o(r) +2X/r\dr} 


ure 





+3 2 


i,j valence 


—2Z 2| y(t’) |? 
Az) |*F4 ——_—— ————dr' |dr. (8 
* a 2 | «) | > Fos on R,) ', as J D(r-r’) | : , 


In the summations in (8) and henceforth, unless otherwise stated, states i or 7 with the same orbital 
wave function but different spins are to be counted separately. 

Let us introduce the abbreviations C;;(y) for the double integral in the second term of (8), and 
A;;(¥) for the corresponding exchange integral. Then remembering (1), (2), and (5), the total 
energy is 


Weo= LX (i HW)+tH LV + YL July) 


j valence i,j valence # core 


ff ¥i*(r)yi*(r’)2y,(r)yi(e’)drdr’ 
a” 9 D(r-r’) 


j valence 

-(} DL + DL JAiuly)+3 0 2X*/D(R,—R,)+3nNX?*/5r,. (9) 
#, j valence # core ure 
spins || j valence 


spins || 
We shall now investigate the consequences of inserting (6) in (9). In the first term of (9) we have, 
using (1) 
(v;, Hoy;) = (Wi, {| Hot+ V;- Vi}¥,) 
= —(¢;, Vi9;) —2R(A¢g;, Vie;) —(A¢;, ViAg;) 
+E[1+2(¢;, 4¢;)]+(Ag;, {Hot VijAg;), (10) 
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where the symbol ® means ‘‘real part of.’’ Since ¥; and ¢; are both normalized 
2R(9;, Ag;) = — (Ag;, A¢;). (11) 
The second term of (9) is, with neglect of terms containing three or more Ag’s, 


2 2+ 2 MsW=4 CFC + XL Mile) 


i,j valence _ t core i, j valence _#core 
Jj valence j valence 


+28 DY (A¢;, Vig)+t L (Ag;, Vidg;) 


j valence j valence 


\ 2[2RAg,(r’) gs*(2’) JL2ZRAG;(r) 9;*(r) ] 
+3 2D J J 


i,j valence Dr on r’) 


drdr’,” (12) 





where C;;(¢) is a double integral like the one in (8), but with the y’s replaced by ¢’s. Thus the first 
term of (12) is just 
LX (¢i, Vivi). 


j valence 
The combination of (9), (10), (11), and (12) gives, to the order of accuracy of (12) 
Wu= DY £E;-+ LZ Cile)-? DL AulW) 


j valence i, j valence i, j valence 
spins || 
-— L AiW+ L (Agi, [Hot Vi— Ej} 4¢)) 
j ‘ sence j valence 
spins 
+O0+3 > 2X?/D(R,—R,)+3nNX?/5r,, (13) 


use 
where Q stands for the last term of (12). In (13), which applies to any metal with sufficiently compact 
core wave functions, the first three terms are the only ones which would be present if the Hartree 
field were used in the same way as the empirical fields used by Wigner and Seitz' for sodium, and by 
Seitz! for lithium. The fourth term is the exchange between valence electrons and cores. The fifth 
term, whose physical meaning is less directly obvious, will be shown below to give important con- 
tributions to the binding energy of beryllium. Moreover, since it contains two Ag’s, which vary with 
lattice constant on account of the normalization of the wave functions, this term has quite an im- 
portant effect on lattice constant and compressibility. The term Q was expected for the same reason 
to have an appreciable effect on the compressibility ; numerical calculation however showed it to 
be almost negligible. The neglected terms with three and four Ag’s are smaller still. 

We shall now specialize to the case of beryllium, and with the aid of a few approximations which 
are safe in this case it will be possible to put the fourth, fifth, and sixth terms of (13) into a form which 
can be used for numerical calculation. The exchange energy Ai;(y¥) of a valence electron state y; 
with a core state ¥; may be evaluated by expanding y; into spherical harmonics about the nucleus 
on which y; is localized. The part involving each spherical harmonic gives a contribution to A;;(¥) 
which can be expressed as a double integral containing the radial coefficient of that spherical har- 
monic." We shall retain only the terms /=0 and 1, writing 


¥i=9;+4e9;=Ro(r)+ L Rin(r)P1™(cos 6) exp (img) (14) 


m=—1 


plus terms in higher harmonics which we neglect. Now the negative potential near the nucleus is 
practically spherically symmetrical, and is large compared with the width of the valence electron 
band and large compared with the variation of the potential with lattice constant. It is therefore 
reasonable to expect that near the nucleus the s part of yg; can be well approximated by a constant 


2 The method of calculating these exchange terms has been described by J. C. Slater, Phys. Rev. 34, 1293 (1929). 
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times a fixed function go independent of j and of lattice constant. For goo we shall choose the eigen- 
function of the lowest valence electron state, for the observed value of the lattice constant; in the 
approximation of Wigner and Seitz, which we use in Section 4, this wave function is simply a 2s 
function whose radial derivative vanishes on the boundary of the s sphere. Since the quantity a;(v) 
occurring in (7) depends only on the s part of ¢; around the vth atom, and since in all cases the a;(v) 
are so small that the second term of the denominator of (7) is &0.01, we may set in (14) 


¢;(0) 
—woo(r), (15) 
¢o00(0) 





Ro(r) = 


where yoo is the function obtained by putting ¢;= ¢oo in (7). Numerical calculations have shown that 
the error in the approximation (15) affects the contribution of Ro to A;;(y) in the most unfavorable 
cases by only a few percent. We may approximate to R,,, near the nucleus by a similar expression : 





. Rim(r’) 
Ri»(r) =| tim / Jann, (16) 


r’—0 R,(r 


where R,(r) is the radial part of some standard solution, with /=1, of the wave equation in the 
central field which approximates the field around the nucleus. We shall choose for R, the radial part 
of the p function calculated in the same central field used for goo with an energy parameter so chosen 
that the boundary condition R,’=0 is satisfied on the surface of the s sphere for the observed lattice 
constant ; the scale of R, will be made definite by assuming that 


2N/3 f 4nr?R,%dr=1 
0 


for r,=2.37 Bohr units, corresponding to the observed lattice constant. This corresponds roughly to 
assuming that a function defined in each atomic cell as R, cos @ is normalized to 1 over Q. 

If the higher harmonics as in (14) are neglected, the approximations (15) and (16) yield,” for any 
valence electron state j, 























L Aiji(¥) =2s;GotFpiG. (17) 
spin Il 
Here 
¢;(R,) . 
$;= average on » of |— : (18) 
¢oo(R,) 
1 = Rin(|r—R,|)|? 
p;=average on vof > | lim : (19) 
m=—1| rR» R,(|r—R,|) 
where Ri»,(|r—R,|) is meant to refer to the p part of y; near the vth nucleus; and 
° 7” Pi(r)P2.°(r’)Pis(r’) P2.(r) 
Go= f f drdr’, (20) 
0 “oO rb 
~ o la 
a= f f P,.(r)P2,(r’)P1s(r’) P2p(r)—drdr’, (21) 
0 “o ry? 


where r, and 7, are, respectively, the smaller and larger of r and r’, and where 


P;,(r) =r(4r)'93.(r), P2,°(r) =1r(8xN)'Yoo(r), 
P2,(r) =r(8%N/3)'R,(r) 


and 
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are the radial s and p functions. Thus 


f P;,*dr=1; 
0 
2.37 
f P?dr=1 
0 


and the former has been orthogonalized to P,. 
An approximation of the same nature as (15) may also be used in the fifth term of (13). If we 


neglect the second term in the denominator of (7), 


P2,° and P2, are normalized to 





A¢g;= — La;,(v)eu(r—R,), (22) 
and if the s part of g; is nearly a constant multiple of goo near each nucleus, 
aj\v) = Pisy» Yoo). 
¢oo(R,) 
If we set 
a/(2N)!=(¢1, goo) (23) 


and use (18), the fifth term of (13) becomes (neglecting of course overlap of core functions on different 


atoms) 
a? dD si(¢1, { —V?+ Uo—E;} ¢1). (24) 


j valence 
We shall assume ¢;, to be localized about an atom at the origin, and shall use the approximate ex- 
pression (3) for Uo,'® with 
v(r) = —2Z/r+2vis, 
where v;, is the potential due to one 1s electron on the free Be*+* ion. If —e is the Hartree 1s energy 
parameter for the free ion, we have 


(—V?+ Up — Ej) 1s = (—V?—-22/rt+vietet+vis—€+6/r,—2r?/r,?— Ej) pre. 


Since ¢, is the Hartree eigenfunction for the free ion, the first four terms in the parenthesis operate 
on it to give zero. The integral of vi,| ¢1.|? is just twice the quantity Fo(1s, 1s) calculated by Hartree 
and Hartree,® and the integral of 27?/r,3| ¢:,|? is so small that it can be neglected. Therefore 


Fifth term of (13)+a? > s;(—e—E£;+2Fo+6/r,). (25) 
j valence 


The small sixth term of (13) can be transformed by using approximations of the same nature as 
those which we have described for the two preceding terms. As the term is unimportant we shall give 


only the result: 
Q=16Na?#B, (26) 
where 
s= 1/4N _ Sj 
Jj valence 


is the average of s; over all occupied states, and where 


2 


f (PsP 2. — 3ar;?/r,*)dr; 
B=2 f : dr, (27) 
0 


r 





13 This approximation gives rise to only a very small error. Cf. Wigner and Seitz, reference 1, Appendix II. 
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with P;, as defined under (20) and (21), while P2,(r) =r(82N)* yoo is the radial 2s wave function not 
orthogonalized to P,,. 

We are now ready to combine the expressions for the various terms of (13). The most useful way 
of grouping the terms would be to find out how much the energy is changed by removal of an electron 
from each state j, and then to express the total energy as a sum of these ‘‘ionization’’ energies plus 
whatever additional terms are necessary. If this has been done one can for example find the location 
of the Fermi surface from the requirement that the ionization energies of all electrons on the Fermi 
surface must be the same, and the requirement that the number of quantum states with ionization 
energies below that of the Fermi surface must equal the number of electrons. Now to find the precise 
ionization energies of the different states the change in the second and third terms of (13) due to 
removal of a particular electron would have to be calculated. To a good approximation the second 
term of (13) is zero, because it is the self-energy of the almost uniform charge distribution of the 
valence electrons minus its average value." So it will not do much harm to neglect the change of this 
term when an electron is removed. But the third term of (13) is more troublesome. If the electron 
wave functions were plane waves and the filled region a sphere in momentum space, the change of 
this term on removal of an electron could be calculated rather easily : it is a function of the momentum 
of the electron, which has been given explicitly by Brillouin.'® It will be shown in Section 8, however, 
that the exchange contributions to the ionization energies of the various electrons probably differ 
quite appreciably from these free electron values, and the differences are hard to calculate. We shall 
therefore leave untouched the third term of (13), as well as the second, and shall define a quantity 
n; as the contribution of all the other terms of (13) to the ionization energy of the jth electron. 
From (13), (17), (25), and (26) we find 


8 
Wa= XY n-t LD Cily)-t DL Aily)—16Na*s#’?B+} > ————_+24N/5r, (28) 
j valence i, j valence 4. J valence ur u—R,) 


where 
nj= Ej+s,[a?(—¢e—E;+2F)+6/r.+8B8) —2Go]—$p;Gi. (29) 


Of the quantities occurring in (28) and (29), five are independent of the lattice constant and of which 
quantum states are occupied, and it will be convenient to list their numerical values here; ¢ and F, 
are given by Hartree and Hartree, and the others are calculated from the 2s and 2p wave functions 
of Section 4: 


a= 0.096 Fo=2.278 
«=11.344 Go =0.0284 


To obtain the binding energy we must first subtract from Wy the ‘‘correlation energy’ due to 
the fact that the electrons tend to avoid one another in a way not taken into account by the Hartree 
or Fock approximation ; the binding energy per atom of the crystal is then the difference between 
the resulting total energy, divided by 2N, and the energy of a neutral beryllium atom relative to 
the doubly ionized state. Now it would not be correct to take for this energy difference between 
Be++ and Be the value given by a Hartree field calculation, if we include the correlation term in 
the energy of the crystal, since the tendency of the two valence electrons to avoid each other is not 
taken into account in the Hartree calculation for the atom. On the other hand, the correlation term 
is much too important to be omitted from the energy of the crystal. We shall therefore take for the 
energy difference between Bet++ and Be the experimental value 2.024 rydbergs. This will tend to 
make our calculated binding energy too small, since it includes, in addition to correlation between the 
valence electrons, the effect of all other imperfections in the Hartree method. 


4 The deviation of this term from zero is roughly estimated in Appendix II. 
1 L. Brillouin, J. de phys. et rad. 5, 413 (1934). 
1° E. Wigner, Phys. Rev. 46, 1002 (1934); Trans. Faraday Soc. 34, 678 (1938). 
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TABLE I, The potential due to an ion and an s sphere. TaBLE II. Values of Eo(r.) and a. 




















r —U(r, 2.37) r —U,(r, 2.37) ry —U,(r, 2.37) Ys E(U i, rs) Eo(rs) Y a 
0.04 182.7 0.28 15.44 0.92 2.067 2.07 0.167 0.333 1.154 0.422 
0.08 83.14 0.36 10.46 1.08 1.446 2.37 0.100 0.102 1.124 0.616 
0.12 50.48 0.44 7.59 1.40 0.667 2.67 0.067 —0.017 1.104 0.697 
0.16 34.59 0.60 4.556 1.72 0.256 
0.20 825.35 0.76 3.008 2.04 0.057 - 

2.36 0.000 














3. THE FIELD 
If we define v(r) to be —4/D(r) for r2r,, instead of —4/r as before, the potential U) defined by 
(4) may be written 


6 
Uo= Dv(r—R,) ——+Vva1, (30) 
4 Sr; 

where Vyai is the neutralized potential due to the valence electron distribution. It would undoubtedly 
be sufficiently accurate to assume vy, =0 in (30), since the charge distribution of the valence electrons 
is almost uniform ; if necessary, a first-order perturbation correction could be applied to the energies 
calculated using this assumption. 

What was actually done was to get a rough approximation to Vyai for r,= 2.37, and for other values 
of r, to assume Vyai to vary in the same way near each ion as for r,= 2.37. More explicitly, for r, = 2.37 
the valence electron distribution in a given s sphere was assumed to consist of a charge of one electron 


distributed with a density proportional to | go0|*, plus a charge of one electron with a density pro- 
portional to |R,|*, where goo and R, are the functions mentioned in the preceding section. The 


potential due to an ion and an s sphere containing the charge distribution just described will be 
called U(r, 2.37). This function, values of which may be found from Table I, was determined so 
that the goo and R, calculated from it were the same as those used in it: in this sense it is ‘‘self- 
consistent.”’ If we define v; as the difference between U(r, 2.37) and the neutralized potential due to 
a sphere of radius 2.37 containing a charge of two electrons uniformly distributed, we have 


v,(r) = U,(r, 2.37) —6/2.37 + 2r?/2.378 for r& 2.37 (31) 
=—4/D(r) for r2 2.37. 
The potential U which was actually used in calculating'’ the valence electron ¢; and E; is now defined 
for all values of r, by 
6 
U(r) =Lu(r—R,)—_—, (32) 


ls 
and we have for the zeroth Fourier coefficient 


1 
U[0 |=—————- V1 dr~c=U,{ 0], (33 
[oJ= (4/3)zr,* Sle ae “| : (0] 


as a comparison with (5) shows. Since (32) differs slightly from (30), especially when 7,4 2.37, there 
will be a correction to the total energy resulting from the first-order perturbation corrections to 
the E;; this is roughly estimated along with the Coulomb energy in Appendix II. 


4. DETERMINATION OF Ey AND a@ 
Wigner and Seitz' have shown that the energy parameter FE» for the lowest valence electron state 
in a metal can be determined with remarkable accuracy by integrating the radial wave equation 


~ 1 The po er (32) is used directly in Sections 5 and 6; in Section 4 the wave functions are calculated in the field 
U,(r, 2.37) and their energies then corrected for the difference between this and (32). 
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for an s function in a single atomic cell, and finding the energy for which the radial derivative of 
the wave function vanishes at the radius r,. Accordingly, s functions go were determined for several 
energies by numerical integration, in the field U;(r, 2.37) of the preceding section, and the energies 
for which the radial derivative vanished at r,=2.07, 2.37, and 2.67 were found by graphical interpola- 
tion. These energies are listed in Table II in the column headed E(U,, r,). 

The desired energy parameter E)(r,) is rather accurately given by E(U,, r,) plus the average over 
an atomic cell of | go|?U minus the average over an s sphere of | go|?U,(r, 2.37). As it will be of 
interest in Section 6 to have a rather precise value of Ey to compare with the value calculated by the 
orthogonalized plane wave method, we shall evaluate this energy correction with greater accuracy 
than is needed for the other purposes of this paper. In analogy to (31) let us define for r<r, 


U(r, rs) -_ v1 (7) +6/r, - 2r?/r,*. (34) 
By (33) the average of U over an atomic cell then equals the average of U,(r,r,) over an s sphere. 
Also 
36 
spherical average of U= U,(r, r)+|D'u(R) -—| (35) 


ls 
the constant term in brackets being small (it is calculated numerically in Section 9). If go is normal- 
ized over an s sphere we can now write 


Eq(r.) =E(U, 7») + f Cl vol?— | volts) |2]Udr 


atomic cell 
+ | go(r.) | f var— f | go|?U4(r, 2.37)dr. 


atomic cell s sphere 


The region of integration in the second term can be changed to the s sphere without much harm, 
since the integrand is nearly zero in the region between the cell and the sphere; then (35) can be 
used. In the second integral we may replace U by U;(r, 7.) and change the region of integration to 
the s sphere. The result is 


36 
Eo(r.) = E(U,, 14) + | go|*L U(r, r,)— U(r, 2.31) Wr (y—1)] +— (36) 
* D(R,) Sr, 





8 sphere 
where 


4n 
v= | ¢o(r) | — 


is the ratio of the square of the wave function at r, to its mean value. The quantity 


[x 4 Phe 
» D(R,) =I 


depends on the c/a ratio of the crystal. The observed c/a ratio for beryllium is 1.58; however, no 
appreciable error in any of the quantities being calculated in this paper is apt to result from using 
the value 1.63 (corresponding to ideal close packing of spheres), and as some of the numerical work 
is simpler if this value is used, all the calculations of this paper have been made assuming c/a = 1.63. 
For this case 





0.0317 








4 36 

B +o has the value 
» D(R,) 5r, 

The integral in (36) was evaluated numerically for r,=2.07 and 2.67. The resulting values of Eo(r,) 

are given in the third column of Table II; y, which appears also in the expression (38) for a, is given 

in the fourth column. 


's 
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The general form for an electron eigenfunction in the trebly periodic potential field of a crystal is® 
¢x=exp (tk-r) ux, (37) 


where the function “u, possesses the same translational periodicity as the crystal; k is called the wave 
vector of the eigenfunction g;. The assignment of a wave vector to a given wave function is unique 
only to within 27 times an arbitrary vector of the reciprocal lattice; to make it unique one may 
define the ‘‘reduced wave vector”’ as the shortest wave vector which can be associated with the given 
eigenfunction. Also, an infinite number of eigenfunctions can be found for any value of k. The energy 
Ey which we have just calculated is the third lowest of those going with wave vector zero (the lowest 
belong to the functions of the 1s core band, and there are two such orbitals because there are two 


atoms in the unit cell). 
For wave vectors close to zero there exist energies close to Eo, whose expansion in powers of & for 


a hexagonal crystal is of the form 
Ex=Eptai(ke?+ky?) +auk.2+0(k*). 


Here k, is the component of k along the hexagonal axis, and k, and k, are the components along any 
axes perpendicular to this. It can be shown that a, and a, must be very nearly the same when the 
c/a ratio for the crystal is 1.63, which, as described above, is the value assumed in the present 


calculations. 
With a, =a,=a, the value of a can be calculated from the formula 


d 
a= F 1] (38) 


given in the first paper of Bardeen.’ Here f(r) is the radial p function obtained by outward integration 
in the field U,(r,r,) using the energy Eo. This formula, though an approximation, seems to be a 
very good one, both for the absolute value of a and for the manner of its variation with r,. The values 
of a listed in Table II were calculated from the field U(r, 2.37) for all values of r,, but only a negligible 
correction would result from changing the field to U;(r, r,). 


5. ExcITED ENERGIES 


Because of the fact that the occupied region of k space extends in beryllium out to and beyond the 
first planes of energy discontinuity, the parabolic approximation Er= E+ ak’*, which usually suffices 
for monovalent metals, is quite inadequate as a representation of the energies of most of the occupied 
quantum states. In fact, the calculations of Section 9, (3) show that with this approximation no stable 
state of the crystal exists anywhere near the observed lattice constant. We therefore calculate in this 
section the energy parameters of a number of states near the Fermi surface, using the orthogonalized 
plane wave method. An approximation to the energy parameter of such a state is obtained by solving 
a secular equation 

det (xk, Hx) -—E( xu, xe) =9, (39) 
where the functions x, are defined by Eq. (4) of reference 5. It is obvious that by taking a sufficient 
number of rows and columns in (39) a very good approximation to the desired energy could be ob- 
tained ; it will be shown in this section and the next that fairly accurate energy values result even if 
only a few rows and columns are used. The matrix elements occurring in (39) are given by (13) and 
(14) of reference 5. For our case these take the form 


(xe, Hx) = kOe: + U(e’ —k) — [Ev — F(0, 0)}A1,(2)A1.(R’) {1 +exp [i(k’ —k) -t]} 
— {A,,(k)Ii(k’) +A 10°) Fe*(e) }{1+exp [7(k’—k)-t]} 
+A1(k)Aw(k’) © ¥{ E£i.S(v, v’) + Fly, v’)} exp [—ik-R,+7k’-R,,] (40) 


wv ev v 
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and 


(xe Xx’) =6bx.—A is(R)A is(R’) { 1+exp i(k’ —k) ‘t]- } 


where t is a vector joining the atom at the origin 
of coordinates to one of its nearest neighbors in 
the layer above or below it when the hexagonal 
axis is vertical. To use (40) and (41) we need to 
know values of the coefficients A1,(R), the Fourier 
coefficients UK] of: the potential (32), and the 
various overlap integrals. 

For the field which was called V(r) in reference 
5 we chose the field U,(r, 2.37). The 1s eigen- 
function was determined by numerical integra- 
tions, and its energy was found to be £;,= —4.55 
rydbergs. The integral which gives 'A,,(k) 
(Eq. (5) of reference 5) was calculated numeri- 
cally for k=0 and two other values of k; for 
values of & smaller than the larger of these 
A,(k) was determined graphically, and for 
greater values of k it was assumed that A;,(k) 
could be represented by an expression of the 
type of (29) of reference 5, which would be 
exactly correct for a hydrogenic core function. 
It was found, in fact, that by properly choosing 
the value of 6 in this expression, the three di- 
rectly calculated values of A1,(k) could be fairly 
well represented. 

To calculate the Fourier coefficients U[K], an 
integral similar to that in (18) of reference 5 was 
calculated numerically for eight values of K, so 
spaced that the value of the integral for any 
other value of K could be fairly accurately esti- 
mated graphically. Table III contains the Fourier 


TABLE III. Fourier coefficients of U for c/a=1.63. 














Ye 2.07 2.37 2.67 
U[000, 0] —0.6624 —0.5634 —0.4893 
U[000, 2] —0.3759 —0.3197 —0.2779 
U[000, 4] —0.1106 —0.0940 —0.0782 

| U[1T0, 0} 0.2087 0.1783 ° 0.1557 

| U[1T0, 1}| 0.2898 0.2459 0.2135 

| U[1T0, 2)| 0.1046 0.0900 0.0781 

| U[1I0, 3)| 0.1438 0.0974 0.0845 

| U[1I0, 4)| 0.047 0.039 0.034 
U[2I1, 0] —0.1552 —0.1398 —0.1138 
U[2I1, 2] —0.120 —0.100 —0.085 

| U[220, 09} 0.0611 0.0514 0.0446 

| U[220, 1] 0.100 0.085 0.071 

| U[220, 2}| 0.050 0.042 0.035 








cell 
> S(», v’) exp [—ik-R,+72k’-R,-]}, (41) 
coefficients of U for the case c/a=1.63. The 
argument of each U in the first column is a 
vector of the reciprocal lattice, designated by 
four indices according to the Bravais-Miller 
notation.'* Not all the Fourier coefficients of U 
are real, and for those which are complex only 
the absolute magnitude is given. The phase of 
each Fourier coefficient U[K] is that of the 
quantity" —[1+exp (K-t)] where t is as de- 
scribed under (40) and (41), and where the 
minus sign is due to the fact that U(r) is every- 
where negative. 

A number of the higher Fourier coefficients not 
listed in Table III occur in the expressions for 
the energies of some of the states which perturb 
the ones we are interested in. As the energies of 
the occupied states are rather insensitive to 
these Fourier coefficients, they were estimated 
by a rough extrapolation from the coefficients in 
the table. 

The small overlap integrals given by (10), (11) 
and (12) of reference 5 could have been calcu- 
lated with fair accuracy by methods similar to 
those mentioned there. However, we did not 
feel that the accuracy aimed at in this work was 
great enough to require a complete and accurate 
inclusion of overlap terms. It was considered 
sufficient to make use of an estimate of the 
overlap terms in (40) which is almost certainly 
too great. A comparison of the energies of the 
eigenfunction calculated with and without these 
overestimated overlap terms shows whether or 
not the uncertainty due to our ignorance of cor- 
rect values of the overlap integrals is dangerous. 
In making this “‘overestimate’”’ we shall neglect 
the S(0, v), and the F(0, v)*° for »¥0. For the 
eigenfunctions considered in this section this 
neglect does very little harm, because the 
quantities are small and, for the k vector we 
shall use, their coefficients in (40) turn out to 


18 Cf. N. F. Mott and H. Jones, Theory of the Properties 
of Metals and Alloys (Oxford, 1936), p. 159. 

19 Cf. Eq. (18), reference 5. 

20In Section 6 a calculation of Eo is given from more 
accurate values of the overlap terms, and values for S(Ov) 
are given. 
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(a) (b) 


Fic. 1. First and second Brillouin zones for the close- 
packed hexagonal lattice. 


be small. Since the chief contribution to the 
integral for F(0, 0) comes from near the nucleus, 
we shall assume that (U—V) is constant in 
this integral and equal to its value at the nucleus. 
This gives 


1 1 
F(0, 0) ~(U— V)-0=6(-—— (42) 
' r, 2.37 


The quantity J,,(k) is more difficult to approxi- 
mate adequately. If we make the same assump- 
tion regarding the constancy of (U—V) we have 


1 1 
I(t) = 6( -—— Au(k). (43) 
2.37 


ls 


More accurately calculated values for J;,(0) are 
given in the next section, and a comparison 
shows that the expression (43) is numerically 
too large by a factor 1.6 for r,=2.07, and a 
factor 1.3 for r,=2.67. For large values of k, 
the contribution to the J,,(k) integral from the 
region close to the nucleus is relatively more 
important, however, since at a distance from 
the nucleus the phase of the exponential is 
different in different directions. So we may 
expect the approximation (43) to be a little 
less bad for the wave vectors to be considered 
in this section, than for k=0. If (42) and 
(43) are inserted into (40) and the S(0, v) 
and F(0, v) for v¥0 are neglected, the result- 
ing expression for (xx, Hx) has the form 
which would be obtained by replacing Ei, by 
(E,.+6/r,—6/2.37) and disregarding all the 
overlap terms. The energies E which will be 
given later on in Table V are obtained by calcu- 
lating all matrix elements of the Hamiltonian in 
this way. 

Before beginning on the detailed calculation 
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of the energies of the various states, it will be 
worth while to consider what the occupied states 
for beryllium would be like in the approximation 
of almost free electrons.*! In this approximation 
k-space is divided up into Brillouin zones, across 
the boundaries of which discontinuities in energy 
occur. The boundaries of the various Brillouin 
zones are the planes which bisect perpendicularly 
the vectors from the origin to the various points 
of the reciprocal lattice, each multiplied by 27. 
The first Brillouin zone is, in general, the space 
which can be reached from the origin by crossing 
just one plane, etc. We shall adhere to this 
definition here, although on account of the 
presence of a twofold screw axis in the space 
group there is no discontinuity in energy across 
the top and bottom boundaries of the first 
Brillouin zone.” The first and second Brillouin 
zones are shown in Fig. 1, and a number of wave 
vectors are indicated by letters.?* Since there are 
just enough electrons present to fill the first 
two zones, we may expect that a Fourier analysis 
of the true crystal eigenfunction of a state near 
the Fermi surface would show it to be composed 
principally of one or more plane waves of wave 
vectors near the boundary of the second Brillouin 
zone. 

Now the eigenfunctions in a crystalline field 
can be classified according to symmetry types, 
corresponding to the various irreducible repre- 


TABLE IV. Symmetry types for each lettered point in Fig. 1, 








No. OF PLANE WAVES OF 
SAME KINETIC ENERGY AND 





POINT SAME REDUCED WAVE VECTOR SYMMETRY TYPES 
M 2 M;*, M; 
L 4 Ih, Li 
K 3 K,, Ks 
H 6 H;, He, H; 
z 2 21, 23 
Tr 2 r;*, T, 








*1 See the article of Sommerfeld and Bethe, Handbuch 
der Physik (Berlin, 2nd ed., 1933), Vol. 24/2, p. 385. 

22 That there cannot be a discontinuity in energy across 
these planes was first shown by F. Hund, Zeits. f. Physik 
moar). (1936); cf. also C. Herring, Phys. Rev. 52, 361 

23 It will be noted that the second zone in Fig. 1 differs 
from the zone (there designated as the ‘‘first zone’’) in 
Fig. 65 of Mott and Jones, Theory of the Properties of Metals 
and Alloys (Oxford, 1936), in that we have included wedge- 
shaped pieces around the sides. The volume of these wedge- 
shaped pieces is just sufficient to make the whole zone hold 


exactly two electrons per atom. 
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sentations of the space group.” Suppose we take 
all the plane waves which have the same reduced 
wave vector, and the same kinetic energy, as 
the one corresponding to a particular lettered 
point in Fig. 1; with the aid of character tables 
for the irreducible representations of the close- 
packed hexagonal space group*® we can find all 
the symmetry types which occur among the 
linear combinations of these plane waves. These 
symmetry types are listed, for each lettered 
point, in Table IV, the notation being that of 
reference 25. In the approximation of almost 
free electrons the symmetry types of those 
eigenfunctions at the lettered points which 
belong to the first and second zones must of 
course be among the listed types. It is reasonable 
to expect that the same holds true for the actual 
crystal eigenfunctions, i.e., that if we select the 
two valence electron states nearest the Fermi 
surface which have reduced wave vector corre- 
sponding to a given one of the lettered points, 
the symmetry types of these states will be 
among those listed for the given point in Table 
IV. It turns out that this is indeed the case, 
although it is of course necessary to investigate 
eigenfunctions of other symmetry types, which 
arise in the free electron approximation from 
higher energy plane waves, and to make sure 
that none of these have energies near the 
Fermi level. 

For each symmetry type in Table IV the 
appropriate plane wave combination was set up. 
Similarly out of plane waves of higher energies 


TABLE V. Hartree energy parameters of the crystal 
eigenfunction. 








No. 
CONSTITUENT 
r. =2.07 2.37 2.67 x- 
STATE Ej AE; E; j AE; FUNCTIONS 





(s) 21 1.419 0.011 1.012 0.726 —0.035 
zs 0.975 0.713 0.537 
r;* | 0.721 0.507 0.370 

(s)To 1145 0.05 1.00 0.68 —0.04 


(s) M,* | 0.764 0.006 0.547 0.401 —0.004 4 
(s) M2~ | 1.010 —0.012 0.702 0.492 —0.016 4 
(s) Li 0.888 —0.003 0.650 0.489 0.001 3 
K, | 0.967 0.712 0.537 5 
(s) Ks | 1.197 —0.008 0.852 0.623 —0.009 4 
Ke | 1.878 1.377 1.049 4 
H, {1.231 0.913 0.696 5 
Hy | 1.117 0.810 0.604 6 

4 

5 

6 

3 














*L. P. Bouckaert, R. Smoluchowski and E. Wigner, 
Phys. Rev. 50, 58 (1936). 
* C, Herring, to be published in another place. 


CONSTITUTION OF METALLIC BERYLLIUM 


145 


TABLE VI. Values of Eo calculated by the orthogonalized 
plane wave method. Ey is the average energy of the wave 
function xo with inclusion of all overlap terms except the 
F(Ov) for v#0. The four perturbations listed, and Eo, are 
calculated with inclusion of overlap terms and assuming 
Tis(k) /A 1e(R) = Tie(0)/A (0). Eo® 125 calculated with inclu- 
ston of overlap terms, using (42), and (43) fork #0, but using 
correct I,,(0). Eo is calculated including only the I,,(k) 
and F(0, 0) overlap terms, and assuming (42) and (43) for 
all k. Eo is calculated omitting all overlap terms. Eo**® is 
taken from Table II. 




















Te 2.07 2.37 2.67 
1,,(0) 0.076 —0.0027 —0.049 
F(0, 0) 0.342 0.0000 —0.269 
S(O, ») 0.00159 0.00051 0.00016 

Ey _ 0.3771 0.1208 —0.0065 
pert. (110,0) | 0.004, 0.0005 0.0002 

(110,1) | 0.024, 0.0085 0.0017 

(000, 2) | 0.005; 0.0015 0.0000 

(110,2) | 0.002, 0.0017 0.0034 

Eo 0.340 0.108 —0.012 
E,.® 0.355 0.109 —0.014 
E,® 0.307 0.110 0.001 
Eo 0.382 0.110 —0.028 
E,¥s 0.333 0.102 —0.017 











linear combinations were formed having each of 
these symmetry types. These linear combinations 
of plane waves were then made orthogonal to 
the core functions, just as was done for a single 
plane wave in (4) of reference 5. Such a linear 
combination of plane waves, orthogonalized to 
the cores, will be referred to as a “‘constituent x 
state’”’ of the eigenfunction of the same sym- 
metry type. 

For certain symmetry types of Table IV it 
happens that the plane wave combination is 
itself orthogonal to the 1s core functions, so that 
no multiples of the core functions need to be 
added to get the constituent x-state. This is the 
case for all symmetry types except those (labeled 
(s) in Table IV) which occur among the Bloch 
waves formed from the core functions. For each 
symmetry type we chose the several constituent 
x-states of lowest average energy, and using (40) 
and (41) evaluated the scalar products of these 
with each other and the matrix of the Hamil- 
tonian relative to them. The lowest root of a 
secular equation gave an approximate value for 
the Hartree energy parameter of the crystal 
eigenfunction. 

The energy parameters so obtained are the 
quantities E; listed in Table V. We have included 





ee 


“Seer ee ee 











146 C. HERRING AND A. G. HILL 


wl id 





SO 





Fic. 2. Comparison of the orthogonalized plane wave and 
Wigner-Seitz wave functions for k=0, r,=2.37. The 
former (OPW) goes at r=0 to the value —4.21, the latter 
(WS) to —4.01. 


here the lowest energy state of symmetry Kg in 
addition to the states listed in Table IV. The 
quantities AE; were obtained by subtracting the 
listed value of E; from the value which resulted 
when all the overlap terms in (40) and (41) were 
neglected. Thus we may expect the solution of 
the correct secular equation to lie between E and 
E+AE; probably about halfway. The last 
column of Table V gives for each symmetry 
type the number of constituent x-functions used 
in the secular equation; we have neglected the 
perturbations due to the small matrix elements 
of the Hamiltonian connecting the constituent 
x-functions with the core functions. 

The differences between the E,’s in the table 
and the average energies E; for the lowest 
constituent x-state are quite small, of the order 
0.03 to 0.06 Ry, for the states not designated (s). 
The corresponding differences for the (s) states 
are as high as 0.20 Ry. Because of the rough 
perturbation method used the energy parameters 
are probably inaccurate to 0.01 Ry or more. 
However, the third figure listed in the table is 
significant in taking the differences 5E; and 8E;, 
between the £,’s for the three values of the 
lattice constant, which are used in computing the 
lattice constant and compressibility. The quanti- 
ties &E;—6*E; are only a few thousandths of a 
Rydberg unit for all the non-(s) states except Ke. 
For the (s) states these quantities may be as 
high as 0.05 Ry. 
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Fic. 3. Comparison of the s part of the orthogonalized 
plane wave function for [,~ with central field functions, 
for r,=2.37. The former (OPW) curve goes at r=0 to the 
value —4.4, the E=0.10 curve to —4.01, and the E=1.00 


curve to —3.8. 


6. TESTS OF THE ORTHOGONALIZED PLANE 
WAVE METHOD 


Since our results will depend considerably upon 
the calculations of the preceding section, and 
since these calculations are the first to be pub- 
lished using the orthogonalized plane wave 
method, a check on the accuracy of the method 
is desirable. The most obvious test to make is to 
calculate Ey by the orthogonalized plane wave 
method, and compare the result with the value 
obtained by the method of Wigner and Seitz. 
Another kind of test which can be made is to 
calculate thé wave function for any state by the 
orthogonalized plane wave method, and then to 
compare the s and p parts of this wave function 
with the s and p functions for the same energy 
obtained by integrating the wave equation with 
the spherically symmetric potential U,(r, 7,) of 
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Fic. 4. Comparison of the p a of the orthogonalized 
plane wave function for [';* with the central field function 


of the same energy, 7, = 2.37. 
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Section 3. The radial functions obtained by these 
two methods should be the same to within a 
constant factor as long as r is sufficiently small 
so that the deviation of the true field U from 
spherical symmetry is negligible. 

The results of the calculation of Ey) by the 
orthogonalized plane wave method are given in 
Table VI. As it is of interest to see how well Eo 
can be calculated when all the overlap terms in 
(40) and (41) are taken accurately into account, 
values of J;,(0) and of S(0,v) for nearest 
neighbors were calculated from (23), (24), (25), 
and (26) of reference 5; these are given in the 
first three rows of Table VI, along with accurate 
m4 values of F(0,0) which were used here instead 
he of the approximation (42). 

Of the energies Eo\---E,)™ calculated in 
various ways, one would expect Eo‘ to be the 
most accurate, with E,® next. The energies 
E,™, and Eo are calculated with the same 
approximations which were used for E and 
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respectively, 0.112, 0.123, 0.088, 0.134 and 0.112. 
The perturbations listed in Table VI are the 
second-order perturbations due to the x-states 
corresponding to the listed indices and other 
plane waves of the same kinetic energy. 

Figure 2 shows a comparison for r,=2.37 of 
the wave function ¢» of Section 4 with the s part 
of the wave function calculated with the matrix 
elements used for Eo“ in Table VI (omitting, 
however, the small perturbation by the (1-10, 0) 
waves). The two wave functions are drawn with 
the same normalization. It will be noted that 
the close agreement between the two functions 
persists even to r=0. The perturbations have a 
rather small effect on the wave function in this 
case, and even the unperturbed wave function 
xo agrees fairly closely with the Wigner-Seitz 
function. Figure 3 shows a comparison, also for 
r, = 2.37, of the s part of the orthogonalized plane 
wave function for the state ['y- with the s func- 
tion of energy 1.00 in the field U;(r, 2.37). Since 




















on ‘ raf A : : ; 

ad E+AE, respectively, in Table V; the differences the eigenfunction cannot be accurately approxi- 

b are much larger here because most of the (s) mated by an s function alone, we cannot intro- 

on functions in Table V are rather smaller near a duce a normalization requirement: the two 

- nucleus than the wave function go of Table VI, curves have therefore been arbitrarily given the 

en and also because A,,(k) is smaller for larger k same ordinate at r=1.24. For comparison the 

am values. The deviation of Ey“ from E,”*% is of | Wigner-Seitz function from Fig. 2 is drawn in 

ue the same order of magnitude as the uncertainty also, fitted to the same value at 1.24. It will be 

a in the energies due to the uncertainty in the seen that the orthogonalized plane wave function 

to extrapolated values of A,,(k). The second differ- resembles the central field function for E= 1.00 

he ences of Eo"--- Eo and Ey” with respect tor,, much more closely than the one for E=0.10, 

to which are important for the compressibility, are, although the agreement is not so good as in 

on 

gy TABLE VII. Values of s; and p; and the derivatives of these quantities. 

ith Si pi ni 

of _ STATE r, =2.07 2.37 2.67 2.07 2.37 2.67 2.07 2.37 2.67 w;’ w;"" 
M,* 0.164 0.141 9.121 1.5 0.8 0.5 0.713 0.514 0.378 | 0.1314 0.1651 
M,~ 0.555 0.511 0.462 1.4 0.6 0.3 0.924 0.636 0.438 | 0.1168 0.0734 
Ly 0.007 0.009 0.014 1.7 1.0 0.5 0.847 0.625 0.476 | 0.2189 0.2752 
Ky 0 0 0 3.2 1.9 1.2 0.888 0 666 0.509 | 0.0876 0.1101 
K; 0.344 0.292 0.280 0.9 0.5 0.4 1.142 0.810 0.586 | 0.0876 0.0184 
Ks 0 0 0 2.6 1.5 1.0 1.82 1.34 1.02 0.0073 0 
Hi, 0 0 0 3.1 1.6 . 1.0 1.156 0.873 0.672 | 0.0876 0.1101 
A, 0 0 0 3.1 1.9 1.2 1.041 0.764 0.576 | 0.1460 0.1284 
Dn 0.850 0.765 0.746 1.5 0.7 0.3 1.300 0.918 0.641 | 0.0146 0.0092 
23 0 0 0 1.7 1.0 0.6 0.935 0.690 0.522 | 0.0438 0.0551 
r;* 0 0 0 1.6 1.1 0.7 0.682 0.481 0.352 | 0.0438 0.0550 
ry 1.61 1.25 1.00 0 0 0 1.29 0.87 0.58 0.0146 0 
r,* 1.617 1.000 0.654 0 0 0 0.186 0.007 —0.081 

a 6 | —2.11 —-142 —1.00 1.69 1.16 0.81 0.563 0.714 0.769 

al 

zed é 0.58 040 0.29 

Sen B 0.161 0.163 0.165 
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Fic. 5. » vs. k along lines of Fig. 1 parallel to the 
hexagonal axis, for r,=2.37. The representation P; is two- 
dimensional. (The horizontal scale is different from that 
of Figs. 6 and 7.) 


Fig. 2, especially for r=0. The poorer agreement 
is to be expected, since only three constituent 
x-states were used, the smallest number for any 
of the states in Table V. One might expect the 
orthogonalized plane wave functions for the (s) 
states of Table V to be considerably more in 
error for r,=2.07 or 2.67 than for 2.37, because 
of the crude treatment of the overlap terms. To 
test this curves similar to Fig. 3 were con- 
structed for the state M.-, for r,=2.07; the 
agreement with the central field function of the 
same average energy was found to be slightly 
worse for large r than in Fig. 3, but slightly 
better for small r. 

It was pointed out in reference 5 that one 
would expect the orthogonalized plane wave 
functions to resemble the true eigenfunctions 
more closely in their s parts (and also in their d 
and higher parts) than in their p parts. This 
expectation is confirmed by Fig. 4, where the p 
part of the orthogonalized plane wave function 
for the [3+ state of Table V, for r,=2.37, is 


compared with the central field p function of 
the same energy. The ordinates of the two 
curves correspond to values of the p part along 
a line in the direction of the hexagonal axis, and 
are arbitrarily chosen equal at r=1.88. In spite 
of the apparently poor agreement of the wave 
function here, however, the energies of the states 
not labeled (s) in Table V are probably accurate 
to 0.01 Ry. A similar plot for the Hz wave 
function shows even worse agreement, which can 
perhaps be attributed to the fact that this 
function is far from a pure p function: the more 
of the higher harmonics there are in the wave 
function, the less the effect on the energy of an 
inaccuracy in the p part. 


7. DISTRIBUTION OF STATES IN ENERGY 


As has been remarked previously, the quanti- 
ties »; defined by (29) are of more physical 
interest than the £;. To obtain them we need to 
know the quantities s; and p;. The s; defined by 
(18) can be calculated in a straightforward way 
from the approximate wave functions which 
correspond to the energies E in Table V. The 
p; could be calculated similarly from their 
definition (19); however, since the p parts of 
these approximate wave functions differ con- 
siderably from the p parts of the true eigen- 
functions near a nucleus (as shown by Fig. 4), 
the values of the p; calculated in this way would 
be very bad. So instead, each p; was estimated 
from the magnitude of the p part of the approxi- 
mate wave function at a distance of 1.5 Bohr 
units from each nucleus. Such estimates are very 
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Fic. 6. 7 vs. k along lines in the central plane of the first 
Brillouin zone, for r,= 2.37. 
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rough, but are good enough for our purposes. 
The first two sections of Table VII give the 
values of the s; and the p;. Also given are the 
derivatives of these quantities with respect to k? 
at k=0, which can be calculated by an analysis 
similar to that used by Bardeen? to obtain a. 
This analysis is given in Appendix III. 

The next to the last line of Table VII gives 
roughly estimated values of 8, the average of 
the s; of the occupied states, which appears in 
(28) and (29) with a very small coefficient. The 
quantity which multiplies § is given in the last 
line. The values of the ;, which can now be 
calculated from (29), are given in the third 
section of Table VII. 

As the first step in the determination of the 
distribution of states in 7, graphs were drawn 
of » against reduced wave vector along a number 
of lines in k-space. Reduced wave vectors (lying 
always in the first Brillouin zone) were used 
because the wave functions of the higher energy 
states did not resemble single plane waves closely 
enough to justify assigning unique wave vectors 
to them outside the first Brillouin zone. These 
graphs were constructed for r,=2.07, 2.37, and 
2.67 ; those for r,= 2.37 are reproduced in Figs. 5, 
6 and 7. The symmetry types belonging to the 
various Curves are written in, using the notation 
of reference 25; use has been made of the fact, 
pointed out there, that the line [TK when 
prolonged reaches a point equivalent to M, and 
that similarly AH prolonged reaches a point 
equivalent to L. 

It will be noticed that some of the curves have 
horizontal tangents at the symmetry points and 
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FiG. 7. » vs. k along lines in the top plane of the first 
Brillouin zone, for r,=2.37. The representation S; is two- 
dimensional ; R, and R; are one-dimensional but coincide 
in energy because of time-reversal symmetry. 
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Fic. 8. Distribution of states in the energy parameter 7, 
for r= 2.37, with the scale such that_{""** n(n)dn=1. 
Ln 


that others do not, and that in the latter cases 
the slopes of the two curves which intersect at 
the point in question are equal and opposite. 
These facts can be deduced from the space 
group and time-reversal symmetry of the prob- 
lem. It will be noticed also that there is a very 
sharp curvature at the points ['3+, 'y in Fig. 5, 
M,*, M:, K,, K; in Fig. 6, and Ai, He in Fig. 7. 
In each case this curvature is due to the perturba- 
tion of the curve in question by others which 
have the same symmetry at the general point of 
the line; the curvature is sharp because the 
chief perturbing influence comes from a curve 
which comes very close to the one in question. 
For these cases the curvature 6 at the symmetry 
point depends chiefly on the energy interval 
between the curves at that point, and can be 
calculated roughly.2* Each of the lower curves 
of Figs. 5 and 6 was drawn by plotting a number 
of points on the parabola 


dn 
wowif 2] » 
d(k*) Jpmo 


and then drawing a curve osculating this pa- 
rabola at the bottom and osculating another 
parabola of curvature 8 at the top. The other 
curves were drawn in what seemed to be the 
most plausible manner, using the various 8 
values. 

With the aid of Figs. 5, 6, and 7 secondary 


*6 The reasoning involved in such calculations of curva- 
tures is discussed in more detail in Appendix IV. 
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graphs similar to Fig. 6 and Fig. 7 were drawn 
in planes 4 and % way between the plane of 
Fig. 6 and that of Fig. 7. In these planes none 
of the curves will intersect,?” and use was made 
of the fact that the energy separation of two 
bands varies linearly with the distance in k-space 
from a ‘‘line of contact”’ in a plane of symmetry.?’ 
From all these graphs contours of constant 7 
were drawn, and from their areas the number of 
states per unit range of » could be roughly 
determined. Figure 8 shows this distribution 
function, for 7,=2.37. The Fermi surface is 
represented by a vertical dotted line at 7 =0.872, 
and the distribution function is normalized to 


0.872 
f n(n)d_=1. 
0.007 


For comparison two parabolas are also shown: 
the lower one shows what the distribution 
function would be for free electrons (n;= 0+’), 
and the upper one shows what it would be if 


were 
dn 
wt |] &°, 
d(k?) J. m0 


The Fermi surface appropriate to each of these 
cases is represented by a dotted line. 

Table VIII gives, for three values of r,, the 
energies nmax Of the Fermi surface, and the 
average energies 4 of all occupied states, as 
determined by the graphical method just de- 
scribed. The differences 54 and 6°% are also shown. 
However, one may very well doubt the accuracy 
of a second difference computed from three 
separate graphical calculations. To get an inde- 
pendent estimate of 6% and 6%, one may try 
averaging the differences of the »;, with appro- 


TABLE VIII. The energies of the Fermi surface and the aver- 
age energies of all occupied states for three values of r.. 














re =2.07 2.37 2.67 
Nmax from graphs 1.18 0.87 0.64 
# from graphs 0.701 0.480 0.337 
69 from graphs —0.221 —0.143 
69 from graphs 0.078 
67 from w,’ —0.257  —0.176 
3°7 from w,’ 0.081 
67 from w;” —0.241 —0.165 
37 from w;”’ 0.076 
parabolic 67 —0.193  —0.156 
parabolic 64 0.037 








27 See C. Herring, Phys. Rev. 52, 365 (1937). 
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Fic. 9. Variation of 69 with kr,. 


priate weights w; (such a procedure neglects the 
effect on 6°4 of the change of the shape of the 
Fermi surface with lattice constant). For a 
choice of weights to be ‘‘reasonable,”’ it should 
assign to each of the lower energy levels listed 
in Table VII a weight approximately propor- 
tional to the number of distinct wave functions 
belonging to the listed energy value, and to 
each of the higher levels a weight smaller than 
this number, to take account of the fact that 
levels near and above the Fermi surface affect 
the average energy of the filled region less than 
the lower levels. It is less easy to decide how 
much weight should be given to [dn/d(k?) ],<0. 
Figure 9 illustrates the difficulty. 

Here 6?n, is plotted against kr, along the line 
I'M. If n, were simply n0+*(dn/d(k*) ],-0, the 
graph for the lower band would be the dotted 
parabola. Actually it must end at the value 
belonging to the M,* state. The value of &% 
will depend quite seriously on whether or not 
the true curve follows the parabola nearly to 
the end, so it is important to decide just how 
the curve should be drawn. The rough 6-values 
calculated in Appendix IV yield a sharp down- 
ward curvature at the M,* end. Now & is the 
second-order part of a root of a second-degree 
secular equation; if the energy gap at the right 
hand end is sufficiently small, the exact solution 
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of this secular equation can be shown to yield a 
curve of 6°n, against k of the rather complicated 
form shown by the lower full curve. The true 
curve must deviate from this one by an amount 
which varies smoothly near the M,* end, since 
it comes from matrix elements of 0/dx connecting 
the M,* state with states a considerable distance 
from it. From the other end, it can be shown 
(see Section 9, Part (7)) that the curve of 6n, 
against k must deviate from the parabola in 
the upward direction by a fairly appreciable 
amount if we neglect the perturbations due to 
the Fourier coefficients of the potential. We may 
therefore expect the true curve to look something 
like the dashed curve. Except for the dip near 
the end this is very much the type of curve we 
would draw if we were given the 6» values for 
l',+ and M;,*, and knew nothing about dn/d(k?) 
or about any of the fine points just discussed. 
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It should be noted, moreover, that in the next 
higher band the curve (upper full curve) has 
sharp variations which are almost the mirror 
image of those of the lower band, and if a small 
region near M,~ in the higher band is occupied, 
6°9 ~will have about the same value as if the 
curves for both bands had been drawn smoothly. 

Accordingly we may conclude that 6% is 
probably about equal to the ‘reasonably 
weighted” average of the 6n;, to within the 
accuracy with which this average can be deter- 
mined. In the last two columns of Table VII are 
given two sets of weights, w;’ and w;’’; the w,”’ 
are less “reasonable’”’ than the w;’, having been 
chosen so as to give a value of 6° which may be 
regarded as a lower limit. The 64 and 64 calcu- 
lated from the w,’, from the w,’’, and from the 
parabolic assumption 7, =no+k?(dn/d(k?) ]x~0, 
are given in Table VII. 


8. ERROR IN ASSUMING FREE ELECTRON EXCHANGE 


The term 350A ;;(y) in (28) is the exchange energy of the valence electrons. Order-of-magnitude 








calculations made by Seitz! have indicated that for alkali metals it is a rather good approximation 
to set this exchange energy per electron equal to 0.916X'!/r,, which is the exchange energy, per 
electron, of a perfect free electron gas whose density equals the density of valence electrons in the 
metal. For beryllium with r,=2.37, this would give 0.482 rydberg per electron, or 304 kilocalories 
per gram atom. The largeness of this term, and the fact that the higher energy eigenfunctions for 
beryllium differ considerably from single plane waves, give us good reason to worry about the 
legitimacy of using the free electron value. As the actual exchange energy is very hard to calculate, 
however, we shall in this section merely give two lines of reasoning from which the limiting behavior 
of the exchange energy for low and high electron densities can be calculated; these make possible 
an estimate of the order of magnitude of the deviation from the free electron value for the actual 
case of beryllium. 

The integral A ;;(y) may be interpreted as twice the neutralized self-energy of the charge distribu- 
tion ¥;*y; (if 747 the neutralizing charge is zero). Let 


vi*(r)y¥,(r) = Drei, Jj) exp (i(k;—k;+K) -r], (44) 


where k; and k; are the reduced wave vectors of ¥; and ¥;, and where K/2z runs over all vectors of 
the reciprocal lattice. Then the neutralized potential due to y;*¥; is, if i¥j, 


oy — OF i(k, —kk,+K)-r] (45) 
Tv ex UK; Ky . , 
K |k;—k,;+K)|? r 





(if i=j the term K=0 must be omitted). Since the i=j term contributes only an amount of order 
1/N to the energy per atom, it may be neglected; we then have from (45), 


| EAs =8e0E FE —e (46) 
ij = OT 
i, j valence i #j |k;-— —k;+K)\?’ 
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where in the summation on the right 7 and j run over the orbital wave functions only, states with 
different spins being no longer distinguished. 

Suppose now that we have a fictitious metal, for which the wave functions y; of the various 
quantum states are the same as for the actual metal, but for which the number of valence electrons 
to occupy these states is less than for the actual metal by a factor &; the actual metal corresponds 
to §=1. Thus as 0 the radius of the occupied region of k space is asymptotically proportional 
to §. The K=0 term in (46) is of order &, while all the terms for which K #0 are of order £*. For small 
£ we can expand the wave function of any occupied state in a series in powers of the three rectangular 
components of its wave vector: 


3 3 
ve=exp (tk-r)[Yot L tkyut+ DL (tky)(tk,) Wy > + J. (47) » 
p= 1 Bw, v=1 


We may choose yo real: then the v,, w,, will be real. This gives 
3 


1 3 3 
vo(t, dD "oO ft | vo| 2+ to Zz (Rin —Rip)Me+ } Rik ivr —wyYo ~ (RiuR jv +R ipk iv) Wye ror Jdr. (48) 
2 a=1 1 


B= uw, v=1 


Now the normalization of ¥, requires that v, be orthogonal to Yo and that 


2 | vettndr= f ond 
2 2 


For cubic crystals 


fonas =é,,, (49) 
where . 
3 e 
r = [var =414[ >," ]d7; (50) 
2 Q a=! 


it is probably a good approximation to assume that this is also true for hexagonal crystals with c/a 
close to 1.63 (this is similar to the assumption a;=a, made in Section 4). Using these relations, 
(48) becomes 


1 r 
voli =] 1—S hy |*+0089 | (51) 
Q 2 


The K=0 term of (46) is therefore 


~ £ tn 4.0 | (52) 
o is. |k;—K;|* ' | 


If the filled region of k-space is asymptotically spherical, as is always the case for cubic crystals, 
and as we are assuming for beryllium, it can easily be shown that 


-8r 1 0.916€ 
— — = waxe|——] +000. (53) 
a ontitale kj —k;|* Ye 


Here NnX # is just the number of electrons in Q, for our fictitious crystal, and 


“=( 3 ) 
g 4nNnX & 











we Wwe 


oo —_ =a we 








CONSTITUTION OF METALLIC BERYLLIUM 153 


is the radius of a sphere whose volume equals the volume per electron. The first term of (53) is 
just the exchange energy, in rydbergs, of a free electron gas.** If the filled region of k-space were 
asymptotically ellipsoidal instead of spherical, the leading term in (53) would of course be different, 
and the remaining terms would be 0(£*) instead of 0(£%). In the terms of (46) with K#0 we have, 
using (47), 


3 
vK(1, j) =7x(0, 0)+ (Rip — Rin) fxut+O(€), 


ul 
where fx, is a Fourier coefficient of iyov,. Also, 


1 1 2(k;—k,)-K 
- = — — + 0(£?). 
\k;—-k;+K|? K? Ks 








Inserting these in (46), the terms linear in (k;—k,) drop out on summation, and we have 

















yx(1, j)\? NnxX #\? 0,0 
“un So =8r0( : “) ge StH ON + 0(89. (54) 
Kxo ini. |k;—k; 2 K <0 2 
We may note that 
|y«(0, 0) |? 
8r2 > ———- = Coo) 


K <0 K? 


is just twice the neutralized self-energy of the charge distribution | yo|?. Combining (46), (52), 
(53), and (54) gives finally 


0.916 NnX 3d 
> 2 Auld) =Nnxe} ( )e+(— culv) -—-) 8-018 | (55) 
Te 


i, j valence 2r 
spins || 








The bracketed quantity in (55) is the exchange energy per electron; for small values of — the second 
term gives the correction to be applied to the free electron value represented by the first term: 

To calculate this correction numerically for beryllium we may note that the functions v, occurring 
in (47) are the same as those occurring in the corresponding expansion of ¢g, in powers of the k,. 
Bardeen? has shown that in each atomic cell it is a good approximation to set 


— rs” *po(1s) 
Y= —X,¢got \ser ), (56) 
f (rs) 


where f is the radial p funetion calculated in the same field used for go, with the same energy Eo. 
We have already calculated f for use in (38). If we replace each atomic cell by an s sphere, the 
integral on the right of (50) can thus be expressed in terms of a radial integral of a known function. 
The resulting values of \ are given in the first line of Table IX. The second line of Table IX gives 
the values of } NnX Coo(W), which can be calculated by radial integrations of the sort used in Appendix 
II. The third line represents the correction to the exchange energy per electron which would obtain 
if the 0(£) in (55) could be neglected even for §=1. The second derivative of this term with respect 
to r, is quite appreciable, as is to be expected from the occurrence of r,* in the denominator. Actually, 
of course, the 0(£°) in (55) becomes appreciable (for beryllium) when & is still rather smaller than 1, 
and we cannot trust the last line of Table IX to give anything more than the order of magnitude 
of the correction to be added to the free electron exchange energy. For monovalent metals, however, 





(55) might give a good approximation. 


*8 Cf. Wigner and Seitz, reference 1. 
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To get an expression valid for larger values of ~, one might try to evaluate higher terms in the 
expansion of the exchange energy in powers of £, just as the first two were obtained above. This 
does not seem impossible, although the next term would be much harder to calculate than the first 
two. However, when the Fermi surface extends beyond the first planes of energy discontinuity in 
k-space, we can no longer expect such a formal power series to be valid for §=1. 

Two other possible lines of attack suggest themselves, but they both appear even less valid than 
the preceding. One is to start from a free electron gas, and treating the potential U as a small per- 
turbation, to find the second-order change in the exchange energy. This second-order change can be 
expressed as a rapidly convergent series of terms containing the squares of the Fourier coefficients 
U[K). But the rapidity of the convergence is misleading : it can be shown that each term is positive, 
so that in the second order the perturbation increases the exchange energy, for any value of £; 
this does not agree with the result obtained for beryllium above (Table IX) that for small & the 
exchange energy is less than for free electrons. This is not surprising, since the wave functions 
obtained by applying a small perturbation to plane waves do not resemble the true wave functions 
at all in the regions near nuclei. 

The second possibility is to use a Fermi-Thomas model, assuming a large number of electrons 
to be present in a region in which U changes only slightly (¢ very large). For this model the exchange 
energy per electron in a given region of space is 0.916/p.(r) where (47/3)[p.(r) }* is the reciprocal 
of the electron density at the point r. Multiplying this by the electron density and integrating 


give the total exchange energy. The final result is 
1 
- f (E,,— U)%dr 
0.916é QS o 


r 1 4/3 
— | (£,,— U)*?dr 
[Efe om] 


where E,, is the energy of the highest occupied state, which is of order # as &+«. The coefficient 
of 0.916¢/r, is always >1, so here again the exchange energy is greater than for free electrons. 
If (57) were assumed to hold for §=1, this coefficient would be roughly 1.9; however, most of the 
contribution to this value comes from regions within a few tenths of a Bohr unit from each nucleus, 
where for £=1 the Fermi-Thomas model is completely inapplicable. 
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Average exchange energy per electron = 





from Table VIII, and subtracting the observed 
—_ energy — 2.024 rydbergs of the neutral Be atom, 
(1) ees niaend there results a binding energy of 0.170 rydberg 

If we insert in (28) the free electron values per atom, or 53 kilocalories per gram atom. If 
for the Coulomb and exchange energies, use the we were to assume the deviation from the free 


9. RESULTS AND DISCUSSION 





precise value (see Part (6) of this section) for 
the electrostatic interaction energy of the ions, 
and then add to (28) the free electron value of 
the correlation energy, for which Wigner'® has 
given the expression 1.16/(r.+5.1) rydbergs per 
electron, we obtain for the energy per atom of 
the crystal 


W 7.077 1.46 


2N ls r,+6.4 


Inserting in (58) the observed value of 2.37 
for r, and the graphically determined value of 4 


—0.0743°B. (58) 





electron value of the exchange energy per elec- 
tron to be as given by the last line of Table IX, 
this correction would decrease the above value 














TABLE IX. 
re =2.07 2.37 2.67 
r 0.1650 0.135, 0.109, 
Tax Cooly) 0.003 0.002 0.002 
N r 
(*F* caw) - $5) —0.053  —0.028 —0.015 
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TABLE X. Values of r, and 1/« as obtained in various ways. 











rs (1/x) X10712 
from graphs 2.23 0.87 
from w;’ 2.57 1.32 
from w;”" 2.45 1.00 
experimental” 2.37 1.25 











of the binding energy to 36 kilocalories. However, 
there seems to be both theoretical and empirical 
evidence (see Part (5) below) that the exchange 
energies of electrons near the Fermi surface are 
numerically greater than the free electron values, 
so that the average deviation from the free 
electron exchange energy is probably less than 
that given in Table IX, perhaps even of the oppo- 
site sign. The deviation of the Coulomb energy 
from the free electron value, whose order of 
magnitude is estimated in Appendix II, increases 
the binding energy by about 2 kilocalories. 


(2) The experimental value of the binding energy 


The only direct determination of the binding 
energy of beryllium is that of Baur and Brunner.*° 
These authors by measuring the slope of a vapor 
pressure curve find 53.5 kcal./g-atom for the heat 
of sublimation at around 2000°K; the heat of 
sublimation ‘at 0°K, which is to be compared 
with the binding energy calculated above, should 
be at most a few kilocalories greater than this. 
Such a value would agree nicely with the theory, 
but we feel that it cannot be correct. For it is 
possible to calculate the heat of sublimation 
from the vapor pressure at a single temperature, 
if the latent heat of fusion is known, together 
with specific heats of the solid and liquid phases 
over the entire temperature range. To obtain a 
heat of sublimation as small as 53.5 kcal. at 
any of the temperatures at which Baur and 
Brunner measured the vapor pressure one would 
have to assume a specific heat for molten 
beryllium of nearly 20 cal./g-atom/°C. If instead 
a value of 8 cal. is assumed the heat of sublima- 
tion at 2111°K is around 80 kcal./g-atom if the 
Baur and Brunner value of the vapor pressure 
at this temperature is used. This would mean a 


*® At room temperature. Compressibility from P. W. 
7 Proc. Am. Acad. Arts and Sciences 68, 27 

* E. Baur and R. Brunner, Helv. Chim. Acta 17, 958 
(1934). 





value of about 85 kcal./g-atom at 0°K which 
value we feel is nearer the truth. This is also 
more in line with the estimate of 75 kcal./g-atom 
given by Bichowsky and Rossini.*! 


(3) Lattice constant and compressibility 


The energies given by (58) for the three 
values 2.07, 2.37, and 2.67 of r, can be fitted 
to a parabola, whose minimum gives the theo- 
retical equilibrium value of r,. The compressi- 
bility in c.g.s. units is given by 


1 3.8810" 
1 sAae) aka 
K rs dr,27\2N r,dr,\2N 


where r, is still to be measured in Bohr units, 
W/2N in rydbergs. The second term vanishes 
at the equilibrium lattice constant. We shall 
calculate 1/x for r,=2.37, and since this is not 
the theoretical equilibrium lattice constant, there 
will be a small contribution from the second 
term. 

Table X gives the values of r, and 1/« resulting 
from (58) and (59) for each of the estimates of 
6% and 64 in Table VIII. No values of r, and 
1/x are given corresponding to the parabolic 
assumption, because when the resulting 69 and 
6°4 are used the curve of W against r, is concave 
downward. If the last line of Table IX were 
used for the deviation from the free electron 
value of the exchange energy, the values of 1/x 
would be increased by about 0.3. The deviation 
from the free electron value of the Coulomb 
energy will introduce a correction of only a few 
percent into the calculated values of 1/x, and 
will have a negligible effect on r,. 

Bardeen’ has pointed out that a relation 


W=A(ro/r.)?+B(ro/r.)?—C(ro/rs) (60) 


suggested by some work of Froéhlich,” holds 
rather well for alkali metals. Bardeen chose the 
constants A, B, C, to fit the observed binding 
energy, lattice constant, and compressibility at 
zero pressure; he then calculated the variation 
of compressibility with volume and found it in 
good agreement with experiment. The same 
procedure applied to beryllium gives a pressure 
coefficient of compressibility about two-thirds 

3 F. R. Bichowsky and F. D. Rossini, The Thermo- 


chemistry of the Chemical Substances (Reinhold, 1936). 
#2 H. Fréhlich, Proc. Roy. Soc. A158, 97 (1937). 
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the observed value.** This is sufficiently close so 
that we can use (60) to estimate the amount of 
error in the assumption, used above, that W 
varies parabolically with 7,. In this way it can 
be concluded that the 7, values given in Table X 
are too large by something like 0.05 Bohr unit, 
and that the 1/x values are too large by ten or 
fifteen percent. 
(4) Diamagnetism 

Beryllium is known to be rather strongly 
diamagnetic,* whereas magnesium and calcium, 
the two metals which ought to resemble it most 
closely in electronic structure, are paramagnetic. 
The chief cause of this may very well be the low 
density of electronic states near the Fermi 
surface, which is shown by the heavy curve in 
Fig. 8. This abnormally low density causes the 
paramagnetic contribution which the spins of 
the electrons make to the total susceptibility to 
be only a fraction of the value it would have if 
the electrons were free. 


(5) Work function 


The work function @¢ is the change in the 
energy of the crystal when one electron is 
removed ; if starting from (28) we follow the line 
of reasoning used by Wigner and Bardeen,’ and 
include the correlation energy as in (58) above, 
we obtain 
4 (2)10.916 


— = Nmax —— 
rs 


0.73 0.73r, 
r,+6.4 3(r.4+6.4)? 


where D is the discontinuity in the potential 
energy of an electron (measured in rydbergs) 
which occurs at the surface of the crystal because 
of the double layer, and where the exchange 
energy per electron has been assumed to have 
the free electron value 0.916/r,=(2)'0.916/r,. 
Inserting 2.37 for r, in (61) and taking nmax from 
Table VIII, we find 
@= —0.14+D. 


Now experimentally ¢ is about 3.9 volts,*® or 


3% P. W. Bridgman, reference 31, corrected for the im- 
proved pressure-volume relation for iron, which was used 
as a reference material, Phys. Rev. 57, 235 (1940). 

4 M. Owen, Ann. d. Physik 37, 657 (1912). 

( 937). M. Mann and L. A. DuBridge, Phys. Rev. 51, 120 
1 a 





0.29 rydberg. There is thus 0.43 rydberg to be 
accounted for by the double layer and by the 
deviation from the free electron values of 
exchange and correlation energy. The correlation 
terms in (61) are rather small, so it is reasonable 
to put most of the blame on the double layer 
and the exchange. For the alkali metals D is 
known to be small, of the order of a few hun- 
dredths of a rydberg.* For beryllium it should 
be larger, because there are two electrons per 
atom and because the electrons move faster; 
but a value as large as 0.43 rydberg would be 
very unreasonable. Probably, therefore, one must 
assume that the exchange energies of electrons 
at the Fermi surface are considerably greater 
than the corresponding free electron values. This 
is not unreasonable, although a very large effect 
is needed to remove the discrepancy on the 
work function. For the wave functions considered 
in Section 8, for example, some of the terms 
A;;(¥) can become quite large, although the 
large part tends to cancel out on summation. 
Of course, the possibility should not be entirely 
eliminated that a pure beryllium surface would 
have a very low work function, and that in 
spite of careful precautions the observed values 
are due to oxygen contamination. | 


(6) Electrostatic energy of the ions and its 
variation with c/a. 


The quantity >,’4/D(R,) which occurs in 
(28) and (36) represents the neutralized po- 
tential, at the position of an ion at the origin, 
due to all the other ions. The deviation of this 
quantity from —36/5r, was needed in Section 4. 
Moreover, the success of the theory of Fuchs* 
in predicting the elastic constants of the alkali 
metals leads one to suspect that the behavior of 
this electrostatic term may be important in 
determining the equilibrium value of the ratio 
c/a, and possibly in determining the relative 
stability of different lattice types.*” In Fig. 10 
the ratio of >-,’1/D(R,) to 1/r,, as calculated 


36K, Fuchs, Proc. Roy. Soc. A153, 622 (1936) and Proc. 
Roy. Soc. A157, 444 (1936). 

37 H. B. Huntington, Phys. Rev. 57, 60 (1940), has shown 
that the elastic constants of divalent hexagonal metals as 
determined from electrostatic energy of the ions do not 
agree nearly so well with experiment as do those for the 
alkali metals. So the electrostatic energy of the ions is 
probably only one of a number of factors determining the 
equilibrium c/a for beryllium. 
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Fic. 10. Variation with c/a of the neutralized potential V 
produced at an ionic position by all other ions. 


by the method of Ewald,® is plotted against c/a. 
The minimum electrostatic energy comes very 
close to c/a=1.63, although there seems to be 
no symmetry requirement which would cause 
the minimum to occur at exactly this point. 
At c/a=1.63, 

4 36 0.031; 


——+ 
" D(R) Ste te 


for the face-centered and body-centered cubic 
lattices this quantity has the values 0.03312/r, 
and 0.03256/r,, respectively.*® The differences 
between these quantities represent the differ- 
ences in rydbergs per atom, between the electro- 
static energies of the three lattice types; the 
electrostatic energy for the hexagonal lattice is 
thus lower than for either of the cubic types, 
but by an amount which is probably too small 
to be significant in determining the stable type. 


(7) Remarks on the calculations 

Apart from the deviation of the exchange and 
correlation energies from the free electron values, 
the principal uncertainties in the calculations of 
the above quantities arise from the use in 
Section 5 of an insufficient number of constituent 
x-states and of a very crude estimate of the 
overlap integrals. The neglect of the perturbation 
of the valence electron states by the matrix 
elements connecting them with the core states 
((16) and (17) of reference 5) is less serious. 
From Fig. 4 one can estimate that the energy 
given in Table V for the I's~ state is too high 
by something like 0.01 Ry; this has been con- 
firmed by a more accurate solution of the secular 
equation for this state. The other energies may 
be expected to be in error by a similar amount. 
This would account for a part, but probably 


’ 


only a part, of the difference between our 
calculated binding energy and the probable true 
value. The overlap uncertainty, whose order of 
magnitude is indicated by the AE’s in Table V, 
is negligible for r,=2.37, so it does not affect the 
binding energy. Its effect on the lattice constant 
and compressibility may be appreciable, but we 
do not think it can be very great, as some of 
the AE’s in Table V are positive and some 
negative. Moreover, the lattice constant and 
compressibility will not be much affected by the 
neglect of the higher constituent x-states, since 
most of the contribution to the variation of the 
E’s with r, in Table V comes already from the 
unperturbed E’s. Combining these facts with 
what has been said in (1), (3), and (6) above, 
and in Section 8, it may be concluded that the 
exchange correction is probably fairly important 
for the binding energy, lattice constant, and 
compressibility, and apparently very important 
for the work function. The correlation energy 
probably differs from the free electron value 
by only a fraction of the latter, and probably 
varies less rapidly with r, than does the exchange. 
The comparison of theory with €xperiment 
cannot make possible any stronger assertions 
about correlation than these, since for beryllium 
exchange is larger relative to correlation than for 
the alkalis and deviates so strongly from the 
free electron value that it largely masks the 
behavior of the correlation energy. However, 
a priori one might expect the polarization of the 
core by the valence electrons to have a serious 
effect, especially for the compressibility. The 
approximate agreement between theory and 
experiment tends to show that this effect must 
be small. 

The orthogonalized plane wave method of 
calculating energy values provides an illumi- 
nating interpretation of the way in which FE, 
varies with k. If k is not too near the boundary 
of the Brillouin zone, the principal term in EF, 
is the average energy of the wave function x, 
obtained by orthogonalizing a plane wave to the 
core functions. For beryllium, if we neglect 
overlap effects, this term is 


k?-+ U[0]+9.1A 1,2(k) 


1 aes 2A 1s°(R) 
(cf. (40) and (41)). (62) 


E,.= 
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Now A,,°(k) is 1/r,* times a function of k which 
decreases monotonically toward zero as k in- 
creases. So (62) shows why a is less than 1, 
why a decreases with decreasing r,, and why the 
curve of E, against k tends to deviate in the 
upward direction from the osculating parabola 
E,=Eo+ak*. This upward deviation is of course 
often nullified by the influence of Bragg 
reflections. 

In conclusion the authors wish to express their 
thanks to Professors J. C. Slater, E. Wigner 
and F. Seitz for discussions of various parts of 


this paper. 
APPENDIX I 


A rough upper limit to the interaction energy 
of two beryllium ion cores can be obtained 
quickly by considering a pair of fictitious atoms, 
each consisting of a nucleus of charge 2e(Z/2)!, 
and two “electrons” each of mass m and charge 
e(Z/2)'. The fictitious atom is thus simply a 
helium atom with the electronic charge increased 
by (Z/2)!, making the potential energy of an 
electron in the field of the nucleus the same 
function of r for the fictitious atom as for the 
actual ion core. Since the electrons in the 





C. HERRING AND A. G. HILL 





fictitious atom repel each other more strongly 
than those in the ion core, we may expect the 
electron distribution of the former to be more 
spread out than that of the latter, hence the 
repulsive exchange force at large distances will 
be greater for the fictitious atoms than for the 
ion cores. The increased interaction of the 
electrons will also cause the van der Waals 
attraction between the fictitious atoms to be 
greater than that between the ion cores. There- 
fore, if both types of force are negligible for the 
fictitious atoms, the interaction of the ion cores 
can be neglected. 

If w(r) is the interaction energy of two helium 
atoms a distance r apart, dimensional considera- 
tions show that the interaction energy of a 
pair of our fictitious atoms must be }Z?w($Zr). 
Now for r,=2.07 Bohr units, nearest neighbor 
atoms in the beryllium lattice are 3.74 Bohr 
units apart, and at twice this distance the van 
der Waals term for helium predominates over 
the repulsive one. Using the expression for w 
given by Margenau** we have 


4w(2 3.74) = —0.00007 rydberg, 


which is quite negligible. 


APPENDIX II 


The Coulomb energy correction to the total energy values used in Section 9 consists of two parts: 


the sum 
—1 


) Ci(¢), 


2Nn i, j valence 


and the correction to 2% required by the fact that we have calculated the n’s using the potential 
(32) instead of (30). Thus to the energy values we have used should be added 


AWu 
nN 





ie 


where p is the charge density of valence electrons. 


f pVvaidr+ e(r)>_[o(r—R,) —vi(r—R,) Jdr+ 
atomic cell atomic cell 


pVvaidr, 


atomic cell 


Since [v—v, ] differs from zero only inside the radius 7,, 


AWn 
——— if PVvaidr+ 
nN tomic cell 


plv—v |dr. (A) 


atomic cell 


In the regions between a cell and an s sphere pvvai is nearly constant and [v—v; ] is negligible, so in 
both integrals the region of integration may be changed to the s sphere without sensible error. 

To obtain p and vy, accurately, it would be necessary to calculate the charge distributions due 
to all the various eigenfunctions, and average them. However, the order of magnitude of the cor- 


38H. Margenau, Phys. Rev. 56, 1000 (1939), Eq. (20). 
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rection can be estimated for r,=2.37 by using as a rough approximation to p a distribution p; con- 
sisting of a charge of two electrons distributed with a density proportional to | go0|?+4R,*. As 
described in Section 3, the neutralized potential due to this distribution is just [v—v, ]. For r,=2.37 
we have therefore 





AW. 
=~ —3f pilvi—v jdr= —3 (p1— Ai) [v1 —2 Jr, (B) 


nN s sphere s sphere 


where ~1=3/2zr, may be introduced because [v;—v_] has average value 0. If we define Z (7) as 
4nJo"(pi—s)rdr, the right of (B) becomes 


-3 f (o1-vaze=3 f Zuifo.-v]= -["(C)« (C) 


Evaluation of this integral gives AWy/nN ~ —0.0063. A rough upper bound for the rate of variation 
of this correction with r, can be obtained by noting that if the contributions to the integral on the 
right of (C) are almost entirely from small values of r, the first integral on the right of (A) will be 
roughly proportional to 7,~*, the second to 7,~*. If this were assumed we should have 


4We 2.37 2.37 
-om(™2)]2)'- : 
nN 


Direct calculations of Coo(¢) and Coo(y) which were made for different lattice constants showed that 
the former is roughly proportional to r,~*, but that the latter varies much less rapidly (see Table 
IX). It is likely that (A) also varies rather less rapidly than (D). 

The self-energy }Coo(W) of Yo is needed in Section 8. This may be reduced to an integral like that 
on the right of (C), a rough evaluation of which yielded the values listed in Table IX. 





APPENDIX III 


To find s, and p,; for small values of R, let us set 


on = em Loot S iko.+ 3 (tk) (thy) Wy» + > ++ J, (A) 
aw=l Bw, v=1 
E,.=Eo+ak?+:- . (B) 


Inserting (A) and (B) in the Schrédinger equation and setting to zero each term of the resulting 
power series in the components of k, we have a sequence of wave equations, the first three of which are 


(—V?+ U—Eo) go=9, (C) 

(- v?+ U-—E,)v, ent 20 ¢0/dx, = 0, (D) 
ov, dv, 

(V+ U-Bo)tty— (+) + (a= 108000. (E) 
Ox, OX, 


The boundary conditions are that ¢go, v,, and w,, must all have the periodicity of the lattice. 
Bardeen has shown? that a good approximation to v, in each atomic cell is 


Xp r.*po(rs) f 
nal ret -| (F) 
r f(r:) 7 


where f is a radial p function satisfying d?f/dr?+[E)—2/r?—U]f=0. The first term of (F) is a 
particular solution of (D); the second is a solution of the associated homogeneous equation, so 
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chosen as to make v, vanish on the surface of the s sphere. Expanding the exponential in (A) and 
using (F), we have 

















’ , tk -rf r.? po(rs) “+0 | (C) 
ar = ~ ' 
saith r L f(r.) 7 
From (19) therefore 
rgo(rs)]? 4a f? 
nai | pO. (H) 
f(r.) 3 P2,? 
Putting (A) into (18), s; is defined for small k by 
3 
¢o(0) — Xu kk, wy» (0) . 
Sp = : +0(k*) 
¢o0(0) (I) 
go(0)? — §$ go(0)w(0)k? 
= +0(k*), 
| poo(0) | 4 
where 
w= > Why 
u=l 


An approximate expression for w can be obtained by steps similar to those used in obtaining (F). 
It can readily be verified that a particular solution of (E) is 


(J) 





W,,9 = ———__—__ — yo— 4 ae 


(X,% +X) XX, @ ”) 
2 2 “OEJE=Eo. 


where in the last term y(Z, r) may be any function which satisfies the wave equation (C) with Ey 
replaced by £, and which varies continuously with E in such manner that y(£o, r)=¢o. We shall 
take for y the 2s function obtained by outward integration starting from the value ¢go(0). The 
general solution of (E) is thus w,,-+w,,, where w,," satisfies the homogeneous equation. We 
must choose w,,“ so that this sum satisfies the boundary conditions and the normalization condition 


f [v,0, — 2 gow,» }dr =0. (Kx) 
29 


We are here interested only in the function w which occurs in (I). Let us set 
3 
wO=> w,,, w= w' +w, 

wel 
It can be verified that w is almost spherically symmetrical, and almost satisfies the boundary 
conditions. Therefore w will be almost spherically symmetrical and so if we take the trace of Eq. 
(K) it will be permissible to change the region of integration in the resulting equation from a cell 
to an s sphere: 


f CE02-2em]dr=0. (L) 


=! 
* sphere “ 


We need only the s part of w in (I), and this can now be determined from (L). Since w satisfies 


the same wave equation as ¢o, 
s part of w =dyo 


and b can be determined by substituting w=w+w™ in (L). The result is most conveniently 
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expressed if yg, is considered to be normalized to 1 over an atomic cell, instead of over 2 as in the 


(M) 


2 
v,"dT 


sphere 


is the same as the quantity defined by (50). The integration in (M) can easily be reduced to a radial 
integral and evaluated numerically. Since w(0) =w™ (0) =byo(0), we have from (1) 


Mt jn. b N 
d(k?) =) oe | ms 


APPENDIX IV 


A direct calculation of the variation of n, with 
k near asymmetry point of Fig. 1 would be rather 
involved, since to the calculated variation of FE, 
would have to be added that of all the other 
terms in (29). These other terms may change 
quite considerably in a short distance from the 
symmetry point, since the form of the wave 
function varies rapidly with k& near a small 
energy gap. However, a fair approximation to 
the behavior of », near such a point can be 
obtained by noting that the 7; are roughly the 
energy parameters which would occur in the 
solution of a wave equation formed with some 
potential U’, different from U, but independent 
of k. 

Let © be one of the symmetry points in Fig. 1, 
and let ¢je, nie be the complete set of wave 
functions and energies going with reduced wave 
vector @. Let j=1 and j=2 correspond to the 
states of the two lowest valence electron bands, 
and suppose for simplicity that the levels nig and 
nee are nondegenerate, so that dn,/dk=0 at O 
for the bands 1 and 2. For any x we can write 
for the wave function of band 1 the infinite series 


$O+«= ee) bigie. (A) 
7 

The chief contribution to the summation in (A) 
will come from small values of 7; if the separation 
of bands 1 and 2 at @ is small compared with 
the distance of band 1 from any other band, 
the terms j7=1 and 2 will be much more im- 
portant for small « than any others. If (A) is 








substituted in the wave equation (—V?+U’ 
— ne+x)¢e4.=0, there results the secular equa- 
tion 


det [2«-Fij;+(njot+x? —ne+«)5i;]=0, (B) 


where F;;= —i(¢ie, Voie). If «x is very small 
this can be solved by the Schrédinger perturba- 
tion method. When « is so large that x- Fi, is 
of the same order of magnitude as (n2e@— me), 
however, this procedure must be modified by 
first finding two functions ¢., ¢», which are 
orthogonal linear combinations of gig and go 
and which diagonalize the part 7, 7=1, 2 of the 
matrix in brackets in (B). After this has been 
done we may set up the secular equation relative 
to these two new functions and the remaining 
functions ¢3@, ¢se:**, and solve this by the 
perturbation method. This procedure will work 
for values of x which are an appreciable fraction 
of the diameter of the Brillouin zone, provided 
nse, N4@ are separated from me by amounts of 
the order of magnitude of those which would be 
encountered for almost free electrons. Let na, 7m» 
be the energies corresponding to ¢a, ¢»: they are 
the roots of the second-degree secular equation 
obtained by taking only i, 7=1,2 in (B). Thus 
ne+ for band 1 is n. plus perturbations from the 
higher states. 
The second-order perturbations from ¢3e, ¢4e@, 
may vary rapidly with x, since gy, and 
¢» vary rapidly with « when x is small; how- 
ever, the sum of these second-order perturba- 
tions will always be less than some function cx’, 
where c is of the order of 1. They can therefore 














be neglected in rough calculations of the manner 
of variation of ne,, with «x for small x, since as 
will be shown presently the variation of y. with 
x is on a rather larger scale than cx*. We have 


na=3(me+n20) 
+x?—3[(n2e—me)?+16|%-Fy2'?]?, (C) 


while » has the same form with a plus sign 
before the radical. Successive differentiations of 
(C) with respect to K, and with respect to r, 
holding Kr, constant, establish the existence of 
the maxima and minima shown in Fig. 9, 
provided the difference (n2@—1@) is sufficiently 
small. 
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The quantities 


O*ne+« Ona 
gers 
Ox? K=0 Ox? x=0 


are easily obtained from (B) or (C). The required 
matrix elements Fj. were calculated for several 
points @, using for the wave functions the best 
approximation which could be obtained from 
two constituent x-functions (for most of the (s) 
states it turned out that the wave function could 
not be well approximated by a single constituent 
x-function, but could be by two). These matrix 
elements were found to be within about 25 
percent of the values they would have for almost 
free electrons. 
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Design and performance characteristics of the Westinghouse electrostatic generator are dis- 
cussed. Steady voltages of 1.3 Mv at atmospheric pressure and up to a maximum to date of 
3.7 Mv at about 75 lb./sq. in. have been used to accelerate hydrogen ions. The maximum 
steady voltage is limited mainly by sparking along the belts. The voltage remains constant to 
within 0.5 percent fer observing times of several minutes, and at times to within 0.2 percent 


for a half-minute or so. 


INTRODUCTION 


URING the past three years, a large 
electrostatic generator of the belt type, 
using compressed air insulation, has been con- 
structed at the Westinghouse Research Labora- 
tories in East Pittsburgh. It has been in satis- 
factory operation for nearly a year as a source 
of high energy protons for research in nuclear 
physics. This paper gives an account of the 
design features and a preliminary account of its 
performance. Details of the researches in nuclear 
physics carried out to date will be published 
soon in other papers. 
The first successful utilization of air under 
high pressure as insulating medium for an 


* Westinghouse Research Fellow. 


endless-belt electrostatic generator was made by 
Barton, Mueller, and L. C. Van Atta! but they 
did not apply the potential to an accelerating 
tube. Herb, Parkinson, and Kerst,? using a 
somewhat similar generator successfully applied 
400 kv to a vacuum tube to accelerate hydrogen 
ions. A larger generator was then constructed 
by them’ and the performance of these generators 
indicated that further development to larger 
dimensions was a practical method of obtaining 
a beam of high energy ions having energy 








1H. A. Barton, D. W. Mueller, L. C. Van Atta, Phys. 
Rev. 42, 901 (1932). 

2R. G. Herb, D. B. Parkinson, D. W. Kerst, Rev. Sci. 
Inst. 6, 261 (1935). 

3>R. G. Herb, D. B. Parkinson, D. W. Kerst, Phys. Rev. 
51, 75 (1937); D. B. Parkinson, R. G. Herb, E. J. Bernet, 
J. L. McKibben, Phys. Rev. 53, 642 (1938). 
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Fic. 1. Elevation view of generator. 


homogeneous to a fraction of a percent which is 
the performance of electrostatic generators at 
atmospheric pressure.‘ 


PRESSURE VESSEL 


Large spherical and cylindrical gas containers 
have been fabricated for a number of years, and 
the use of a large spherical container for a disk 
electrostatic machine was suggested by M. A. 


Tuve, L. R. Hafstad, and O. Dahl.° The pear- 


‘M. A. Tuve, L. R. Hafstad, O. Dahl, Phys. Rev. 48, 
315 (1935); L. C. Van Atta, D. L. Northrup, C. M. Van 
Atta, R. J. Van de Graaff, Phys. Rev. 49, 761 (1936). 
(1936), A. Tuve, L. R. Hafstad, O. Dahl, Naturwiss. 24, 625 


shaped pressure vessel inside which the generator 
is built is shown in Fig. 1. This vessel® is made 
up of two sections of spherical surfaces of 30 
and 10 feet in diameter joined by a conical 
section to give a total vertical height of 47 feet. 
It is mounted on a tower structure so that the 
lower nozzle of the vessel is 14 feet from the 
ground in the center of the second floor of the 
associated laboratory building, as shown in Fig. 
1.7 This shape was chosen for the saving in 


® Constructed in 1937 by Chicago Bridge and Iron Works, 
C. H. Jennings, The Welding Engineer 24, Dec. (1939). 
7™W. H. Wells, J. App. Phys. 9, 677 (1938); W. H. Wells, 
Phys. Rev. 5, 599A (1939); W. H. Wells, R. O. Haxby, 
ie E. Shoupp, W. E. Stephens, Phys. Rev. 57, 347A 
1940). 
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weight of steel over that necessary to make a 
spherical or cylindrical vessel with the same 
minimum clearances from high voltage cap to 
the pressure vessel, both through the air gap 
and along the support insulators and belts. Since 
the best voltage distribution for highest total 
voltage along the belts and support towers is 
approximately linear, the clearances radially 
from tank wall to tower were made to vary 
linearly with height. 

Maximum voltage difference for a given field 
strength at the inner electrode is obtained with 
concentric electrodes at a ratio of diameters of 2 
for spheres and of e(=2.718) for infinitely long 
cylinders. For the same diameter of inner 
electrode, the field strength at the surface of the 
inner electrode for concentric spheres is twice 
the value for the field strength with concentric 
cylinders when the condition for maximum 
voltage difference is fulfilled. Hence, in our 
design, the insulator length was increased by a 
factor of about three over that used in the larger 
generator at the University of Wisconsin, and 
the diameter of the inner electrode was increased 
by roughly a factor of 6. 

The vessel was tested pneumatically so as to 
give an adequate safety factor over its maximum 
working pressure of 120 Ib./in.?. The lower shell 





















































Fig. 2. Plan view of support tower showing location of 
belts, vacuum tube, corona rings, and removable channel 
irons. 


is made of 3-inch plate, twice the necessary 
thickness, so as to reduce stresses due to loading 
by the support tower and to permit drilling 
through the shell later for electrical leads or 
other purposes. There are three 30-inch diameter 
manholes provided as shown in Fig. 1. Each of 
these is provided with a 3-inch diameter sight- 
glass mounted to give a linear angle of view of 
about 90°. The lower manhole gives access to 
the inside of the support tower. A 12-inch nozzle 
at the top of the vessel is used to mount a 
generating voltmeter in a symmetric position 
with respect to the high voltage electrode. The 
vacuum tube comes out of the vessel through a 
14-inch nozzle at the bottom of the vessel. The 
top dome of the vessel is of }-inch steel plate, 
and the upper conical plates are 1? inch thick 
with the lower conical plates of decreasing 
thickness. These plates were welded in position 
with the inner surfaces held flush and the welds 
then ground flush with the plate surfaces. 


HIGH VOLTAGE ELECTRODE 


The high voltage electrode is supported on a 
porcelain and steel insulating tower, as shown in 
Fig. 1. The upper part of the electrode has a 
radius of 7.5 feet. The lower half of the electrode 
curves in more rapidly than the upper spherical 
surface, as shown in Figs. 1 and 4, as the radial 
distance from the pressure vessel increases along 
the conical portion. This permits some gain in 
the support tower and charging belt length. 

The electrode is of ;;-inch steel plate dished 
at the factory and welded in the field. The welds 
and all weld beads remaining were ground off. 
The electrode has irregularities of the surface 
due to difficulties which showed up in dishing 
this thin plate, and is out-of-round in some places 
by as much as } of an inch in 3 or 4 inches. 
However, there has been no consistent sparking 
at atmospheric pressure from any one place on 
the electrode. 


Suprort TOWER 


The support tower is constructed as shown in 
the two views Figs. 2 and 3. It is made with 
sufficient flexibility in the flat steel rings to limit 
the mechanical stresses in the porcelains to a low 
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Fic. 3. Vertical section of base of pressure vessel and support tower. 


value.* The tower is made up of a series of ten 
separate sections, nine of which are 3 feet in 
height while the upper one is 2 feet in height. 
Each section consists of two flat steel rings bolted 
to and held apart by four porcelain bushings. 
The flat steel rings are made up of four quadrant 
pieces for economy of fabrication and ease of 
assembly. The sections are stacked with the 
bushings in line vertically, to transmit the 
vertical load directly in compression. The suc- 
cessive sections are bolted together only at 
points halfway between the bushings with ;;- 
inch shims inserted between sections both below 
the bushings and at the points of bolting between 
sections. 

Application of a lateral force to the upper end 
of the tower will cause the steel rings to deflect 
in bending and twist, thus limiting the tensile 
stresses in the bushings to low values. This 
design also avoids large stresses in the bushings 


We wish to express our appreciation of the help given 
by the Mechanics Department of the Westinghouse Re- 
search Laboratories in the many mechanical problems which 
arose in the design and construction; in particular, to 
Dr. A. M. Wahl for calculations on the support tower 
design; and to Mr. B. F. Langer for many helpful discus- 
sions of mechanical problems. 


due to temperature gradients between the 
sections, and due to errors in machining of the 
ring or assembly of the tower. The natural 
period of the tower is 0.77 second. From the 
measured damping, it was computed that a 150- 
lb. man swaying through an amplitude of 1 ft. 
in resonance with the tower could build up an 
amplitude of the tower about equal to that 
produced by a 450-lb. force statically applied, 
and the bending stress in the porcelain bushings 
at this value of lateral force is less than 50 Ib. 
per sq. in., which is quite safe. The tower is 




















“Hn 


MY 





Fic. 4. Rotary oil film seal on driving shafts for 
the fabric belts. 
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Fic. 5. Vertical section of high voltage electrode. 


capable of standing erect in case of complete 
destruction of a bushing. 

As shown in Fig. 3, the lower end of the tower 
rests on four jack screws to permit lateral 
adjustment of the tower after erection. Move- 
ment of over an inch vertically for one jack is 
permissible because of the flexibility of the 
towers. Likewise, four independent vertical jacks 
support the electrode on the tower to give a 
further vertical adjustment. The lower jacks are 
mounted on 12” by 12” pads welded’ to the 
pressure vessel wall to distribute the loading on 
the shell. 

The porcelain bushings were fabricated at the 
Derry Works of the Westinghouse Electric and 
Manufacturing Company. The bushings have 
corrugations one inch deep both inside and 
outside with a central hole varying from 6 to 
7 inches, and an outside diameter of 12 inches at 
the base where they were cemented to the end 
caps. The flat steel rings were machined smooth 
and the end caps of the bushings were likewise 
machined. 


BELTs, PULLEYS, AND Motors 


Two charging belts, each 18 inches in width, 
run at right angles to each other in the positions 


shown in Fig. 2. The lower driving pulleys are 
103 inches in diameter and 20 inches in length, 
with crowning of 0.01 inch per inch over the 
outer 3 inches. All of the pulleys are made of 
steel tubing welded to end plugs attached to the 
shafts and the assembly then dynamically 
balanced. The charging belts are driven by 
Westinghouse Type SK 15 hp, d.c. motors 
with speed variable between 400 r.p.m. and 
2000 r.p.m. with the rotors dynamically balanced. 
The motors are mounted outside the vessel, as 
shown in Fig. 3, with the driving shaft passing 
through the pressure vessel wall. The pressure 
seals used are of the type used for refrigerator 
units® (see Fig. 4). Test showed only a small air 
leakage which was negligible considering the size 
of the pressure vessel. Three flexible Thomas 
couplings are used in each shaft, as shown in 
Fig. 3. The upper pulleys for the charging belts 
are 62 inches in diameter with the same crowning 
as the lower pulleys. The pulleys are mounted 
on the counter weight system, as shown in Fig. 5 
so as to give a constant force of 200 Ib. for each 
run of a belt, permitting of stretch of each run 


of a belt of more than 12 inches. The center-to- 


*Obtainable from Clifford Manufacturing Company, 
Boston, Mass. : 
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center pulley distance is about 31} feet for new 
belts. The exact stretching for the different belt 
materials under this load has not been measured, 
but in general we are able to use the same belts 
for several months after they are once in align- 
ment, without further adjustment. However, 
since the insertion of the aluminum tubes (as 
described later) close to the surfaces of the belts, 
it has been necessary to limit the lateral move- 
ment of the upper pulley so as to keep the belts 
from rubbing against the tubes. A belt six inches 
wide of the same material as the charging belts 
transmits power to the electrode. One 2-kw, 
220-volt, a.c. generator and one 2-kw, 220-volt, 
d.c. generator are driven by the upper pulley of 
the six-inch belt. through intermediate V-belts. 
These generators supply power for the belt 
charging systems, ion source, and lights in the 
high voltage electrode. 

Both the lower and upper pulleys for the 
charging belts are mounted on Micarta blocks 
to insulate them from ground and the electrode, 
respectively. We have used them as inductor 
plates, but burned out the shaft insulator when 
the lower pulley was —20 kv to ground and the 
points horizontally opposite the center of the 
pulley at +20 kv. The spray points were then 
moved to a position several inches above the 
pulley. Variacs are used to control the spray 
voltage on a set of office pins spaced } inch apart 
and about } inch from the belts, at both ground 
and high voltage end of the belts. Under pressure, 
with the different belt materials used, it has been 
necessary to adjust the charge on the two runs 
of the belt to obtain maximum voltage. Raising 
the spray voltage on one run of a belt above 
this best value causes sparking on this run of 
the belt near the high voltage electrode. This 
seems to imply that at maximum voltage the 
charge density is the same on each run of a belt. 
At this balanced condition a lower voltage is 
necessary for negative corona points spraying 
charge on the belts than is necessary for positive 
points. 

The first belt material tried was Goodyear 
Zeppelin fabric, which gave, at a speed of 5000 
feet per minute, a charging current including 
both belts of about 500 microamperes, measured 
from the electrode to ground through a micro- 
ammeter at atmospheric pressure. To eliminate 





the lap joint of these thin belts, a commercial 
belting of fabric and latex, called brown Tontex’® 
was tried with a vulcanized smooth splice of 
thickness the same as the rest of the belt. These 
gave a lower charging current of about 300 
microamperes. They were injured by sparks 
along the belts. A series of aluminum tubes was 
then installed, as described later in this paper, 
giving an increase in the maximum voltage 
obtainable, but rips due to sparking at these 
higher voltages soon necessitated removal of the 
Tontex belts. The next belts tried were a com- 
mercial black latex coated belting of the kind 
used by Professor J. G. Trump." They have a 
smooth spliced joint. These belts were also 
injured by sparks and one of the charging belts 
was split down the center line for one-half of 
its length. Next, Balata” belts were tried. These 
have two of the fabric layers on the outside 
surface, with the Balata material and one fabric 
layer between them. The charge transported 
was about 300 microamperes again. All types of 
belting take many hours in dry air to dry out 
after exposure to humid air. We have found that 
a somewhat higher voltage can be obtained near 
45 lb./in.? air pressure after running these belts 
for about a hundred hours, than was the case 
with any of the other kinds of heavy belting used. 


AtrR-DRYING SYSTEM 


Air for the pressure vessel is dried by two 
activated alumina" drying beds in series. Valves 
are arranged with a blower whose capacity is 
about 200 cubic feet per minute at 3.lb., so that 
the air initially in the pressure vessel can be 
circulated through the towers and back into the 
vessel. The towers also dry the incoming air at 
a rate of about 250 cubic feet per minute, with 
no change in the relative humidity in the 
pressure vessel that is not explainable as a 
temperature effect. 

It is necessary to reduce the relative humidity 
in the pressure vessel to about 40 percent to 


obtain high voltage on the electrode. No apparent 


‘© Tontex belts are obtainable from Tontex Corporation, 
Grand Rapids, Michigan. 

" Private communication from Professor Trump. 

2 Balata belts are obtainable from Victor Balata and 
Textile Co., New York, New York. 

8 Design information can be obtained from the Alumi- 
num Ore Co., East St. Louis, Illinois. 
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gain in maximum voltage was obtained in one 
series of tests when the relative humidity was 
below 10 percent for several days. 


CorRoNA RING SYSTEM 


A system of metal rings surrounding the 
support tower was provided as in the design of 
R. G. Herb and associates.2? A set of gaps 
between adjacent rings, consisting of four nega- 
tive points opposite a plane, act to produce 
corona current down the ring system. One 
hundred rings of 1.25 inch diameter Al tubing 
held by brackets in the corrugations of the 
bushings are spaced at about one inch average 
clearance. This clearance varies somewhat be- 
cause of the flexibility of mounting. At the ends 
of the porcelain bushings the clearance from the 
bushing caps to the nearest ring is somewhat 
larger. One corona ring is attached to the center 
of the flat steel rings of the support tower to 
shield their surfaces. The corona rings have a 
mean diameter of 108 inches. 

With this choice of corona rings, the average 
axial field strength at the surface of a ring was 
estimated to be about one-half of the field 
strength at the spherical surface of the high 
voltage electrode. This seemed sufficient to 
prevent the ring system from being a limitation 
to the maximum voltage of the generator. 


VOLTAGE CONTROL 


As a control for voltage on the electrode, a 
“‘poker’’ is mounted on a nozzle at one side of 
the pressure vessel, as is shown in Fig. 1. It can 
be made to approach the electrode or recede 
back into the vessel wall by a reversible drive 
controlled from the control panel for the gener- 
ator. A friction drive is used to avoid damage 
to the apparatus. A set of points on the end of 
the ‘‘poker’’ controls the voltage by varying the 
corona-current drain from the high voltage 
electrode. The position of the “poker’’ is indi- 
cated on the control panel by means of Westing- 
house Type ADS position indicator motors. The 
direction chosen for the poker is at about 45° 
upward, so that corona from the points would 
affect the generating voltmeter as little as 
possible. There has, as yet, been no indication 
of such an effect. 





Fic. 6. ar taken during assembly of a section 
of the accelerating tube. 


The voltage is also controlled by adjustment 
of the spray voltages used for the charging belts. 
An increase in the voltage on the ion-source 
probe decreases the voltage on the high voltage 
electrode since this increases the output of the 


ion source. 


ACCELERATING TUBE AND VACUUM SYSTEM 


The accelerating vacuum tube occupies a 
central position inside the support column as 
shown in Figs. 1 and 2. It is made up of 130 flat 
porcelain rings, 15 inches mean diameter, 1 inch 
minimum wall thickness, and 23 inches in 
height.'* Two flanges 1 inch in dépth were made 
on both inside and outside walls, to increase 
the surface creepage path. The rings were ground 
flat and then coated with a platinum alloy glaze 
giving a metallic end surface in intimate contact 
with the porcelain to prevent concentration of 
electrical stress where the porcelain joins the 
gasket. 

The structure of the tube is shown in the 
photograph (Fig. 6). Flat rings of }-inch brass, 
extending about } inch inside and outside of the 
porcelain ground surfaces, hold a 5-inch outside 
diameter ring of }-inch wall, one inch in height 
in the center, by means of 4 radial webs. All 
joints were silver soldered. The majority of the 
electrodes which form the focusing gaps of the 
tube are 2} inches in height made from }-inch 
wall brass tube with 4-inch outside diameter. 


4 Made at the Derry Works of the Westinghouse Electric 
& Manufacturing Company. 
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The electrodes are supported from the 5-inch 
diameter brass ring by four steel Allen screws 
forced into the brass at time of assembly. The 
tube was assembled with 35-inch diameter tin 
wire gaskets and aligned on a mandrel in sections 
consisting of 18 porcelains with the associated 
brass electrode structures. Steel end rings which 
remained with each section were used to trans- 
port and to compress the section by means of 
tie rods. The end rings were doweled to insure 
correct alignment of the tube in final position. 
The upper lens ring in each section was made 
longer to preserve the lens gap of about ? inch 
between successive electrodes. 

With cover plates and rods to prevent over- 
loading of the gaskets, each section was tested 
to 180 lb./in.? external pressure. The tin wire 
gaskets have an elastic limit on short time tensile 
test of 1300 lb./in.*. The full pressure load on 
the top of the tube at 120 lb./in.? could probably 
be supported without much more flow by the 
gaskets when they reach a radial width of 3; 
inch due to friction gripping of the thin gasket 
by the ground porcelain surface. It was decided, 
however, to provide a large jack screw to increase 
the compressive force on the tube when neces- 
sary, and also to provide four tie rods opposing 
the action of the jack screw to prevent most 
of the extra compressive force due to pressures 
above atmospheric from being applied to the 
gaskets. This arrangement can be seen in Fig. 5. 
The tube is braced laterally to the support 
column at three places, } and 3, and at the 
upper end of its height since calculation showed 
that the unbraced structure would be close to 
the buckling limit. 

In the assembly of a section of the tube, the 
gasket seals were compressed to about one-half 
their final thickness, painted with thinned glyptal 
by means of hypodermic needles, and the 
remainder of the compression was then taken up. 
The vacuum system contains over 1000 feet of 
this type of seal, and can be pumped down with 
our present pumping system to below 210-5 
mm Hg. The lower end of the vacuum tube rests 
on the top of a flanged pipe which forms the seal 
from inside the pressure vessel to the space 
outside. This has a thick lead gasket which was 
compressed eccentrically to compensate for final 
misalignment of the tube with respect to the 
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support column. The gross adjustment due to 
misalignment of the lower nozzle axis was taken 
up by welding together the flange and the outlet 
pipe with their axes at a small angle. 

As shown in Fig. 1, the vacuum pumps and 
analyzing magnet are located in the second 
floor room of the laboratory building. The 
analyzing chamber with nozzles for attachment 
of targets is at the center of the first floor room. 
A four-inch all-metal diffusion pump with a 
speed of 240 liters per second backed by a 
Hypervac 20 is used. The diffusion pump is of 
the self-fractionating type supplied by the 
Distillation Products Corporation, Rochester, 
New York. When first attached by means of a 
12-inch length of straight 4-inch pipe to the 
main vacuum tube and without a baffle, trouble 
was experienced due to back streaming of the 
pump oil into the main tube, causing the oil to 
run down to the target position. This back 
streaming was not eliminated by insertion of the 
baffle, which came with the pump, but was 
eliminated by inserting a 12-inch vertical section 
of 4-inch pipe between the diffusion pump and 
the main vacuum tube. This cuts down the 
pumping speed approximately half, but the pipe 
attached to the main vacuum tube has remained 
dry for the last several inches before entering 
the main tube. After continuous pumping for - 
several months, about 3 of the oil in the diffusion 
pump disappeared. It did not appear to be 
condensed in either the main vacuum system so 
as to impair its ability to stand high voltage, 
nor did it appear in a buffer tank used between 
the diffusion pumps and the mechanical pump, 
and so probably had been pumped away as 
volatile products formed from the oil. 


CONTROLS 


The controls necessary to operate the genera- 
tor, excepting the belt motor controls, have been 
put on two relay rack panels mounted on a 
wheeled table. About 100 control wires from the 
panel are connected to the panels in the form of 
22 prong plugs, so that the controls can be 
moved to another part of the building when 
necessary. Seven position indicator motors’® are 


46 Type ADS position indicator motors made by Westing- 
house Electric and Manufacturing Company. 








SS 





170 WELLS, HAXBY, STEPHENS, AND SHOUPP 


mounted on the panel and connected to seven 
others inside the pressure vessel. Strings go up 
from these to the high voltage electrode to adjust 
Variacs on spray voltage, ion source filament, 
ion source high voltage supplies, and a needle 
valve controlling the gas flow for the ion source. 
The panel also contains the lower spray voltage 
control for the charging belts. Controls are also 
provided for the deflecting magnet and for the 
generating voltmeter, voltage control ‘‘poker,” 
and main tube vacuum measurements. 

An illuminated meter panel in the high voltage 
electrode shows the ion source performance and 
upper spray voltage for the belts. A telescope is 
used to view this panel from the first floor of the 
laboratory through a sight glass in the lower 
manhole. 


VOLTAGE TESTS AND BELT PERFORMANCE 


The maximum voltage obtainable at atmos- 
pheric pressure is about 1.4 Mv. This is limited 
by sparking from the electrode to the pressure 
vessel wall and down the corona ring system. 
A beam of particles can be maintained for hours 
at 1.25 Mv. 

When first operated at pressures above atmos- 
pheric, the maximum sparking voltage was 
limited by sparking along regions of the charging 
belts, vacuum tube, and corona rings. A repre- 
sentative set of values is given by the points for 
curve A in Fig. 7. As the pressure was increased, 
a region was reached in which the maximum 
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Fic. 7. Maximum sparking voltage of the generator as a 
function of air pressure, with and without aluminum tubes 


near the belts. 


voltage obtainable began to fall with increasing 
pressure. A similar effect at a somewhat higher 
pressure has been reported by Herb and Bernet.'* 
This region was characterized by shorter and 
more frequent sparks along the belts and corona 
ring system than occurred at lower pressures. 
During these tests the belts were damaged in 
many places by sparks which ripped out fabric 
and latex, and in some cases, split the belts. 

The charging belt surfaces have a minimum 
clearance of about 10 inches from the vacuum 
tube and parts of the support column. Trump 
and Van de Graaff'? have made a small belt 
machine operating in air under pressure, in 
which a series of metal tubes was placed parallel 
to and near the surfaces of the belts to reduce 
the horizontal voltage difference between a 
point at the belt and a nearby point on the 
vacuum tube or high voltage electrode supports. 
Following this idea, we inserted a series of 
aluminum tubes of ? inch diameter placed on 
each run of the belts every 3 feet. It was also 
necessary to place these tubes along the power 
belt, after which the maximum obtainable 
voltage at a given pressure was higher as given 
by the points for curve B in Fig. 7. The limitation 
was still sparking of the same general character 
as before. 

The corona gaps between the corona rings 
along the support tower each consist of four 
negative points opposing a positive plane. The 


maximum voltage obtainable with the generator © 


occurs for gap spacing of about } to 1 inch. In 
general, it is possible to maintain an ion beam 
focused on the target at voltages a few hundred 
kilovolts below the maximum voltage at which 
sparking occurs. The highest sparking voltage 
obtained is 4 million volts, as shown in Fig. 7. 
The highest voltage at which an ion beam has 
been maintained is 3.7 million volts. 


Ion SOURCE 


The ion source now being used is shown in 
Fig. 8. It is an adaptation from one described 
by Tuve, Hafstad, and Dahl!* with changes in 


16R. G. Herb and E. J. Bernet, Phys. Rev. 52, 379 


(1937). 
17 J. G. Trump and R. J. Van de Graaff, Phys. Rev. 55, 


1160 (1939). 
18M. A. Tuve, L. R. Hafstad, and O. Dahl, Phys. Rev. 


48, 315 (1935). 
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Fic. 8. lon source and first few accelerating gaps of vacuum tube. 


the probe mounting and in the first focusing gap. 
Satisfactory filament life of several hundred 
hours is obtained at about 200 milliamperes 
discharge current. The filament is made of 10-mil 
tungsten wound with 5-mil nickel, coated with a 
BaO and SrO mixture and a binding agent. The 
discharge voltage drop is between 50 and 100 
volts with hydrogen pressure of 2 to 3X10 
mm Hg. With voltage of about 2 kv on the probe, 
an output current of 50 to 80 microamperes 
of ions was obtained as measured below the probe 
to the rest of the tube as a Faraday cage. 

To get some idea of the total effective focusing 
action of the large number of electrostatic lenses 
which make up the main part of the tube, 
calculations were made by the method of Hansen 
and Webster.'® From the general theory of lens 
__49W. W. Hansen and D. L. Webster, Rev. Sci. Inst. 7, 
17 (1936). (See especially fine print paragraphs at end of 


paper.) P. Kirkpatrick and J. G. Beckerley, Rev. Sci. Inst. 
7, 24 (1936). 


action together with the experimental potential 
distribution found by Kirkpatrick and Becker- 
ley'® the formula for the focal length of each 
individual lens is 


f=16.5R(V/A)?. 


Here R is the radius of the cylindrical electrodes, 
V is the potential in volts of the first cylinder of 
a lens relative to the potential of the ion source, 
and A is the potential difference between the 
two cylinders constituting the lens. In deriving 
the formula, it is supposed that the gap between 
the cylinders is small compared to R, that the 
length of each cylinder is long compared to R, 
and that A is small compared to V. Actually 
in our case the length of the cylinders is not 
long compared to R so the actual focal length 
will be much greater than that given by the 
formula. If Z is the coordinate of a particle 
measured along the tube axis and r is its distance 
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from the axis, then the method of Hansen and 
Webster gives the following equation for the 
average trajectory of a particle through a 
succession of lenses spaced a distance / apart, 
using the above approximation for the focal 
length of each lens and assuming that A is the 
same for each lens (uniform voltage distribution 


along tube), 
@r/dz = — (1/16.5R)r/2’. 


This differs slightly from the formula as printed 
by Hansen and Webster because of some 
numerical misprints in their paper. Although 
this equation may have solutions of oscillatory 
type (corresponding to a succession of focal 
points along the length of the tube) if //R> 4.1, 
with our dimensions //R=1.25, so the non- 
oscillatory case is the one that applies here. This 
is even more the case when it is remembered 
that the formula for f overestimates the power 
of the individual lenses. 

With the method indicated, it appears that 
the aggregate focusing action of the tube is such 
that a beam that is parallel 1/13 of the tube 
length from the ion source end will be brought 
to a focus at the target ten feet beyond the end 
of the lens system. This is such a weak contribu- 
tion to the focusing that it is evident that the 
first few lenses near the ion source must be relied 
upon to do the focusing. This result from theory 
is in accord with our experience and that of 
other workers with whom we have discussed 
the question. 

The first focusing gap must be considered as 
a thick lens since the increase in voltage between 
the cylinders is not small compared to the 
voltage on the first, or probe, cylinder. Useful 
data giving the constants for such a lens over a 
considerable range of voltage ratios are given 
by Klemperer and Wright.”° 

That a large fraction of the ions had a spread 
in direction after coming from the probe so that 
they were not focused by the present lens 
arrangement was shown by inserting a diaphragm 
5 mm below the probe canal with a 1 mm 
diameter central opening and several side open- 
ings for gas flow. The current from the probe 


20 Klemperer and Wright, Proc. Phys. Soc. London 51, 
296 (1939). 


canal measured as before was now about 5 
microamperes, and total ion currents of the same 
order of magnitude are obtained at the target 
in a well-focused spot. The currents obtained in 
the beams of different masses are about 0.3, 
0.5, 0.5 microamperes of H+, H.*+, H3*, respec- 
tively, and commercial tank hydrogen is used, 
the hydrogen supply line being kept at a pressure 
of 15 lb./in.? above that used inside the pressure 
vessel. Between successive electrodes of the 
accelerating tube 1000-megohm IRC resistances 
are connected. These resistances are connected 
electrically to the corona ring system only at 
the two lateral places where there are braces to 
insure mechanical stability of the tube as already 
mentioned. These are located at points $ and 2 
of the way along the length of the tube. It is 
necessary to keep the vacuum at the lower end 
of the vacuum tube below about 10~ mm Hg in 
order to maintain high voltage on the tube. 


VOLTAGE MEASUREMENT AND STEADINESS 


Voltage on the high voltage electrode is 
measured with a generating voltmeter installed 
in the 12-inch nozzle at the top of the pressure 
vessel. The voltmeter was calibrated by using 
the value of 0.862 Mv for one of the prominent 
resonances for gamma-ray production from 
fluorine bombarded by protons. This value was 
determined by Bernet, Herb, and Parkinson.” 
By bombarding a thin tantalum fluoride target 
with the H+, H.*, and H;* beams, the generating 
voltmeter was shown to be linear using the 
voltages at which the 0.862-Mev resonance was 
a maximum as 1.724 Mv for the H2*+ beam and 
2.586 Mv for the Hs*+ beam. 

The generating voltmeter is used as a null 
instrument.” A measured voltage is applied to 
an adjacent sectored plate of the voltmeter until 
the field due to this plate is the same as the field 
produced by the high voltage at the pick-up 
plate. The induced voltage produced on the 
pick-up plate is amplified and viewed on an 
oscilloscope. The wave form for the balance 
point is easily reproduced. The voltage on the 
high voltage electrode remains constant at a 


21 E. J. Bernet, R. G. Herb, and D. B. Parkinson, Phys. 


Rev. 54, 398 (1938). 
2G. P. Harnwell and S. N. Van Voorhis, Rev. Sci. Inst. 


4, 540 (1933). 
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GENERATING VOLTMETER 


Fic. 9. Curve showing fluorine gamma-ray resonances used for voltage calibration and a 
typical run to determine the (p,m) threshold for beryllium. 


given voltage to within 0.5 percent for observing 
times of several minutes. Sometimes the voltage 
remains constant to within 0.2 percent for one- 
half minute or so. 

The generator is especially suitable for the 
investigation of nuclear reactions in which it is 
desirable to know the homogeneity in energy at 
a given energy to within limits of a few tenths 
of a percent. It is possible to vary the voltage of 
the generator from below 1 Mv up to 3.7 Mv 
and at different voltages within these limits to 
obtain focused ions which are homogeneous in 
energy to within 0.2 percent. 

The apparatus is being used for accurate 
measurements of the thresholds of several light 
elements for emission of neutrons under proton 
bombardment. This work is now being completed 
and will be published soon in another paper. 
As an indication of the steadiness of the appa- 
ratus, Fig. 9 shows the gamma-ray resonances 
from a thin tantalum fluoride target with H.* 
and H;* ions and also the yield of neutrons 
obtained on proton bombardment of beryllium. 


The threshold value, 2.01 Mev,” is obtained by 
linear interpolation between the two fluorine 
resonance peaks. Although the fluorine resonance 
peaks seem narrower than the widths previously 
reported by Herb, we do not feel entirely sure of 
this until it is checked again. Critical discussion 
of this threshold value and others obtained on 
proton bombardment of lithium, boron, and 
carbon will be presented later. 

We wish to express our appreciation for the 
cooperation and assistance given to this work by 
many members of the staff of the Westinghouse 
Research Laboratories, and in particular to 
Dr. L. W. Chubb, Director, and Drs. E. U. 
Condon and J. Slepian, Associate Directors of 
the Laboratories. The technical assistance of 
Mr. J. W. W. Ow in the drafting work connected 
with the generator has been an important 
contribution to its successful construction and 
operation. 


%3 This value, given by a sample run, is not to be taken 
as our final result. This generating voltmeter scale could 
be read only to } or 4 percent. Hence the error in this com- 
parison is approximately one percent. 
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Orientation of Liquid Crystals by Heat Conduction 


G. W. Stewart, D. O. HoLLanp Aanp L. M. REYNOLDS 
State University of Iowa, Iowa City, Iowa 


(Received April 18, 1940) 


This is a new phenomenon in heat conduction in which the “liquid crystals” of para- 
azoxyanisol acquire a preferred orientation under the action of heat conduction in the liquid. 
A temperature gradient of but 1° or 2°C per cm, at a temperature of approximately 125°C, is 
sufficient to give a marked effect. The orientation is indicated by the variation in intensity in 
the x-ray diffraction halo. Both the effect and its magnitude are rather surprising, and it is 
anticipated that the explanation may rest in the dominance of acoustic waves of inertia and 
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viscosity in heat conduction in liquids, as described by Lucas. 





N a comparison! of the x-ray diffraction in- 

tensity distributions with para-azoxyanisol in 
the liquid crystalline and isotropic states, the 
first author found a new conduction of heat 
phenomenon. A temperature gradient of 1° or 
2°C per cm, the temperature decreasing down- 
ward, produced a preferred horizontal orientation 
of the elongated bundles or swarms of molecules. 
The direction of “orientation” is taken to be 
that of the longest axis of a swarm, the axis 
possessing the greatest induced magnetic mo- 
ment. The direction of preferred orientation just 
mentioned was perpendicular to that produced 
by vertical convection currents. 

This new heat conduction effect is somewhat 
surprising, for in view of the temperature, 
approximately 400°K, any kind of anticipated 
effect produced by a gradient a degree or two 
per cm would be rather small. Herewith is 
presented briefly the concordant results of three 
different experimental tests of the phenomenon, 
with a suggestion of the possible causes of the 
orientation effect. 


EXPERIMENTAL RESULTS 


I. The first experiments were those to which 
reference has already been made. A very thin- 
walled glass cylindrical tube 1.0 cm in diameter 
and 9.0 cm in length was surrounded by a 
loosely-fitting paper jacket and placed in an oven 
having an internal diameter of 7.3 cm and 
height of 16.0 cm. This jacket prevented con- 
vection currents in the air immediately sur- 
rounding the tube. Even the introduction of an 


1G. W. Stewart, J. Chem. Phys. 4, 231-236 (1936). 


air circulating fan into the oven did not produce 
any alterations in the temperature gradient at 
the tube as indicated by two thermocouples 
spaced 1.8 cm apart vertically just outside. 
A number of tests with different temperature 
gradients were made, and the x-ray. intensity 
results (obtained by an ionization chamber) and 
the gradients plotted. These showed that un- 
questionably any increase in temperature gradi- 
ent, temperatures decreasing downward, affected 
the intensity as if by an increase in horizontal 
preferred orientation. In these experiments the 
angular diffraction of x-rays in one plane only 
could be measured. 

II. The second set of experiments were made 
by Donald O. Holland. An oven was constructed 
so as to provide the passage of a small parallel 
pencil of x-rays and the diffraction halo was pro- 
duced on a photographic film. A vertical, thin- 
walled glass tube was used as before, but now an 
oven similar to that of Fig. 1 (which was actually 
used in the third experiment) was constructed. 
The ends of the tube were surrounded by brass 
blocks to insure their temperatures as measured 
by external thermocouples and the tube was 
surrounded by a brass cylinder to assist in 
securing a temperature gradient with horizontal 
isothermal levels. With this type of apparatus 
the halos completely corroborated the experi- 
ments recorded in “I’’ above. At the nearest at- 
tainable uniform temperature throughout, there 
always remained a slight convection as evidenced 
by the asymmetry of the circular halo, the 
alteration in density on the film showing a 
small preferred vertical orientation of the swarms. 
With increasing temperature gradient, tempera- 
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ture higher at the top of the tube, the asymmetry 
in the halo at first disappeared and then appeared 
again, but as if the halo were rotated through 90°. 
This indicated the disappearance of one preferred 
swarm orientation (vertical) and the appearance 
of another (horizontal). At each selected tem- 
perature gradient it was necessary to hold the 
temperatures constant for several hours to insure 
a steady condition. A sample of the nature of 
the change in the diffraction ring with increasing 
temperature gradient is indicated by the later 
photographs of Reynolds in Fig. 2. 

These experiments were followed by others 
with the tube in a horizontal position. For a 
temperature gradient along the tube in either 
direction, convection currents always existed. 
Nevertheless the heat conduction phenomenon 
was in evidence and all the results were inter- 
pretable by the combined convection and tem- 
perature gradient effects. 

III. The third series of experiments was by 
Leon M. Reynolds. At first an oven was tried 
where the sample tube was not so completely 
surrounded by copper blocks at its ends. In this 
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Fic. 1. Oven used by Reynolds in the third group of 
experiments, Cross section parallel to x-ray path. 


ORIENTATION OF LIQUID CRYSTALS 











Fic. 2. Diffraction halos, x-ray beam horizontal, photo- 
graphic film vertical. Sample, para-azoxyanisol at 119° to 
130°. Temperature gradients are in degrees C/cm, reading 
from left to right, top line first, 0°, 0.05°, 0.13°, 0.27°, 0.32°, 
0.65°, 0.83°, 1.10°, 1.46°. 


oven, a uniform temperature gradient and 
strictly horizontal isothermal levels were not 
successfully secured, convection currents per- 
sisted, and the preferred orientation remained 
dominantly vertical. The conduction of heat 
phenomenon did not appear. But when the oven 
in Fig. 1 was substituted, results similar to those 
of Holland at once appeared. This third set of 
experiments in which was used the best oven of 
the three, confirmed the reality of the heat 
conduction phenomenon and also showed how 
carefully convection must be reduced if the new 
phenomenon is to be brought into evidence. 

Typical results of Reynolds and Holland are 
shown in Fig. 3. By photometric measurement 
the ratio of scattered x-ray intensities at the two 
points of each halo may be obtained. With J; as 
the intensity produced by horizontal orientation 
of the swarms and I, by vertical orientation, the 
ratio I,/I, is plotted for the two experimenters. 
If J, only is plotted, a curve of a similar general 
shape is obtained but, by using the ratio, the 
error introduced by variation in development of 
the film is eliminated. 

Reynolds determined the effect of rotation of 
the sample upon the preferred orientation of the 
swarms. This is shown in Fig. 4. 
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DISCUSSION 


In Fig. 3 the general course of the curves is 
similar to the results obtained in x-ray diffraction 
experiments with a magnetic field.? In each case 
the effect is caused by the orientation of the 
swarms or bundles of molecules. In Fig. 3, the 
greater orientation in the Reynolds’ experiments 
is accounted for by the improvement in the 
horizontality of the isothermal levels. The results 
of Fig. 4 also confirm the interpretation of the 
experiments. Rotation of the containing cylinder 
about a vertical axis would, through irregularities 
in the tube and in the motion, coupled with 
viscosity, cause a shear in the horizontal plane 
perpendicular to the radius of the cylinder. This 
would produce an effect similar to a horizontal 
circular convection current, namely, that of a 
preferred orientation of the bundles in the 
direction of the velocity stream. Hence one 
would expect the rotation of the tube to give a 
preferred orientation in the horizontal plane, or 
to increase the effect of the temperature gradient. 
This is shown to be the case of Fig. 4. 

Thus all the experiments are consistent with 
the view that there is a new conduction of heat 
phenomenon in addition to the well-known mag- 
netic and convection effects in the liquid crystal 
form of para-azoxyanisol. Although the effect of 
such a small heat conduction is surprising, yet 


Holland 





Gradient, “C/em. 


Fic. 3. Alteration in orientation with temperature 
dient, temperature decreasing downwards. Circles; 
eynolds, corresponding to the nine photographs in Fig. 2. 
Crosses; Holland. Scale for ordinates modified to give value 
100 at zero gradient. 


2G. W. Stewart, Phys. Rev. 38, 931 (1931). 
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Fic. 4. Rotation increases the effect of heat conduction. 


one must remember that the orientation of these 
bundles in a magnetic field is relatively easy. 
A field of 2200 gauss will give practically com- 
plete orientation and 1300 gauss but a few per- 
cent less. The swarms or bundles are relatively 
large,’ containing approximately one million 
molecules, the size probably having a consider- 
able variation. This accounts for the relative 
ease of orientation at any ordinary temperature. 
Orientation by convection is probably produced 
by the shearing effect of a velocity gradient 
perpendicular to the convection velocity. Orien- 
tation by conduction might be caused by radia- 
tion pressure of the acoustic waves. But it seems 
more simple in accord with the experiments and 
calculations of Lucas,‘ to regard the important 
transverse waves of inertia and viscosity in the 
fluid as effective in producing by their displace- 
ments a torque on the bundles. This may cause 
a preferable orientation in the plane containing 
these displacements and perpendicular to the 
direction of flow of heat energy. 

At the moment, the possible importance of 
the new heat conduction effect would seem to 
be as a tool in the study of liquid crystal 
bundles or swarms, of the cause of the exerted 
torque whether momentum or transverse dis- 
placement velocity gradient, and of the acoustic 
waves, both longitudinal and transverse, which 
are responsible for heat conduction in liquids. 


8 Evidence also in Ornstein and Kast, Faraday Society 


Discussion, 1933, p. 931. 
*R. Lucas, J. de phys. et rad. 7, 40 (1937). 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the late closing dates for the section no proof can be shown to authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the correspondents. 


Communications should not in general exceed 600 words in length. 


Radioactivity Produced by Bombarding Thallium 


Previously published data on the activities produced in 
thallium show several periods: 4+0.5,' 4.1,2 and 5? min. 
produced by slow and fast neutrons, 97 min. by slow 
neutrons'* and 50 min. by fast neutrons.’ The similarity 
between the short period and the half-life, 4.76 min., of 
the naturally radioactive isotope of Tl, actinium C” (TI?®) 
led to a careful comparison of the two activities, since the 
latter could be made from TI only by the unknown (D, g*) 
reaction. 

The thallium used for bombardment was purified by 
the following successive processes: recrystallization of 
thallous nitrate and sulfate, oxidation to thallic chloride, 
extraction with.ether, conversion to thallous sulfate, 
electrolytic deposition as thallium metal. The metal was 
fused in a current of hydrogen and rolled into a thin 
sheet. 

The activity obtained by short bombardment of the TI, 
with slow and fast neutrons and deuterons, had an average 
half-life of 4.23+0.03. min. Actinium C” was separated 
chemically from the active deposit of actinium, and the 
average value, 4.77+0.05 min. was obtained under the 
same conditions of measurement with the Lauritsen 
electroscope. The difference between the two values is 
much beyond the experimental error, leaving no doubt 
that they are not identical. 

In order to make certain the chemical nature of the 
4.23-min. period, the very active material from the deu- 
teron bombardments was separated chemically, using the 
insolubility of thallous iodide, chromate and chloride, the 
solubility of thallic chloride in ether and of thallous 
sulfide in dilute acid. In all cases the activity followed 
the reactions of thallium. 

The activity is produced by neutrons from the Be+D 
and Li+D reactions, both when wrapped in cadmium 
and when surrounded by 10 cm of paraffin. It is thus 
induced by both slow and fast neutrons and this in in- 
tensities of the same order of magnitude. Since the two 
stable isotopes of Tl are present in the amounts: 203 —29.5 
percent, 205—70.5 percent, the evidence supports the 
conclusion of Heyn,’ that the isotope is Tl?™, produced 
from TI? by neutron capture and from TI by the 
(n, 2n) reaction. 

The range of the negative 8-particles in Al is 0.75 +0.05 
g/cm*, which gives 1.6+0.1 Mev as the energy (using the 
relation R=0.526E—0.094). Sargent® gives the similar 
value 0.68 g/cm? for the range of the 8-rays from AcC”, 
from which the energy 1.47 Mev follows. The y-ray or 
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bremstrahlung background of the TI?™ is about 0.01 
percent of the total activity. 

Intense slow neutron bombardments, lasting up to four 
hours, have not shown any period of the order of the 
97-min. half-life. However, 1 to 2-hour deuteron bombard- 
ments produce a weak activity, about five times the 
background of the Geiger-Mueller counter used, which 
has been chemically identified as thallium. It shows a 
decay in 24 months corresponding to a half-life of 1 to 
2 years. A similar decay is shown by an activity produced 
by 4-hour slow neutron bombardments, with intensities 
about equal to the background. This seems to indicate 
that the activity is due to Tl**, produced from TI?** by 
(D, p) and (n, y) reactions. 

Bombardment of thallium by deuterons also produced 
a strong activity with a period of 52+1 hours which has 
been chemically identified as lead by several reactions: 
the precipitation of lead sulfide, chromate and sulfate, 
and the solution of the latter two in acetate and alkali. 
A fractional precipitation of lead sulfate was carried out 
by acidifying a solution of lead sulfate in sodium acetate. 
The activity per milligram of the three fractions obtained 
was the same within the experimental error of about 
five percent. 

The absorption curve of this lead activity in Al shows 
a B-activity with a range of 0.11+0.01 g/cm®* indicating 
an energy of 500 kev, accompanied by a y-ray activity 
equal in intensity to six percent of the total. The energy 
of this has not yet been determined. 

Pb** and Pb** are the two possible isotopes of lead 
which could be produced from TI? and TI? by the usual 
(D, n) reaction. Both of these are, however, stable. The 
results would suggest that the activity is due to a meta- 
stable state in one of them which emits a y-ray that is 
internally converted into the observed §-rays. 

We wish to thank Professor J. M. Cork and other 
members of the Physics Department for their interest and 
help in making the bombardments with the cyclotron. 
This work has been made possible by a grant from the 
Horace H. Rackham Trust Fund. 

KAsSIMIR FAJANS 


Apotr F. Voict 
Chemistry Department, 
University of Michigan, 
Ann Arbor, Michigan, 
July 2, 1940. 
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(1937) L. Pool, J. M. Cork and R. L. Thornton, Phys. Rev. 52, 239 
aide McLennan, L. G. Grimmett and J. Read, Nature 135, 505 
+ B. W. Sargent, Can. J. Research 17A, 82-102 (1939). 
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The Seven-Day Uranium Activity 


The production of radioactive U*’ by fast neutron 
irradiation of uranium has been reported recently by 
Nishina et al.1 The same activity has been observed inde- 
pendently here. It was first found in samples of uranium 
placed immediately behind a beryllium target bombarded 
by 16-Mev deuterons. These showed an activity of half-life 
7.0+0.2 days which could not be separated chemically 
from uranium. If the purification was done immediately 
after activation, the 23-minute uranium and its 2.3-day 
daughter? also appeared, but if the purification was done 
after a few hours, only the 7-day period was seen. The ratio 
after a short bombardment of the initial intensities of the 
7-day activity to the 2.3-day activity was about }. 

Since the 7-day period was not seen in earlier experi- 
ments of the author in which uranium layers thin enough 
to allow the fission products to recoil out were exposed to 
neutrons from a beryllium target bombarded by 8-Mev 
deuterons, it seemed likely that it is produced by a fast 
neutron reaction. In confirmation of this it was found that 
the intensity (with 16-Mev H? on Be) is greatly reduced 
if the sample is surrounded with paraffin during bombard- 
ment and is not affected by cadmium shields. It was also 
found possible to observe the 7-day period ina thin uranium 
layer placed immediately behind the target, and an analysis 
of the resulting decay curve gave the same ratio of in- 
tensities (7-day to 2.3-day) as the chemically separated 
fractions from a bulk sample. 

The 7-day beta-particles have an absorption curve 
characteristic of a simple continuous distribution with an 
end point at 0.26 Mev. There are also soft gamma-rays 
with at least two components, but no annihilation radi- 
ation, in agreement with the observation of Nishina et al. 
that the electrons are negative. Dr. A. C. Helmholz, using 
a magnetic spectrograph, could find no internal conversion 
lines. Since this excludes the possibility of K capture, the 
daughter product must be element 93. An attempt to find 
such an activity was made. An 80-microcurie sample of 
7-day uranium was allowed to decay for 26 days, and then 
element 93 was extracted from it, by the method of 
fluoride precipitation in reducing and oxidizing media,? 
with cerium carrier. The resulting product showed no 
measurable activity of either beta- or alpha-rays, so the 
period of this substance must be very long. (It can hardly 
be very short, since the active uranium has no high energy 
beta-particles and no alpha-particles of range greater 
than those from U;;.) 

I wish to express my gratitude to the Rockefeller Foun- 
dation and the Research Corporation, whose financial 
support made this work possible. 

Epwin McMILLAN 


Radiation Laboratory, 
Department of Physics, 
University of California, 
Berkeley, California, 
June 28, 1940. 


1Y. Nishina, T. Yasaki, H. Ezoe, K. Kimura and M. Ikawa, Phys. 
Rev. 57, 1182 (1940). 
2? E. McMillan and P. H. Abelson, Phys. Rev. 57, 1185 (1940). 
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The Energy Released in the Reaction Li‘(~,a)He* and 
the Mass of He* 


Two groups of workers in this laboratory have completed 
determinations of the energy released in the reaction 
Li*(p,«)He® using different variable-pressure absorption 
cells calibrated in different ways. The variable-pressure 
cells used were constructed with two compartments, the 
forward one for retarding the alpha-particles, and the rear 
one for collecting the ionization produced by them at the 
end of their range. A linear amplifier was used to detect 
the ionization pulses. The region from which ions were 
collected was defined by a perforated screen transverse to 
the axis of the cell, but the ionization compartment was 
always at the same pressure as the retarding compartment. 
This introduces no complications into the interpretation 
of the results provided that the alpha-particles, at all 
pressures used, come to the end of their range in the gas 
of the ionization compartment. Thus there was only one 
window for the particles to traverse, placed over a perfo- 
rated screen at the entrance to the retarding compartment. 

In one experiment, such a cell was placed to collect 
particles from thin targets of lithium and beryllium, bom- 
barded with 370-kev protons. The range difference between 
the alpha-particles from Be®(p,@)Li® and Li*®(p,a)He* was 
found to be 1.83 mm. Using the precisely known energy of 
the beryllium particles, from our electrostatic analyzer 
measurements, and the slope of the Cornell (1938) range- 
energy curve in this region, we find that Q for Li*(p, a)He® 
is 3.95+0.06 Mev. 

The other determination was an outgrowth of experi- 
ments on the range-energy curve of alpha-particles in the 
energy region 0.8-2.0 Mev. A strong source of polonium 
was placed near the entrance of our electrostatic analyzer, 
and absorption screens introduced between it and the 
analyzer to absorb all but the last 0.5-1.0 cm of range. 
A small fraction of the resulting particles, homogeneous 
in energy, was deflected through the electrostatic analyzer 
and allowed to enter an absorption cell of the previously 
described type. By varying the deflecting voltage, the 
cut-off pressures of the cell for alpha-particles from 1.09 
to 1.73 Mev have been determined. This same cell, with 
all its auxiliary apparatus, was then placed opposite a 
thin lithium target and the cut-off for the alpha-particles 
from Li*(p,a)He* determined. The result indicated an 
energy release of 3.94+0.05 Mev. 

We have used our previous values for reaction energies 
in computing the mass of He*® which is included in the 
following list, based on 1.00813+0.00002, 2.01473 +2, and 
4.00386+7 for the masses of H, D, and Het, respectively. 


He® 3.01685+10 Be® 8.00765+15 
Lié 6.01684+11 Be® 9.01484+13 
Li’ 7.01814+11 


The previously accepted value for the energy release in 
the reaction Li®(p,a)He® was 3.72+0.08 Mev. 
SAMUEL K. ALLISON 
LEONARD C. MILLER 
GILBERT J. PERLOW 
LesTER S. SKAGGS 
NicHoLtas M. Situ, JR. 


University of Chicago, 
Chicago, Hlinois, 
June 19, 1940. 
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The Theory of the Diffuse Scattering of 
X-Rays from Crystals 


We wish to discuss a recent paper by Zachariasen' on 
the theory of the diffuse scattering of x-rays by crystals. 
In this discussion we shall use the symbols and terms of 
Zachariasen’s paper and we shall refer to an equation in 
his paper by placing a Z in front of the equation number, 
thus (Z5). 

Following Zachariasen, we shall consider the unmodified 
(non-Compton) part of the scattered radiation from a 
small crystal of linear dimensions of the order 10~ cm. 
Absorption effects in such a crystal may be neglected. 
We prefer to distinguish between the cases /=l’ and 1#l’ 
in (Z5), (Z6) and (Z7) and we write the result in the form 


J=Sf*| N+e—"2'12'p exp [2rt(k—ko) Tn] exp Puy 
= Sf? {| N+e-2™>’ i2’y exp [22i(k—Ko) -tiv J (A) 
+e", >'p Py exp [2ri(k—Kko)-tu J}, 


where =’D’ denotes omission of those terms for which 
j=I'. Equation (A) holds both at and away from a Laue 
spot. It may be simplified to 
J = Joe ™ + Sf? | N(1—e-™) 
+eME" >’ Piv exp [20i(k—Ko)-ru- J} (B) 
where 
sin? [Ntr(k—ko)-a;] 


Jo= SPT; sin? (+(k—Ike)-a;] . (C) 


It is convenient to write (B) as 


J=JitJs (D) 





as in (Z8). Away from the maxima of J;, J: is the only 
term of importance, and we shall write it in the form 


J2=Jo+Jrwz (E) 
with 
= SPN(1—e-™), (F) 


the Debye part, and 
Jpwz= Sfte™ D2’ Pw exp (27i(k—Ko)-riu-], (G) 


the Faxen-Waller-Zachariasen part. For dn _ isotropic 
crystal at a given temperature the Debye part is a function 
of (sin @/2)/A alone, while the FWZ part is a function 
not only of (sin ¢/2)/X but also of the orientation of the 
crystal relative to the primary rays. The FWZ part may 
be either positive or negative. Now it follows from (Z26) 
and (Z27) that 

(Jrwz)w=0 (H) 


upon averaging over a sufficient range of orientations of 
the crystal. Thus unless precaution be taken to use a 
rather perfect crystal, what one actually measures is the 
Debye diffuse scattering. This is suggested by Zachariasen! 
but not, we believe, with the proper emphasis. 

Further, in all of the work of Jauncey and his collabo- 
rators the technique of Jauncey and May? or the Jauncey- 
Bruce? modification of this technique has been used. The 
purpose of this technique has been to avoid any scattered 
radiation which is ortentation-sensitive. As we now know, 
this technique would not only avoid Laue spots but in 
addition the peaks of the FWZ radiation which is also 
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orientation-sensitive. In view of this, together with the fact 
that the crystals used were imperfect* we believe that 
Jauncey and his collaborators have come very close to 
determining the Debye part of the diffuse scattering. 

In the theory as developed by Jauncey and Harvey*~’ 
the simplifying assumption was made that the probability 
of a set of displacements of the atoms of a crystal was 
equal to the product of the probabilities of the separate 
displacements. This is only true if the displacements are 
independent of each other. In this case Py,=0 and the 
Faxen-Waller-Zachariasen part of the diffuse scattering 
becomes zero. However, as Zachariasen points out, this 
simplifying assumption is not justified for any real crystal 
and so we have the Faxen-Waller-Zachariasen part as well 
as the Debye part of the diffuse scattering. 


G. E. M. JAUNCEY 
Washington University, . 
St. Louis, Missouri, 


G. G. HARVEY 
Massachusetts Institute of Technology, 
Cambridge, Massachusetts, 
June 24, 1940. 


1W. H. Zachariasen, Phys. Rev. 57, 597 (1940). 
rs E. M. Jauncey and H. L. May, Phys. Rev. 23, 128 (1924); 
G. 4: ig and W. D. Claus, Phys. Rev. 46, 941 (1934). 
6. M. Jauncey and W. A. Bruce, Phys. Rev. 50, 413 (1936). 
* Tied” imperfect crystals not been used this technique would give 
values yt than the Debye formula. 
G. E. yy Ph . war. toc 1193 (1931). 


5G. E. M. Jauncey an G. Harvey, Phys. Rev. 37, 1203 (1931). 
6G. G. Harvey, Phys. A 56, 242 (1939). 
7G. E. M. Jauncey, Phys. Rev. 56, 644 (1939). 





The Latitude Effect in Cosmic Rays at Far 
Southern Latitudes 


Two meters for measuring the total cosmic-ray intensity 
from all directions, namely a single Geiger counter’ and 
an electroscope of the type described by Millikan and 
Neher,? were operated on board the U.S.S. North Star 
during a recent trip through the Antarctic regions. The 
electroscope was operated on the Philadelphia-Panama- 
Dunedin, New Zealand-Little America run, while the 
counter set was operated on that from Dunedin to Little 
America-Valparaiso-Palmer Land-Valparaiso-Panama. The 
electroscope was inside a 10-cm thick lead shield, and the 
single Geiger counter was inside 7.5 cm of lead. The 
counter counts, approximately 190,000 per day, were 
scaled down with a conventional thyratron scale-of-four 
circuit? and then recorded on a dial recorder. The daily 
mean counting rate and the daily mean electroscope 
reading were corrected for changes in atmospheric pressure 
by applying the same barometer coefficient to each. The 
daily mean counting rate was then multiplied by an arbi- 
trary constant to enable it to be shown on the same scale 
as the electroscope ionization. The corrected readings 
were then plotted against geomagnetic latitude and are 
presented in Fig. 1. 

It will be observed that the cosmic-ray intensity shows 
the familiar “knee” at approximately geomagnetic latitude 
38° south. Between the knee and 77° south the intensity 
rises by 3+0.3 percent, this rise being shown by both 
the counter and the electroscope. At latitudes nearer the 
equator the curves obtained by the two meters are not 
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exactly similar, since the above routes carried the two 
instruments through quite different longitudes and hence 
through different horizontal magnetic intensities at corre- 
sponding geomagnetic latitudes. The electroscope readings, 
taken at longitudes further west than the counter observa- 
tions, are lower at the equator. The application of an 
external temperature coefficient‘ of —0.15 percent per 
degree C to the data will cause the intensity curve to 
become horizontal between the knee and 77° south, the 
highest geomagnetic latitude reached. This may be 
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Fic. 1. Cosmic-ray intensities as measured by electroscope and 
counter, in southern latitudes. The differences between the curves in 
middle latitudes is due to longitude effect. Each point is a daily mean. 
The electroscope remained on board the ship at 77°S for six days before 
being put ashore, and the normal daily fluctuations may be judged 
from the corresponding six points. The data are not corrected for 


external temperature. 


compared with a coefficient of —0.18 found by Compton.‘ 
These observations were made during January and March, 
the summer months in the Southern Hemisphere; at this 
season it is to be expected, from the observations of Hess, 
that the temperature coefficient will be at a minimum. 

It will be noted that the counter and electroscope 
measurements show the same increase with latitude above 
the knee. Since the counter counts the total number of 
rays, while the electroscope measures the total ionization, 
it is evident that the average specific ionization per ray 
at sea level remains constant with change in latitude 
above the knee. From this it can be shown that the ratio 
of electrons to mesotrons is constant. 

The results will be discussed in detail in a forthcoming 
issue of the Journal of the Franklin Institute. 

We wish to acknowledge the support of the Carnegie 
Institution of Washington in connection with the use of 
the Millikan-Neher meters, as well as film for these 
donated by the Eastman Kodak Company and batteries 
presented by the Burgess Battery Company. 

E. T. CLARKE 
S. A. Korrr 
U. S. Antarctic Service and Bartol Research Foundation 
The Franklin Institute, 


Swarthmore, Pennsylvania 
June 24, 1940. 
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The Nuclear Magnetic Moment of C** * 


Professor H. C. Urey’s generosity has made available 
KCN and NaCN in which the abundance of C" is about 
22 percent. Since these compounds are suitable for molecu- 
lar-beam magnetic-resonance experiments, they have been 
used to measure the magnitude of the gyromagnetic ratio! 
and to determine the sign’ of the nuclear magnetic moment 
of C3, In addition to minima due to N“ and K®, there 
was observed in curves taken with the KCN beams a 
new resonance minimum, the »/H ratio for which was 
constant to better than 0.3 percent for frequencies ranging 
from 0.7 megacycle per second to 4.8 megacycles per 
second. The corresponding g value was 1.401+0.004, 
This minimum was not observed in curves taken with 
beams of KCN containing only the normal abundance of 
C, In curves taken with the NaCN beans it was difficult 
to see the new resonance point because of the broadness of 
the Na* resonance curve and the proximity of the Na*® 
minimum to the new minimum. (The g value for Na® is 
1.476.) In these NaCN curves, nevertheless, at field values 
about 4 percent higher than those for the Na*® minimum 
there was observed a slight asymmetry which was not 
found in curves taken with a beam of ordinary NaCN, 
It was possible that this asymmetry was like that described 
by Millman? but when the fields were reversed, it remained 
on the high field side of the Na® minimum and thus could 
not be attributed to imperfect conditions in the oscillating 
magnetic field. The new minimum has therefore been 
assigned to C, The g value given above was calculated 
from the minimum observed in curves taken with the 
KCN beams and is referred to the published? g value of 
2.167 for Li? which has been used as a standard in these 
laboratories. The sign of the nuclear magnetic moment, 
as determined by Millman’s method of field reversal,’ is 
positive. 

The value of the nuclear magnetic moment can be 
determined from measurements of the g value only if the 
spin is known. There are two theoretical predictions for 
the spin of C': the value 4 derived from the Hartree 
model* and the value } from the alpha-particle model.§ 
C'3 can be considered as C™ with an added neutron. 
Therefore, with the rotational angular momentum, K, 
equal to 1, a spin of 4 makes a positive nuclear magnetic 
moment possible. If, however, the spin is taken as }, with 
K still 1, the negative magnetic moment of the extra 
neutron is added algebraically to the smaller moment due 
to the rotational angular momentum and the resultant 
nuclear magnetic moment is always negative. This negative 
sign is in direct contradiction to the positive sign which 
we have determined experimentally. Furthermore, D. R. 
Inglis has pointed out in a discussion of spin-orbit coupling 
in light nuclei* that a rough calculation of the splittings 
due to the Larmor and the Thomas precessions indicates 
that the spin-orbit coupling is negative, a conclusion which 
is in agreement with the predictions of the Hartree model. 
We feel, therefore, that the spin of C™ is much more 
likely to be } than §. The corresponding nuclear magnetic 
moment obtained from our measured g value is 0.700 
+0.002 nuclear magneton. It may be objected that the 
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only experimentally determined value for the spin of C™ 
is 3, which Townes and Smythe’ obtained by investigating 
the alternating intensities of lines in band spectra. Exami- 
nation of their results will show, however, that the value 
} is their choice as the best of three possibilities: }, } and 
3. The value } is by no means ruled out. The disagreement 
between the value 0.700 nuclear magneton which we 
suggest for the nuclear magnetic moment of C™ and that 
of 1.05 nuclear magnetons predicted by the Hartree model* 
is about 50 percent. This is no more serious than has been 
the case with more than one nuclear constant. 

I wish to thank Professor I. I. Rabi for suggesting this 
problem, and for his helpful discussions and criticism. It 
is a pleasure to acknowledge the generous way in which 
Dr. S. Millman and Dr. P. Kusch have given both valuable 
suggestions and time to aid the course of these experiments. 


Ropert H. Hay 
Department of Physics, 
Columbia University, 
New York, New York, 
June 27, 1940. 


* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University. 
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Structure of the Lower Excited Levels of the Br® Nucleus 


In studying the radiations emitted by the isomeric 
radio-bromine we established that there are many soft 
y-rays with an energy of several tens of kev." 

Measuring the absorption of y-rays in Al and using the 
method of selective filters we showed that the energy of 
these y-rays is undoubtedly less than 48 kev, i.e., they 
are not connected with the conversion transition which 
had been investigated previously.* 

The radio-bromine was obtained from the cyclotron of 
the Radium Institute of the Academy of Sciences of the 
USSR. The electrons emitted by the source were deflected 
by a magnetic field, so that the electromagnetic radiation 
only could penetrate into the G-M counter which was 
filled with a mixture of krypton (95 percent) and xenon 
(5 percent). The «/p value (in Al) for the detected y-rays 
was found to be 0.68, which corresponds to E,°37 kev. 

The method of selective filters showed that the energy 
of these y-rays lies between 35.9 and 37.4 kev. The results 
of these measurements are given in Table I. 

The decay period of the 37-kev y-radiation is found to 
be 4.5 hours. The following scheme would fit all the 
experimental results. The total excitation energy of the 


TABLE I. Comparison of absorption coefficients (y/p). 











. THEORETICAL VALUE OF y/p 

(ACCORDING TO JOHNSON) FOR 
K-LIMIT y= /p 
FILTER (KEV) 48 KEV 38 KEV 37 KEV 35 KEV (EXP.) 
Nd 43.6 21.7 6.9 8+1 
Ba 37.4 32.1 5.6 S+1 
Cs 35.9 33.7 6.2 3342 
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metastable Br nucleus is 85 kev. From this level there are 
transitions to a lower excited level which differs from the 
upper level by 48 kev in energy. This transition proceeds, 
as follows from our preliminary experiments, by internal 
conversion only. From this lower excited state, the energy 
of which exceeds by some 37 kev that of the ground state 
of Br®, a y-transition takes place, only partially associated 
with internal conversion. The conversion electrons corre- 
sponding to this second transition have been observed 
by Valley and McCreary.’ 

Using an absorbed layer of radio-bromine on silver, as 
a radioactive source, and the kryp*on-filled counter with 
a Cellophane window 100 thick, and also appropriate 
filters, we determined the ratio of the number of x-ray 
quanta registered by the counter, to the number of 
registered soft y-quanta. This ratio was found to be 
4.1+0.3. 

Using this value and taking into account the relative 
counting coefficient for x-ray quanta with E=13.5 kev 
and y-quanta with E=37 kev in our counter, and the 
fluorescence yield for the bromine atom, we estimated the 
value of the internal conversion coefficient a for the lower 
transition on the assumption that it is equal to 1 for the 
upper transition. The former is found to be equal to 0.5. 

A theoretical calculation with the formulas given by 
Hebb and Uhlenbeck and by Dancoff and Morrison shows 
that such a value of a may be associated only with a 
dipole electric transition. Hence for the lower (37 kev) 
transition Al=1. 

In conclusion we wish to thank Professor I. V. Kourt- 
schatow for helpful discussions. 

A. P. GRINBERG 


L. I. Roussinow 
Physico-Technical Institute, 
Leningrad, U.S. S. R., 
May 8, 1940. 
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Regularities Among the Heavy Nuclei 


In a recent paper on the missing heavy nuclei! I pointed 
out certain regularities that suggest that Rn, AcA, ThA, 
and RaA should all be beta-active as well as alpha-active. 
I was unaware that this conclusion had already been 
reached by Minder* by a similar argument. Just recently* 
Minder has published an account of experiments which 
give some evidence for the emission of beta-rays by RaA. 
The evidence for branching is not conclusive, however, 
since one cannot be sure that the observed electrons are 
true nuclear beta-rays. Minder’s inability to detect the 
hypothetical s;Ekal*"* by chemical means is not surprising 
in view of the work of Segré, MacKenzie and Corson‘ on 
the properties of that element. Even with proper chemical 
procedure it will be extremely difficult to detect these 
atoms if my estimate of their half-life as ~0.1 sec. is 
correct within a factor of 100. If, however, branching does 
occur to the extent indicated by Minder’s experiments 
and by those of Hulubei and Cauchois® in which they 
found x-ray lines of element 85, the fast alpha-particles 











of ssEkal** should be detectable. Indeed, they should 
already have been found in the work on the range of 
alpha-particles of RaA. The alpha-particles might have 
escaped detection if the branching ratio is only 0.01 or so, 
as predicted. 

Minder’s unorthodox view? that Ra, ThX, AcX, RdTh 
and RdAc also emit some nuclear beta-rays can hardly 
be accepted without more evidence since it would involve 
a most extraordinary irregularity of the nuclear energy 
surfaces in the neighborhood of Z=87. 

The basic assumption underlying my predictions of the 
radioactive properties of certain nuclei was that neighbor- 
ing nuclei of even Z (or of odd Z) and of the same value 
of y=A+50—3Z are likely to have similar radioactive 
properties. This is subject to the reservation that for 
every value of y the nuclei are beta-active above a certain 
value of Z and beta-stable below it. For y=14 and even 
Z’s the dividing value of Z is 81, for lower values of y 
and even Z's it is above Z=92; for y=12 and odd Z’s 
it is 82, for y=10 and odd Z’s it is between 83 and 89. 
The validity of the assumption is strengthened by the 
recent discovery of two more nuclei which do have the 
properties which were thus predicted. McMillan and 
Abelson* have shown that »9;EkaRe** is beta-active, the 
half-life being the already known one of 2.3 days. Nishina 
and collaborators’ have produced a 6.5-day beta-active U 
by the action of fast neutrons on U, and have naturally 
attributed it to U*’. In neither case could any activity of 
the disintegration products be detected so that it was 
concluded that the resulting 9s4EkaOs*® and 9;EkaRe*™ 
nuclei are alpha-active with long half-lives, as was pre- 
dicted by the above method. The prediction is particularly 
sure for 9s5EkaOs*® for which y=7. All of the known nuclei 
of even Z having y=9 are beta-stable and it is even more 
likely that those having y=7 should be beta-stable. By 
the method outlined in reference (1) the half-life of 
ssEkaOs** may be estimated to lie between that of Pa 
(3.210 yr.) and U™® (7.1108 yr.) and somewhat 
closer, logarithmically, to the latter. For 9;EkaRe*’ one 
could not be entirely sure even though for it y=8 as for 
giPa™, but if »9;EkaRe*’ is not beta-stable then there 
must either be no beta-stable isotope of EkaRe at all or 
gsEkaRe™*, isobaric with U**5, must be beta-stable. Both 
alternatives seem very unlikely. The experimental evidence 
concerning 9;EkaRe*’ is inconclusive, however, since 
McMillan and Abelson* have shown that the chemical 
properties of element 93 are different from those generally 
anticipated and assumed by Nishina et al.’ in their en- 
deavor to separate 9;3EkaRe*”’, 

I am indebted to Dr. E. Segré for calling my attention 
to the work of Minder. 

Louis A. TURNER 


Palmer Physical Laboratory, 
Princeton University, 
Princeton, New Jersey, 
June 27, 1940. 


1L. A. Turner, Phys. Rev. 57, 950 (1940). 

2 Minder, Helv. Phys. Acta 11, 497 (1938). 

3 Minder, Helv. Phys. Acta 13, 144 (1940). 

4 Segré, MacKenzie and Corson, Phys. Rev. 57, 1087 (1940). 

*H. Hulubei and Y. Cauchois, Comptes rendus 209, 39 (1939). 

* E. McMillan and P. H. Abelson, Phys. Rev. 57, 1185 (1940). 
um Yasaki, Ezoe, Kimura and Ikawa, Phys. Rev. 57, 1182 
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Initial Reignition Voltage Measurements 


The voltage necessary to establish an arc in the reversed 
direction after arc failure increases rapidly with respect 
to time from an initial value. Usual measurements of this 
reignition voltage are made with alternating-current arcs,! 
but the time interval between arc failure and application 
of the voltage can only be reduced asymptotically to zero. 
This method also has the disadvantage that the current 
at which the arc fails varies, and cannot be controlled, 
A method has been devised to overcome these difficulties. 

A direct-current arc was maintained between electrodes 
which could be connected instantaneously to a charged 
capacitor (350 uf). The capacitor was charged to various 
potentials of opposite sign to the arc voltage drop. As 
the capacitor potential is increased a value is reached at 
which it discharges rapidly across the arc space. This 
value of capacitor voltage represents the initial reignition 
voltage for a definite original arc current. Investigation 
with a cathode-ray oscillograph justified the method. 

The reignition voltages measured were independent of 
arc supply voltage and the value of capacitance over a 
range of 1 to 350 uf. They were also nearly independent 
of arc length except for a slight maximum which was 
somewhat more pronounced at higher currents. However, 
when delay was introduced between arc failure and 
application of the reignition voltage, the usual sharp 
increase with decreasing electrode spacing was observed. 
Measurements of reignition voltage as a function of time 
gave a linear increase over the first 80 microseconds of 
1.5 volts per microsecond for a 3-ampere, 3-mm Cu arc. 

The striking variation of initial reignition voltage as 
the arc current was varied is shown in Fig. 1. At small 
currents the values are rather constant around 250 volts, 
but for most metals as the current is increased, the values 
decrease rather abruptly to a new nearly constant value. 
For some materials these values are but slightly higher 
than the arc voltage. The critical current seems to increase 
with the heat diffusivity of the electrode material. That this 
transition from a high to a low value may correspond to 
a change in the arc mechanism itself is also suggested by 
a transition in the arc voltage at corresponding values of 
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Fic. 1. Initial reignition voltage as a function of arc current. 
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current as reported by Cobine? for carbon. This has also 
been observed with a cathode-ray oscillograph for an arc 
fed with superposed alternating and direct current. 
Transitions in the reignition voltage have been observed 
for C, Co, Cr, Fe, Mn, Mo, Ni, W and Zn while Cu, Ag, 
and Al show only a single state over the range of current 
investigated (0.8-15 amp.). 
Max GARBUNY 


Lynn H. MATTHIAS 
Allen-Bradley Laboratory, 
j Milwaukee, Wisconsin, 
June 19, 1940. 


* 1See J. Slepian, J. A. I. E. E. October, 1928; F. C. Todd and T. E. 
Browne, Phys. Rev. 36, 732 (1930). 

2j. D. Cobine, R. B. Power and L. P. Winsor, J. App. Phys. 10, 

420 (1939). 





A Rotational Analysis of Some CS, Bands in the Near 
Ultraviolet System 


In considering the possible electron configurations of 
various electronic states of carbon disulphide, Mulliken 
concluded that the molecule, though linear in the normal 
state, is bent in the excited electronic state of the 43200 
absorption band system.’ 

Some time ago Jenkins? reported that some of the bands 
in this system resemble those of a linear molecule with a 
simple P and R branch. However, with the spectrograph 
used, many of the lines were not resolved. Photographs 
of the bands taken by the writer in the second order of a 
30,000-line-per-inch grating having a practical resolving 
power of about 300,000, show some of the bands fairly 
well resolved. Both parallel and perpendicular types are 
present. It will be shown by Mulliken in a later paper 
that even if the molecule is bent in the excited electronic 
state, one may still expect essentially the same types of 
band structures as if it had remained linear. Let Ah/2x 
be the angular momentum along the axis in the lower state. 
In the upper electronic state, the angular momentum 
around an axis parallel to the line joining the S atoms 
may be characterized approximately by Kh/2x, because 
even a considerably bent carbon disulphide molecule 
approximates surprisingly closely to a symmetric top. 
Then there exists for practical purposes a selection rule, 
(K—A)=0 (parallel type), or +1 (perpendicular type). 

The results obtained from the analysis of four rotational 
bands may be summarized as follows: 


Band at A3501, type '=,*+"Z,*, B’=0.1122, B’ =0.1093 
Band at \3467, type 'II,+-'Z,", 

Bpr’ =0.1044, Bg’ =0.106;, B” =0.1016 
Band at 43637, type 'S,*+"'Z,*, B’=0.1178, B”’ =0.1151 
Band at 43601, type 'Z,*+"'Z,*, B’=0.1120, B’ =0.1097 


The B values are in cm~. The symbols used for the transi- 
tion type are not strictly applicable to the bent molecule 
but represent those linear molecule types which the ob- 
served bands resemble. However, the capital Greek letters 
continue to represent the total angular momentum about 
the figure axis. 

The bands at 3501 and 3601 have a common upper 
state whose rotational levels are perturbed. This per- 
turbation has been analyzed indicating that it is of the 
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heterogeneous type (AA= +1), the observed 'Z,* being 
perturbed by a 'II, state. The perturbation analysis gives 
sufficient data to determine that the B value of the 
perturbing state is 0.113 cm™'. The prediction by the 
theory that the heterogeneous type of perturbation causes 
a constant shift of all levels whose J values are greater 
than those of the perturbed levels, has been verified. The 
intensity distribution among the perturbed lines and the 
extra lines introduced by the perturbation has been 
calculated and verified. The lower states of these two 
bands differ by two quanta of the degenerate vibration vr». 
This would indicate that the value »:=397 cm™, as given 
by the Raman spectra data for liquid carbon disulphide, 
is too low for carbon disulphide vapor. 

It will be noted that the band at \3467 has two B 
values for the upper state. One was obtained from the 
Q branch, the other from the P and R branches. This 
may most reasonably be explained by a splitting of the 
levels due to the removal of K degeneracy by asymmetry. 
In order for the asymmetry to be sufficiently large to 
produce the observed splitting, it is necessary that the 
apex angle be bent to about 120° in the upper state. 
Calculations show that in spite of this asymmetry, rota- 
tional levels in the upper state will still approximately 
follow a simple J(J+1) formula if J is less than 25. 


LEONARD N. LIEBERMANN 
Ryerson Physical Laboratory, 
University of Chicago, 
Chicago, Illinois, 
June 25, 1940. 


'R.S. Mulliken, J. Chem. ‘a 3, 720 (1935). 
2F. A. Jenkins, Astrophys. J. 70, 191 (1929). 





Gamma-Ray Resonances from the Bombardment of 
Carbon by Deuterons 


Gamma-rays from the bombardment of carbon by deu- 
terons were first reported by Lauritsen and Crane.' Later 
Tuve and Hafstad? reported y-rays of high intensity from 
carbon bombarded by 1.0-Mev deuterons. We have con- 
firmed this high yield of y-rays from C"+H? and have 
further found that the curve of y-ray intensity as a function 
of bombarding energy is not a continuously rising curve 
but exhibits resonances. This is very interesting in view 
of the fact that it is the first known case of resonant emis- 
sion of y-rays from deuteron bombardment. Furthermore 
the data on the resonances in the emission of neutrons® 
and protons‘ from C"+H? indicate that the y-rays, at 
least in part, come from a radiative capture of a deuteron 
by C®. 

The experiments on the y-ray resonances have been 
carried out with the Rice Institute high pressure Van de 
Graaff machine. The y-rays have been detected both by 
means of coincidences of Geiger counters and by a Wulf 
type electroscope filled with argon at 70 atmospheres 
pressure. Most of the data have been taken with the elec- 
troscope because of the greater reliability and speed of 
such measurements. The intensity of the y-rays from one 
microampere of 1.5-Mev deuterons on a thick graphite 
target was found to give the same ionization in the argon- 
filled chamber as 5 mg of radium (filtered by 1 cm of iron). 
The y-ray intensity from C'*+H?* was found to be three 
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y 2 Dy e C®+4+H%+C!*+ H?, (4) 


protons. 

The excitation curves for the y-rays have been carried 
out with thin carbon targets made by evaporation of 
paraffin onto silver disks. These targets were in general 
only a few thousand volts thick. The deuterons were mag- 
netically analyzed by deflection through 90° before falling 
on the paraffin targets. Figure 1 gives the yield curve for the 
y-rays from 550 kev up to 2000 kev. This curve shows 
resonances at 920, 1160, 1300, 1430, and 1740 kev. The 
experimental half-widths of the resonances vary from 
about 250 kev for the level at 1740 kev to 10 kev for the 
level at 1430 kev. The 10-kev width.of this level is probably 
due to the spread in energy of the deuteron beam. 

The y-rays from all the resonances are hard, and 
although differing slightly, show about the same absorption 
in lead as do the y-rays from RaTh. With poor geometrical 
conditions the radiation from the resonance at 1300 kev 
was reduced to half-value in 2.6 cm of lead. 

Gamma-rays might arise from the following reactions: 


C?+4+H%+(N™*)+C3*4 HI+0;,; 
Q:=2.71 Mev for ground state (1) 


C2+4+H*+(N™*)-N*4 11+(,; 
Q2=—0.25 Mev for ground state (2) 


C#+H%+(N4*)-N4+-4,+03; Q;=10.4 Mev (3) 


C+ H*+(N'4*)-+N"** + 4.403; 
Q;=10.4 Mev for ground state 





C2#W+C4 4, 


The fact that the yield of N¥ exhibits some of the same 
resonances’ as the y-rays shows that reactions involving 
C™ could not be responsible. Considerations of the inten- 
sity of the y-rays and of the relative abundance of the 
carbon isotopes (C"/C%=90) leads to the same con- 
clusion. The observed y-rays cannot come from reactions 
(2) or (4) because they would then be of very low energy. 
This would be impossible in view of the Geiger-counter 
coincidence measurements and of the absorption coefficient 
in lead. 

Since the y-ray resonances at 1300, 1430, and 1740 kev 
are not exhibited for proton emission,‘ it seems reasonable 
to suppose that the y-rays from these levels are not from 
reaction (1), and so must be from the only remaining 
reaction (3). All the y-rays would not be expected to have 
the maximum possible energy, but frequently the N™ 
would return to the ground state of N" in steps, as in the 
case of the reaction: 

C¥+4H!—+(N"*)-N"+47:+05; Qs=8.2 Mev (5) 
C¥34H-+(NM*) NM 44, 
N4**NM4 4, 


Lauritsen and Fowler’ have found y-rays with energies of 
2.8, 5.4 and 8. 1 Mev from this reaction. 
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Further work is in progress to investigate the energy of 
the y-rays and a more detailed account of these experi- 
ments will be given after this work has been completed. 

W. E. BENNETT 
T. W. BonneR 


The Rice Institute, 
Houston, Texas, 
June 27, 1940. 


1C. C. Lauritsen and H. R. Crane, Phys. Rev. 45, 345 (1934). 

2M. A. Tuve and L. R. Hafstad, Phys. Rev. 48, 106 (1935). 

3T. W. Bonner, E. Hudspeth and W. E. Bennett, Phys. Rev., 
following letter. 

4M. M. Rogers, W. E. Bennett, T. W. Bonner and E. Hudspeth, 
Phys. Rev., following letter. 

*C. C. Lauritsen and W. A. Fowler, this issue, p. 193A. 





Resonances in the Emission of Neutrons from the 
Reaction C!*+ H? 


We have investigated the excitation curve for the 


reaction 
C++ H*-+(N™*)—-N4+4 1!—0.25 Mev. (1) 


The excitation curve for the neutrons had previously been 
obtained by Amaldi, Hafstad and Tuve' using a thick 
carbon target. Their measurements showed no resonances 
because they extended to only 950 kev. 

We have found that the excitation curve from a thin 
carbon target is not a smooth one, but shows resonances 
at 920, 1160, 1300, and 1825 kev. To detect the neutrons 
we have used a Wulf electroscope filled with hydrogen at 
a pressure of 7 atmospheres and we have studied the 
radioactivity of the N™ which is formed whenever a 
neutron is emitted according to reaction (1). The ionization 
measurements are much quicker, and so most of the data 
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are of this kind. The measurements of the radioactivity of 
N" were taken as a check on the ionization chamber data. 

The hydrogen-filled electroscope would also detect 
neutrons from the reaction 


C+ H*+(N!5*)-+N"+-n'+5.2 Mev. (2) 


However, the yield from this reaction is only 1 percent 
that from reaction (1) at 800 kev.? 

The amount of radioactive N" formed in a thin paraffin 
target was measured by means of a thin-walled Geiger 
counter placed outside a thin window on the target tube. 
The procedure was to bombard the target for ten minutes, 
then shut off the high voltage and follow the activity of the 
target. 

Figure 1 shows the excitation curves obtained from the 
ionization currents in hydrogen and from the radioactivity 
of the N"*. Since some of the ionization in hydrogen is due 
to y-rays, corrections had to be made to compensate for 
this effect. By using radium filtered by 1.0 cm of lead, we 
found that the y-ray sensitivity of the electroscope filled 
with hydrogen was only 4.75 percent that of the argon-filled 
chamber which was used in the y-ray measurements. We 
used the same target in both experiments, so we were able 
to calculate that the contribution of the y rays to the 
total ionization in hydrogen was 19 percent at 1525 kev. 
A corresponding correction was made at all other voltages. 
Curve (3) gives this corrected ionization due to the neu- 
trons alone. Both curves (1) and (3) show resonances at 
920, 1160, and 1300 kev. These are the same resonances as 
those found for the emission of y-rays.* However, the y-ray 
resonance at 1430 kev does not show as a resonance for 
neutron emission. 
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ionization chamber. Curve (3) is ob- 
tained from curve (2) by subtracting 
the effect produced by the y-rays from 
carbon. Hence curve (3) represents the 
neutron yield. 
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Above 1430 kev the hydrogen ionization data shows a 
level at 1740 kev and 1825 kev. The resonance at 1740 kev 
disappears after the y-ray correction is made (curve 3). 
The neutron resonance at 1825 kev is definitely at a higher 
energy than the y-ray level at 1740 kev. 

The neutron resonances at 920, 1160, 1300 and 1825 kev 
correspond to excited states in the intermediate N“ nucleus 
at 11.19, 11.39, 11.51, and 11.96 Mev. These excited states 
of N™ might also be expected to break up into C"+H!, 
giving resonances in the yield of protons. This prediction 
has been tested and the results are given in the following 
letter.‘ 


T. W. BoNNER 
EMMETT HuDSPETH 
W. E. BENNETT 
The Rice Institute, 
Houston, Texas, 
June 27, 1940. 
set) Amaldi, L. R. Hafstad and M. A. Tuve, Phys. Rev. 51, 896 


2T. W. Bonner and W. M. Brubaker, Phys. Rev. 50, 308 (1936). 

3 W. E. Bennett and T. W. Bonner, preceding letter. 

4M. M. Rogers, W. E. Bennett, T. W. Bonner and E. Hudspeth, 
following letter. 





Resonances in the Emission of Protons from the 
Reaction C!?+ H? 


Since the y-rays' and neutrons* from the bombardment 
of carbon by deuterons show many of the same resonances, 
we might expect the protons from the reaction 


C®+ H*+(N"*)-—+C+ H'+2.7 Mev (1) 


also to show the same resonances. These resonances cor- 
respond to excited states in the intermediate N" nucleus, 
and we might expect the emission of a neutron, a proton 
or a y-ray to be competing processes. We have studied the 
excitation curve of the 15-cm protons to see if resonances 
occur. . 

The protons were detected by a 2.5-cm deep ionization 
chamber connected to a linear amplifier. Such a deep 
chamber was used so that protons could be counted far 
from the end of their range. This was useful because the 
range of the protons from reaction (1) changes with bom- 
barding energy. 

Figure 1 gives our experimental excitation curve for 
protons. The curve shows the same resonance at 920 kev 
that was exhibited for the emission of y-rays and neutrons. 
The next resonance occurs at 1220 kev; this is 60 kev 
greater than the second resonance for the emission of 
y-rays. In order to make certain whether the resonances 
come at different positions, we have checked the y-ray 
curve immediately after obtaining the proton resonance. 
The y-ray resonance came at 1160 kev. It seems possible 
that the resonances at 1160 and 1220 kev really are the 
same level in N™ but that the exact position of the peak 
depends upon the particle that is emitted. Breit* has pre- 
dicted that the peak on such a resonance curve may be 
displaced as much as the width of the level, depending 
upon the mode of disintegration. It seems possible that 
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Fic. 1. The excitation curve for the emission of 15-cm protons from 
a thin target of carbon bombarded by deuterons. 


the neutron resonance at 1825 kev may likewise be the 
same level in the intermediate N™ as the 1740-level for 
y-ray emission. 

The protons do not show a resonance at 1300 kev, in 
contrast to the neutrons and y-rays. A careful search was 
made to see if the protons showed a resonance at 1430 kev. 
The high voltage was adjusted to be on the peak of the 
1430-kev level for y-rays and then the yield of protons 
observed. No increased yield was found at this voltage. 
The proton curve, unlike the curves for y-rays and neu- 
trons, does not show a rise in the region of 1350-1600 kev, 
indicating that the level at 1740 or 1825 kev may be 
missing. 

The relative yield of protons and neutrons has been 
obtained at 920 kev, by counting the number of N™ atoms 
formed in comparison to the number of protons from the 
same thin target. At 90° to the bombarding direction the 
ratio of protons to neutrons is 1.9. This indicates that the 
excited intermediate N™ nucleus is about equally likely to 
break up into a proton or a neutron. The relative number 
of y-rays is more difficult to obtain, but there seem to be 
more quanta of y-rays than protons or neutrons. 

There appear to be selection rules which prohibit the 
emission of protons from the 1300, 1430, and 1740-kev 
levels. Also there appears to be a selection rule which 
prohibits the emission of neutrons from the 1430-kev level. 
The 1430-kev level might be expected to be narrower than 
the other levels because it can decay only by emission of 
y-rays and therefore has a longer lifetime. 

M. M. RoGERs 
W. E. BENNETT 
T. W. BonNnER 


EMMETT HupsPETH. 
The Rice Institute, 
Houston, Texas, 
June 27, 1940. 


1W. E. Bennett and T. W. Bonner, preceding letter. 
2T. W. Bonner, E. Hudspeth and W. E. Bennett, preceding letter. 
3G. Breit, Science 91, 419 (1940). 
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PHYSICAL REVIEW 


VOLUME S58 


Proceedings of the American Physical Society 


MINUTES OF THE SEATTLE, WASHINGTON, MEETING, JUNE 18-21, 1940 


HE 235th regular meeting of the American 
Physical Society was held at the University 

of Washington, Seattle, Washington. A joint 
session with the American Association of Physics 
Teachers, held on the afternoon of June 18, was 
addressed by R. T. Birge, W. Weniger and A. A. 
Knowlton, who discussed the training and em- 
ployment of physicists. A symposium on Cosmic 
Rays, held on the morning of June 19, included 
the presentation by Volney Wilson of a paper by 
A. H. Compton, a paper by R. A. Millikan, 
Victor Neher and H. G. Stever (presented by 
Neher) and a paper by Hans Bethe. The after- 
noon session of June 19, a joint session with the 
Astronomical Society of the Pacific, was ad- 
dressed by G. M. Volkoff and D. B. McLaughlin, 
who discussed the problem of stellar energy. On 
the morning of June 20 N. F. Ramsey and J. R. 
Zacharias presented papers on Nuclear Moments 
and John von Neumann discussed special cases 


in the Theory of Operator Rings. For this paper 
the American Physical Society was in joint 
session with the American Mathematical Society. 
The afternoon session of June 20 comprised an 
Informal Symposium on Theoretical Physics, 
conducted by J. R. Oppenheimer, who opened 
the discussions by a presentation of ‘“‘The present 
crisis in the quantum theory of fields.’’ Hans 
Bethe, G. M. Volkoff and H. Snyder also par- 
ticipated. 

On Wednesday noon a luncheon was held at 
the Hotel Meany. K. K. Darrow and Frederick 
Bedell spoke briefly. 

The forty-seven contributed papers, abstracted 
and indexed below, were presented in parallel 
sessions during the morning and afternoon of 
June 21. Numbers 2, 7, 18, and 29 were read by 
title. 

PAUL KIRKPATRICK 
Local Secretary for the Pacific Coast 


ABSTRACTS 


1. The Spatial Asymmetry of Cerenkov Radiation as a 
Function of Electron Energy. H. O. Wyckorr anp J. E. 
HENDERSON, University of Washington.—The visible radia- 
tion proceeding in the form of a hollow cone from the path 
of a high speed electron traveling through a transparent 
medium was first discovered and investigated qualitatively 
by Cerenkov. Frank and Tamm have given a classical 
theoretical explanation of this asymmetry based on the 
fact that the electrons producing the radiation travel with 
a velocity greater than the velocity of the radiation they 
produce in the medium. They predict that cos @=1/8n 
where @ is the half-angle of the cone, nm the index of refrac- 
tion of the medium and &£ is the ratio v/c. The present 
experiment was devised to determine the dependence of 
the angle of emission of the radiation upon the electron 
energy. Electrons from an electron tube operating at up to 
815 kv impinged upon a thin sheet of mica. By measure- 
ment of the position of the radiation after reflection from 
a conical mirror the angle of emission in the mica was 
determined. All experimental points were found to lie on 
the theoretical curve within the experimental error between 
electron velocities provided by potentials from 240 kv to 
815 kv. This gives strong evidence in support of the theory 
of Frank and Tamm. 


2. Absolute f Values of Cd I and Cu I Lines. R. B. 
KinG, Mount Wilson Observatory, AND D. C. STOCKBARGER, 
Massachusetts Institute of Technology—The absolute f 
values of the Cd I line 43261 (‘So—*P,) and the Cu I reso- 
nance lines \A3247, 3274 (2S1j2—*P 3/2, 1/2) have been meas- 
ured by the method of total absorption. The metal vapors 
were obtained in a furnace designed for accurate tempera- 
ture control and measurement to temperatures of 1400°C. 
The measurements were made at low vapor pressures 
(weak absorption lines) at temperatures in the neighbor- 
hood of 200°C for Cd and 925°C for Cu. Results: for 
Cd 43261 f =0.0023; for Cu 43247 f =0.62, 43274 f =0.32. 
The value for Cd \3261 is in good agreement with the 
values 0.0019! and 0.0021? obtained by other investi- 
gators by different methods. Details will be published in a 
Mount Wilson contribution to appear in the Astrophysical 
Journal (in press). 


1W. Kuhn, .~“* E10” ane, 1926); H. D. Koenig and 
A. Ellett, Phys. Rev. 39, 576 (19. 
2A. Eliett, Phys. Rev. 33, ry 11929). 


3. The Positive Corona Discharge. K. S. FirzsimmMons, 
L. B. Logs anv J. M. MEEK, University of California.— 
In order to determine the conditions for streamer propaga- 
tion in positive point corona measurements were made in 
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dry air with confocal paraboloids and have been pre- 
viously reported.' These data, together with supplementary 
data, enable curves of the variation of field strength across 
the gap to be drawn for onset of streamers, steady burst 
pulse corona, and spark breakdown. A paraboloid of focal 
length 0.009 cm was used in conjunction with four other 
paraboloids of focal length 1, 2, 3 and 5 cm, respectively. 
As was to be expected the field strength curves for streamer 
onset lie within experimental error of each other. The 
results for the 1-cm gap were initially at fault due to the 
presence of excess NO; etc. owing to lack of adequate air 
circulation, a fault which was later rectified. The values of 
the streamer-producing field agree in a surprising measure 
with the criterion for streamer onset inherent in the new 
theory of spark discharge.” 


1K. S. Fitzsimmons, Phys. Rev. 57, 251A (1940). 
2 J. M. Meek, Phys. Rev. 57, 722 (1940); L. B. Loeb and J. M. Meek, 
J. App. Phys. 11, 438 (1940); also July issue, in press. 


4. On the Structure of the Arc Spectrum of Tungsten. 
Ortro Laporte, University of Michigan, AND J. E. Mack, 
University of Wisconsin.—Since the last report on this 
spectrum! essential progress has been made in the interpre- 
tation of levels. Despite the fact that no pronounced 
coupling holds we have succeeded in considerably extending 
our previous identifications among the levels of the low 
even, middle odd, and high even groups. In the middle 
group the levels d‘s(*D)p"*5(PDF) and in the high even 
group the levels d‘s(*D)s 74D have been identified. Using 
formulae published by Ostrofsky? it has been possible to 
assign most of the low levels to d‘s*. Also numerous d's 
levels have been found for the sake of whose theoretical 
treatment a calculation of the electrostatic interactions in 
d° has been carried out. 


1 Phys. Rev. 52, 249 (1937). 
2 Phys. Rev. 46, 604 (1934). 


5. Temporal Effects in Nitrogen Afterglows. JosEPH 
KAPLAN, University of California at Los Angeles, AND 
Sipney M. RuBens, University of Southern California.— 
Continued experiments on the difference in spectra of 
nitrogen afterglows taken at varying times after the inter- 
ruption of the discharge have led to an hypothesis regarding 
the meaning of these temporal effects. By employing long 
tubes viewed end-on it has been possible to obtain after- 
glow spectra in reasonably short times. At the pressures 
maintained in these experiments, 10 to 20 mm Hg, the 
early phase of the afterglow showed intense first-negative 
bands as well as stiong \3467, making this the most faithful 
reproduction of the aurvral spectrum so far achieved. The 
actual intensity of 3467 increases with time early in the 
afterglow in spite of the decrease in the total intensity 
of the afterglow. For equal intensity of the persistent 
first-positive bands, there is a great increase in intensity 
of 3467 with time. These results are interpreted in terms 
of rapid predissociation of the nitrogen molecule from a 
state whose population depends on the elapsed time of the 
glow or on the elapsed number of collisions. Evidence for 
this is the correspondence between the early phase of a 
high pressure afterglow and a later phase of a lower pressure 
afterglow. This rapid predissociation is proposed as the 
origin of forbidden lines in upper-atmospheric spectra. 


6. Afterglows in Nitrogen-Helium Mixtures. SIDNeY M 
RuBens, University of Southern California, AND JOSEPH 
KapPLan, University of California at Los Angeles.—The 
spectra of afterglows have been obtained in nitrogen- 
helium mixtures at two different nitrogen-helium ratios, 
With an excess of helium the relative intensity of \3467 
early in the afterglow corresponds to that observed in the 
late stage of the afterglow in pure nitrogen. Tentative 
identification of spectra of the late phase of this afterglow 
indicates the presence of the nebular line near 5200 and 
the absence of 3467. Thus a temporal effect exists in the 
N:—He glow but one different from that previously re- 
ported for pure nitrogen. Early and late spectra for 
N:—He glows, in which the amounts of the two gases are 
about equal, show a mixture of the temporal effects for 
pure N; and the one discussed above. The remarkably 
large relative intensity of 3467 may be caused either by 
the prevention of diffusion of metastable nitrogen atoms to 
the walls or by the enhanced predissociation of nitrogen 
produced by helium. That the latter is probably predomi- 
nant is indicated by the effect of helium in producing an 
abnormal intensity distribution in the first-positive group 
in the afterglow and the existence of a temporal effect 
different from that in pure nitrogen. 

7. Note on the Polarization of Light Emitted by Elec- 
trically Exploded Wires. Witt1 M. Coun, El Cerrito- 
Berkeley, California.—The polarization of light emitted by 
an electrically exploded wire was photographically investi- 
gated. No polarization was found, within the limits of 
accuracy. It is concluded that scattered and reflected 
light does not contribute to the emission from electrically 
exploded wires. This leaves temperature radiation and 
continuous electron radiation as the only factors causing 
the emission of the continuous spectrum. 

8. The Sparking Threshold in Air. WILLIAM R. HasseEt- 
TINE, University of California.—To test the streamer 
theory of breakdown recently developed by Loeb and 
Meek," ? a stabilized voltage source was set up, and the 
breakdown potential measured between plane parallel 
electrodes in dry air. Automatic recording of sparks was 
provided. Thresholds have been measured at various 
values of ~é from 100 to 400. The value at pi=316, 
T=15°C seems to be 15.4 kv. The theory contains an 
incompletely specified parameter, by means of which the 
predicted threshold can be varied about two percent. 
When this is assigned to fit one point, the agreement with 
other points is remarkable. The effect of previous sparks 
on the threshold is most marked. At atmospheric pressure, 
a series of previous sparks may lower the threshold by 
600 out of 10,000. On standing, there is a slow recovery. 
When the chamber is continuously flushed by a slow 
stream of dry air, the effect is greatly reduced, but not 
eliminated. Also, at lower pressures (200 mm) the effect 
is only about one percent (50 v out of 5000). This seems to 
be caused, in part at least, by the formation of nitrogen 
oxides. When the threshold is about 12 kv, the region in 
which time lags and statistical fluctuations could be 
detected is certainly less than 50 v wide. 


1J. M. Meek, Phys. Rev. 57, 722 (1940). 
2 L. B. Loeb and J. M. Meek, J. App. Phvs. 11. 438 (1940); also July 
issue, in press. 
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9. Forbidden Lines in the Spectrum of PbI. S. Mro- 
zowskl, Radiation Laboratory, University of California. 
(Introduced by F. A. Jenkins.)\—The hyperfine structure 
of the forbidden lines of lead (within the 6p* configuration) 
has been studied with the purpose of establishing the 
intensity rules in hyperfine structure of forbidden lines. 
The spectrum was excited very intensely by electric 
standing waves in a helium atmosphere of about 5 mm 
pressure and saturated Pb vapor at about 850°C.! For the 
pure magnetic dipole line 4618A the intensity ratio and 
the ratio of the distances from the center of gravity were 
found to agree with the predictions of the well-known rules 
for electric dipole transitions. For the pure electric quadru- 
pole line 5313A the ratios are given by the Rubinowicz 
formulas transcribed for the case of hyperfine structure by 
Opechowski.? In the case of the line 7330A, of mixed type, 
the intensities are approximately those for the electric 
dipole radiation, showing that this line has mostly a 
magnetic dipole character. An upper limit of the admixture 
of the electric quadrupole character can be evaluated from 
these measurements. The relative intensities of these 
three lines and of two others, 4659A and a newly found 
line 9250A (*P:—'Dz2), are being measured for the purpose 
of comparison with. theory. 


1H. Niewodniczanski, Acta Physica Polonica 2, 375 (1934). 
2S. Mrozowski, Phys. Rev. 57, 207 (1940). 


10. Raman Spectra Evidence for the Disappearance of 
the Cyanate Ion from an Aqueous Solution of Potassium 
Cyanate. Forrest F. CLEVELAND, Armour Institute of 
Technology.—In a recent study of the infra-red absorption 
spectrum of a saturated aqueous solution of potassium 
cyanate, Williams! found that the bands at 840 and 2180 
cm! in the freshly prepared solution became weaker with 
age of the solution and that additional bands corresponding 
to characteristic absorption frequencies of NH, and CO; 
appeared. To supplement the infra-red data, Raman 
spectra of such a solution have been obtained over a ten- 
day period. Displacements, estimated intensities, and 
depolarization factors obtained from spectrograms made 
the first day were: 1225(6)0.6, 1315(4)0.6, and 2171(10)0.3. 
After three days, these lines had disappeared, three new 
lines, 1003(8)0.4, 1033(8)0.3, and 1064(10)0.3, had ap- 
peared, and the solution had acquired an unmistakable 
odor of ammonia. Since the frequencies 1064 and 1033 are 
known to correspond to the symmetrical breathing fre- 
quencies of the CO; ion in K,CO; and KHCO; solutions, 
the conclusions drawn by Williams from the infra-red 
data are verified. 

The assignment of the frequencies observed for the fresh 
solution presents some difficulty. Calculations indicate 
that the frequencies observed at 1225 and 1315 can hardly 
be fundamental frequencies of the linear —O—C=N 
group. Goubeau* has reported 1204 and 1307 for cyanic 
acid and it may be, therefore, that these lines are due to 
the formation of some of this acid in the solution. 


! Dudley Williams, Phys. Rev. 57, 1077A (1940). 
? J. Goubeau, Ber. Deut. Chem. Ges. 68, 912 (1935). 
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11. Fluorescence Method of Identifying Potato Tubers 
Free from Bacterial Ring Rot and Other Types of Decay. 
Harry C. Ketty anv V. E. Iverson, Montana State 
College.—The identification of potato tubers free from 
bacterial ring rot and other types of diseases which cause 
tuber breakdown has proven to be an important problem 
to potato seed growers. A rapid and inexpensive method of 
detection of some tuber diseases by examination under 
ultraviolet light and the resulting fluorescence is described. 
The method! has found commercial application in culling 
seed stock. A comparison with other methods of detecting 
the ring rot organism is given and the application of the 
new test method is illustrated. 


1A New Method of Identifying Potato Tubers Free from Bacterial 
Ring Rot and Other Types of Tuber Decay,"’ Mimeo. Circular No. 20, 
by V. E. Iverson and H. C. Kelly, Montana Agricultural Experiment 
Station, Bozeman, Montana, April, 1940. 


12. Observations on Field Currents from Tantalum. 
G. M. FLeminGc AnD D. M. HoLtoner, Mount Holyoke 
College——An electron projector like that described by 
Miiller' was used to study field emission from tantalum. 
A tantalum point was mounted at the center of a glass 
flask, the inner surface of which was coated with willemite. 
A positive potential applied to a ring anode produced a 
high radial field at the surface of the point. Emitted elec- 
trons were projected to the walls of the tube where they 
produced fluorescence. The fluorescent areas were of two 
types: One, sharply defined, brilliant, and easily measur- 
able, was associated with large emission currents; the other, 
faint and rather diffuse and fragmentary, occurred with 
very low currents. Ordinarily the two types of emission 
did not occur simultaneously, although their voltage ranges 
overlapped. The slopes of the lines obtained by plotting 
log I/F? against 1/V were compared with the values pre- 
dicted by the Fowler-Nordheim theory? assuming various 
values for radius of curvature of the emitting point. To 
bring agreement these values were from two to ten times 
smaller than the measured radius. Current densities could 
be made to agree only for certain slopes. 


1E. W. Miller, Zeits. f. Physik 108, 668 (1938). 
2? R. H. Fowler and L. Nordheim, Proc. Roy. Soc. 119,173 (1928). 


13. On the Ratio N of Scattering to Capture Cross Sec- 
tion for Thermal Neutrons in Paraffin. E. A. ScHuCHARD, 
University of Washington.—An exact solution of the Boltz- 
mann equation previously presented! furnishes the relation : 
N=R'*—2R, where R is the ratio of the activity of a thin 
detector placed deep in the interior of a large paraffin block 
to that at the surface when a uniform interior production 
of thermal neutrons is present. Using a recent quotation of 
R=14, N=168 is obtained as compared to the value 196 
predicted by the Fermi “albedo” formula N=R*. The 
available experimental information on the thermal neutron 
emission from paraffin is not of sufficient precision to fix 
N's value by comparison with the theoretical predictions, 
though a lower limit of 150 is indicated if the interior 
thermal production is uniform. Some quite direct measure- 
ments for «, and «, may be combined in two ways to give 
for their ratio N the values: 169+8 percent, 195+8 per- 
cent. It is to be noted that these values of N make the 
numerical approximation (N= «) in the albedo relations 
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of Halpern, Lueneburg and Clark? quite serious. A slight 
dependence on N (2-4 percent change from N= to 
N=150) is to be found in the transmission ratio curve for 
pure absorbers placed on the standard paraffin cylinder. 


1 E. A. Uehling and E. A. Schuchard, Phys. Rev. 57, 251A (1940). 
2 Halpern, Lueneburg and Clark, Phys. Rev. 53, 182 (1938), Eq. (66a). 


14. Spin-Orbit Coupling in He®. S. M. Dancorr, Uni- 
versity of California.—The value of the splitting of the 
ground state of He® has been set by Staub at 0.25+0.1 
Mev. Attempts have been made to account for this on the 
basis of (a) Thomas relativistic spin-orbit coupling, and 
(b) the ‘‘tensor’’ spin-orbit interaction of mesotron theory. 
The Thomas doublet is in the right direction but is in 
magnitude only about -0.003 Mev. The tensor splitting is 
here calculated to second order and is found to be of the 
order of magnitude of 0.1 Mev but opposite in direction to 
the observed doublet. The possible effects of other types 
of force are discussed. 


15. The Density Distribution in Steady-State Diffusion. 
E. A. UEHLING, University of Washington.—Steady-state 
conditions in many transport problems (radiative trans- 
mission in stellar atmospheres,! heat conduction in rarified 
gases,” diffusion with neglect of mutual interactions) are 
described by a Fredholm integral equation of the second 
kind 


Git) = 10) + 4d J" K(|t—0 [Gea 


ith 1 —wlf 


Using the methods of Laplace transformation and inver- 
sion, solutions in closed form for the case of a= © may now 
be given. With particular reference to the diffusion problem, 
the coordinate ¢ is measured in units of the total m.f.p., 
the parameter \ is the ratio of total and scattering mean 
free paths, and J(t) is a function which may assume dif- 
ferent forms depending upon the choice of boundary con- 
ditions (incident currents or interior source distributions). 
The corresponding problems are formally equivalent, a 
source distribution of the form e~* with 5 lying on a 
segment (1, ©) of the real axis corresponding to a delta- 
function distribution in angle of incident current. Values of 
b in the domain R(b)=0, b+(1, ©) correspond only to 
source distributions. The two domains of } have, further- 
more, distinct analytic properties. For R(b)=0, 6+(1, ~) 
including the limiting case of uniform source distributions 
the solution is 
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where A(z) is a solving function analytic for R(z)>0, uo is 
given by 





uo—1 
1+4Aruo In eT ae 
and B is a constant proportional to the source strength. 

1K. Schwarzchild, Berlin Sitz., ee 2. 1191 (1914). 

2V. A. Kostitzin, Mem. Sc. Math. 9 (1935). 

30. Halpern, R. Lueneburg and O. e lark, Phys. Rev. 53, 173 (1938); 
E. A. Uehling and E. A. Schuchard, Phys. Rev. 57, 251A (1940). 

16. The Diamagnetism and the Quadrupole Moment of 
Hydrogen Molecules. N. F. RAMsEy,* Department of Ter- 
restrial Magnetism, Carnegie Institution of Washington.— 
From the observed rotational radiofrequency spectra of H., 
D2, and HD,! both the high frequency portion of the dia- 
magnetic susceptibility and the dependence of the total 
diamagnetic susceptibility upon the orientation of the 
molecules may be evaluated. The former comes from the 
observed values of the rotational magnetic moments and 
from Wick’s theory? of the moments. The value obtained 
is xqr=(1.53+0.12)X10-" per molecule. The latter is 
obtained by introducing into the Hamiltonian® used in the 
analysis of the radiofrequency spectra an additional term 
providing for the diamagnetism of the molecule. With this 
term included, the theoretical and experimental spectra 
agree completely if the difference in diamagnetic sucepti- 
bility perpendicular to and along the axis of the molecule 
is taken to be (—12.5+5.0)K10-" per molecule. From 
these two results and from the previously observed 
susceptibility of H2 gas, the quadrupole moment of the 
electrons in H. may be evaluated. The value of (3z*—,?) 
for the electrons is thus found to be (0.21+0.07) x 10-1 
cm*?, The value calculated® from James-Coolidge wave 
functions is 0.15 10-'* cm*. Observations of the radio- 
frequency spectrum in a stronger magnetic field should 
provide a more precise experimental determination. 


* Now at the University of Illinois. 

1N. F. Ramsey, Phys. Rev. 55, 595A (1939). 

2G. < Ee eits. 3 Physik 85, 25 4 

aj. B. Kellogg, I Ramsey and J. R. Zacharias, 


Phys. = 56, 728 fos) 57, 7 ar7 (194 (1940). 

*A. P. Wills and L. G . Hector, Phys. Rev. 23, 209 (1924). 

5H. M. James and A. Ss. Coolidge, Astrophys. J. 87, 447 (1938). 

17. Radiative K Capture. P. Morrison anp L. I. 
ScuirF, University of California.—Accompanying K cap- 
ture, as in beta-activity, there is a weak high energy 
gamma-ray spectrum. We have calculated its intensity 
using the usual second-order perturbation theory employed 
by Bloch! and by Knipp and Uhienbeck? for the radiative 
beta-activity. The major contribution to the effect is from 
magnetic radiative capture of a K electron. For an allowed 
transition using Fermi or Gamow-Teller coupling, the 
number of gamma-quanta per XK electron captured is 
(a/12r)(W/mce*)?, where W is the available energy. For 
other couplings and for forbidden transitions, the effect is 
of the same order of magnitude. We also show that an 
alternative calculation of Knipp and Uhlenbeck,? which 
regards the radiative beta-decay as a “‘first-order” transi- 
tion from a singular spherical outgoing electron state toa 
plane wave, gives the correct answer only for couplings 
that are independent of the electron momentum, and thus 
not for forbidden transitions. 


IF, Bh, Phys. Rev. 50, 472 (1936). 
2J. K. Knipp a G. E. Uhlenbeck, Physica 3, 425 (1936). 





So 


TI 


¥Y, | 


Uo is 


938); 


nt of 
Ter- 
m.— 
df H., 
 dia- 
total 
the 
1 the 
; and 
1ined 
er is 
n the 
term 
1 this 
ectra 
epti- 
ecule 
From 
rved! 
f the 
'—72) 
10-16 
wave 
adio- 
nould 


harias, 


— 


L. I. 


nergy 
nsity 
loyed 
jative 
from 
lowed 
, the 
ed is 
. For 
ect is 
at an 
which 
ransi- 
e toa 
lings 
| thus 





AMERICAN PHYSICAL SOCIETY 191 


18. The Mean Lifetime of the Mesotron from Electro- 
scope Data. H. V. NEHER AND H. G. Stever, California 
Institute of Technology.—In order to detect the postulated 
decay of the mesotron and to secure data for the calculation 
for a mean rest lifetime, ro, an experiment which consisted 
of the measurement of cosmic-ray intensity at various 
depths in two lakes of widely differing altitude but of the 
same geomagnetic latitude was performed, using one of 
our self-recording electroscopes which has been used in 
other cosmic-ray work. In the higher lake, about 12,000 ft. 
above the lower, readings were taken at depths of 4.9, 5.9 
and 6.9 meters and in the lower lake at 1.3, 2.3 and 3.3 
meters, the difference in depth in the two lakes being about 
equal in mass to the air between the lakes. On the basis of 
the most recent theory, air and water were assumed to be 
gram for gram equivalent absorbers for the mesotrons 
involved. The ratio of intensities at equivalent points in 
the two lakes was theoretically calculated by finding the 
probability that a mesotron of mean lifetime, 7, and of 
energy E would reach the lower station, and integrating 
this probability over the energy distribution curves of 
Blackett from a minimum energy, Eo, just necessary to 
penetrate to the instrument in the lower lake. Matching 
observed and calculated ratios a mean rest lifetime, ro, of 
2.5 10~® sec. was found. For reasons outlined in a paper, 
to follow, this should be an upper limit on the correct 
mean lifetime. 


19. The Electromagnetic Properties of Mesotrons. H. C. 
CORBEN AND JULIAN SCHWINGER, University of California. 
—A general theory of particles of unit spin and arbitrary 
magnetic moment is developed and applied to the motion 
of such particles in a Coulomb field. In the particular case 
of magnetic moment unity (Proca theory) the exact equa- 
tions for the radial components of the wave functions 
possess regular solutions only for those states (j=/+0 
and j=0, /=1) in which the orbital angular momentum / 
is a constant of the motion. For particles of magnetic 
moment two mesotron magnetrons the singularities dis- 
appear from the equations for all but the first state of 
each case j =/+1 and j=/—1. The cross section for the 
fractional energy transfer to electrons by energetic meso- 
trons is calculated for the various simple possibilities of 
mesotron spin ¢ (0, 3, 1) and magnetic moment yu (arbitrary 
except for zero spin) and it is shown that only for o=}, 
ul (in particular ~=0) and o=1, w=1 is the cross 
section of the correct magnitude and form (i.e., essentially 
independent of the mesotron energy) to account for ob- 
served burst phenomena at energies greater than 2X10" 
ev. Criteria for the validity of these formulae may be 
derived by requiring the smallness of the coupling energies 
involved. 


20. Relativity Misconceptions Such as Relative Velocity. 
E. M. Litt_e, Montana State University.—There seems to 
be some confusion in the calculation of relative velocity 
in relativity. The usual expression is (u+v)/(1+uv/c). 
This gives the velocity of A relative to B as measured by 
B if the velocities of A and B with respect to C are u and 
v, and is the usual idea of relative velocity. However, just 


as often a different concept of relative velocity is needed 
—the relative velocity of A and B as measured by C. This 
turns out to be merely u+v, not the above relativity ex- 
pression. Reversal of cause and effect is another bad error. 
Order of events can be reversed but not to the extent of 
reversing cause and effect because the order of two events 
cannot be reversed unless they are far enough apart in 
space so that a light signal cannot get from one event to 
the other in the time interval. Another misconception is 
that a clock traveling away from the observer with a speed 
greater than that of light will have its hands move back- 
ward. At this speed, however, time, mass, and length are 
imaginary. Mercury's precession is mostly due to general 
relativity, not special. All things are not relative. 


21. The Disintegration of Fluorine by Protons. J. F. 
Streis, W. A. FOWLER AND C. C. Lauritsen, Kellogg 
Radiation Laboratory, California Institute of Technology.— 
Excitation curves for the production of gamma-rays, pairs, 
and long range alpha-particles from F"+H! have been 
obtained by bombarding a thin TaF; target with protons 
up to 1.5 Mev in energy. Resonance in both the pair and 
alpha-particle production occurs at 0.71, 0.84 and 1.35 Mev. 
The alpha-particle and pair resonances are, however, 
superimposed on a background which increases rapidly 
with voltage. This background becomes comparable to the 
resonances at about 0.9 Mev for the pairs and at much 
lower energies for the alphas. In the region between 0.9 and 
1.3 Mev there is no apparent correlation between the pair 
and alpha-yields, the lack of correlation being very marked 
near 1.22 Mev where the pair yield shows strong resonance 
while the alpha-yield shows a flat minimum. The average 
pair and alpha-yields are comparable but each is only a few 
percent of the gamma-ray yields at 0.86, 0.93 and 1.36 
Mev. No definite correlation in the gamma-ray and pair or 
alpha-resonances has been observed. 

The existence of some simultaneous resonances in the 
pair and alpha-curves probably establishes the angular 
momentum and parity of the excited state of O'* which 
emits the pairs as O* and thus the transition to the ground 
state (O*+) can be due to electromagnetic interactions.' 


1 Oppenheimer and Schwinger, Phys. Rev. 56, 1066 (1939). 


22. Interaction of Mesotrons with y-Rays. R. F. Curisty 
AND S. KusakKAa, University of California.—Differential 
cross sections for the production of a mesotron pair by a 
y-ray and for the bremsstrahlung of mesotrons in the 
electromagnetic field of a nucleus have been calculated by 
Born approximation, using spin sum and spur techniques 
with Kemmer’s' form of the Proca equations for mesotrons 
of unit spin and unit magnetic moment. The differential 
cross sections have been integrated in the limit where the 
energies of mesotrons and quantum are large compared to 
the rest energy of the mesotron. For a Coulomb field the 
total cross sections are ¢ = A aZ*e*E*/(yc*)*, where for pair 
production A = 19/72 and E is the y-ray energy, and for 
bremsstrahlung A=11/72 and E is the initial mesotron 
energy. These cross sections in an ideal Coulomb field do 
not correctly describe the electromagnetic effects in the 
neighborhood of an actual nucleus because the important 
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impacts are much closer than the nuclear radius. The 
cross sections in an electromagnetic field of the form 
Ze(1—e-*'*)/r, where a is the nuclear radius and is taken 
to be hZ!/uc, are o = BaZ5'%e4E/(yuc*)’, where E is defined as 
before and B=52/36 and 52/108, respectively, for pair 
production and bremsstrahlung. Here, since impacts near a 
are important, the constant B depends on the shape of the 
electromagnetic field near the nucleus; whereas even when 
the field is known, B cannot be uniquely determined by the 
approximate ‘‘method of virtual quanta.” 


1N. Kemmer, Proc. Roy. Soc. A173, 91 (1939). 


23. Temperature Dependence of the Viscosity of Helium. 
E. J. HELLUND, University of Washington.—The idea has 
been frequently advanced that viscosity data may offer a 
good basis for the determination of intermolecular fields. A 
particular force law, which is assumed, leads to a definite 
temperature dependence which may then be compared 
with experiment.' Agreement between the two is taken 
accordingly as evidence for the correctness of the field on 
which the calculation has been performed. 

The present paper is a preliminary work on a three 
parameter potential of a modified elastic sphere type. That 
is, the interaction consists of an impenetrable core sur- 
rounded by a finite repulsive barrier. The parameters 
which may then be varied are the two independent 
interaction diameters and the height of the barrier. The 
calculation of the transport cross section in this case reveals 
the presence of the three characteristics necessary for a 
correct temperature dependence. They are an increase of 
the cross section at intermediate temperatures, a sharp 
decrease at very low temperatures and an approach to the 
classical values at high temperatures. The results for a 
choice of field of 2A, hard core diameter, 2.5A, barrier 
diameter, and (82?/h?)m V barrier = 8 X 10"* show a difference 
between theoretical and experimental values of approxi- 
mately 4 percent from temperatures of 4.23°K to 290°K. 
The difference is, moreover, in the same direction, for all 
temperatures, indicating that closer agreement may be 
obtained by adjusting the inner diameter. 


1 Massey and Mohr, Proc. Roy. Soc. Al44, 188 (1934); E. A. Uehling 
and E. J. Hellund, Phys. Rev. 54, 479 (1938). 


24. A High Yield Canal-Ray Ion Source for Nuclear 
Disintegration. W. H. Goss anp J. E. HENDERSON, Uni- 
versity of Washington.—A canal-ray ion source has been de- 
signed, built and tested which incorporates the following 
properties. It operates at low pressures and small exit 
canals, giving low gas consumption and low gas pressure in 
the disintegration tube. This permits acceleration to the 
target of the ions generated. Measurements at the target 
of the unresolved beam show a readily usable yield of 600 
microamperes. The large yield has only been obtained when 
the “ion bundle” is experimentally centered on the exit 
canal. As the ion beam emerges with considerable energy 
the beam is a narrow pencil permitting easy focusing. The 
power consumption is small. Perhaps its greatest asset has 
been its long life. One source has been in use for more than 
1000 hours without failure of any kind. For the immediate 
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experiments for which it has been used resolution of the 
ions has not been important but neutron yields indicate 
the deuteron current to be at least 10 percent of the total 
current based on the reported yields of Amaldi, Hafstad 
and Tuve. 


25. Low Energy 8-Rays from Copper“. JoHNn Backus, 
University of California. (Introduced by Luis W. Alvarez,)— 
An electrostatic B-ray spectrograph has been constructed 
to explore the low energy distribution of positrons and 
electrons from Cu. The apparatus is equipped with a 
counter whose window is transparent to 3000-volt electrons, 
The source of radiocopper is electrolytically separated from 
zinc bombarded with 16-Mev deuterons, and is deposited 
ona film of the same type as the counter window, to mini- 
mize back-scattering. The 8-ray distributions have been 
studied from 50-5 kev. The electron distribution is a 
straight line which extrapolates through the origin. The 
positron curve is concave upward and appears to pass 
through the origin with a high order of contact. While 
these curves may be distorted by some unsuspected source 
of error, the e~/e* ratio appears to be free from suspicion, 
This ratio as a function of energy may be compared with 
theoretical prediction, as it is independent of Z, and almost 
independent of Emax. The theoretical curve cannot be 
brought into agreement with the experimental. This is 
difficult to understand, as the phenomenon is essentially 
an extra-nuclear one involving the purely coulomb field of 
the nucleus. 


26. Gamma-Radiation from N'*+H'. W. A. FowLer 
AND C, C. Lauritsen, Kellogg Radiation Laboratory, Cali- 
fornia Institute of Technology.—The production of gamma- 
radiation by the bombardment of N* by protons up to 1.4 
Mev in energy has been studied using targets of ammonium 
chloride containing 14.8 percent N' supplied to us by 
Professor H. C. Urey and Dr. Harry Thode of Columbia 
University. The excitation curves for thick targets indicate 
resonance (half-width=20 kv) in the gamma-ray produc- 
tion at proton energies of 0.88, 1.03 and 1.20 Mev. The 
yields above resonance were found to be 0.4, 0.3 and 
1.21077 quanta per proton, respectively. The yield from 
ordinary ammonium chloride targets was small compared 
to the yield from the enriched targets. Cloud-chamber 
investigations of the electron and pair secondaries produced 
in thin lead and carbon laminae by the gamma-radiation 
indicate that it consists mainly of a line at 4.4+0.2 Mev. 
This line is to be attributed to the reaction N' (p,a) C*, 
an excited state in C” at this energy being well known. 


27. High Energy Carbon Nuclei. Luis W. ALVaRéz, 
University of California.—The 37-inch cyclotron chamber 
was filled with CH, and a beam of 50 Mev ¢C!*+***** ions 
was detected with a linear amplifier. To resolve these ions 
from alpha-particles, it was necessary to reduce the dee 
voltage and to adjust the magnetic field to the low side of 
the alpha-particle peak. Under these conditions, about 500 
carbon nuclei entered the ionization chamber per minute. 
The pulses on the oscillograph were about nine times as 
high as those from Po alpha-particles, showing that their 
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charge was about 6e. Their range was between 6 and 11 cm 
of air. The theoretical value is about 8 cm. e/m and v are 
known from the cyclotron constants. If the helium con- 
tamination in the cyclotron were not present, it would 
probably be possible to use these ions in disintegration ex- 
periments, for one could then set on the peak of the carbon 
resonance curve. Attempts to observe 100-Mev carbon ions 
in the 60-inch cyclotron gave no conclusive results, as the 
carbon beam was masked by a low energy deuteron beam 
with the same range and resonance magnetic field. These 
spurious ions emerge from the gap between dees, and do 
not pass through the deflector channel. 


28. The Photonuclear Disintegration of Iron and 
Manganese. P. R. CARLSON AND J. E. HENDERSON, Uni- 
versity of Washington.—Photonuclear reactions have been 
produced in a number of elements, the chief work having 
been done by Bothe and Gentner using the 17-Mv y-rays 
from lithium bombarded with protons. By use of a positive 
ion source readily capable of producing 600 microamperes 
of unresolved ions together with an 800-kv transformer 
rectifier circuit capable of handling large currents, it has 
been possible to produce 17 Mv y-rays of about three 
times the intensity used by Bothe and Gentner. A number 
of elements have been irradiated with these y-rays in a 
search for photonuclear reactions too weak to be observed 
previously. The following elements, in addition to those 
previously reported by Bothe and Gentner, have been given 
a preliminary investigation: Na, Mg, Al, K, Ca, Mn, Fe, 
Co, Ni, Sn, Hg, Pb, Au, and Pt. Mn and Fe exhibit an 
activity which is definitely above the background. Al- 
though the activities are so weak that the half-lives are 
difficult to determine the periods appear to be 20 minutes 
for Mn, and 60-90 minutes for Fe. This would point to the 
reaction Mn*5+ y—~Mn®-+n, and Fe®*+ y~Fe+n. 


29. Ultra-High Frequency Power. Davin H. SLOAN AND 
LaurRIsTON C. MARSHALL, University of California.—An 
oscillator, self-excited, delivers one kilowatt average power 
to a resistance load at 600 megacycles, using a.c. anode 
voltage, representing approximately 5 kilowatts on peaks. 
A more powerful tube is being constructed to operate at 
1000 megacycles. 


30. Propagation of Electromagnetic Waves Inside a 
Cylindrical Metal Tube and Along Other Types of Guides. 
Hst CuanG Pen, California Institute of Technology.— 
The prime purpose of this paper is to base the discussion of 
the properties of the propagation of electromagnetic waves 
inside a metal tube upon the theory of complex functions. 
The general expressions for the field components for dif- 
ferent types of excitation systems are obtained in a rigorous 
manner starting from that of an electric and a magnetic 
dipole. The formal mathematical generalization is achieved 
by means of the transformation formulae of cylindrical 
functions and the results of the theory of integral equations. 
The integral equations thus obtained are expanded into 
series by aid of residual calculus for actual numerical calcu- 
lation. The residues at the poles of singularities give rise to 


different “‘distinct modes” of propagation and thereby a 
comprehensive discussion of all the important physical 
properties is made. At the same time, problems arising in 
practical applications, say for long distance transmission 
for television purposes, are analyzed and some interesting 
conclusions obtained. The unique and rigorous analysis is 
only made possible by the free use of the results in the 
theory of complex functions. A comparison of the attenua- 
tions and the velocities of propagation inside a hollow 
cylindrical metal-tube-guide and that of a concentric 
system is made. 


31. The Diurnal Variation of the Mobility Spectrum of 
the Atmospheric Ions and the Effect of Age of Ion. E. A. 
YUNKER,* Stanford University.—The determination of the 
mobility spectrum of the atmospheric ions using the classi- 
cal air blast method was reported at the Stanford meeting 
of the Physical Society in June, 1939.1 The same method is 
used to study diurnal variation of the mobility spectrum 
and the transitions from small atmospheric ions into the 
several types of intermediate and large ions. By placing 
polonium at various distances in a pipe leading to the 
apparatus, ions of predetermined age, up to 70 seconds, 
could be produced and studied. The shape of the mobility 
spectrum is found to be essentially the same throughout the 
day. All mobility groups including a group in the range 0.94 
to 0.47 cm/sec./volt/cm, previously discussed in connec- 
tion with the work of Chapman,? are found to grow at the 


* expense of the small ion group (mobility 1.62 cm/sec./volt / 


cm for positive ions). 


* Now at Oregon State College. 

1 To appear shortly in Terrestrial Magnetism and Atmospheric Elec- 
tricity. 

2? Chapman, Phys. Rev. 52, 184 (1937). 


32. Gamma-Radiation from C+H'. C. C. Lauritsen 
AND W. A. Fow_er, Kellogg Radiation Laboratory, Cali- 
fornia Institute of Technology.—The gamma-radiation show- 
ing resonance at 560 kv in the bombardment of carbon by 
protons has been attributed! to the reaction C™ (p,y) N™ 
for which Q=8.2 Mev because the observed energy of the 
radiation (7.4 Mev) was greater than the available energy 
in the reaction C® (p,y) N™ for which Q=2.6 Mev. We 
have confirmed this conclusion by bombarding a carbon 
target containing approximately 35 percent C'* prepared 
for us by Dr. C. H. Townes and Professor W. R. Smythe 
of the California Institute. The increase in intensity of the 
radiation at 560 kv was found to be in agreement with the 
isotope ratio found spectroscopically. Cloud-chamber in- 
vestigations of the secondary electrons and pairs produced 
in thin lead and carbon laminae by the gamma-radiation 
indicate that it consists of three lines at 2.8+0.4, 5.4+0.3, 
and 8.1+0.2 of approximately equal intensity. These re- 
sults substantiate the analysis made by Rose? of the ab- 
sorption curves measured by Dee and his collaborators. 
It is to be concluded that the excited state of N™ at 8.1 
Mev radiates to the ground state directly or through an 
intermediate state at 2.8 or 5.4 Mev with equal probability. 


1 Dee, Curran and Petrzilka, Nature 141, 642 (1938). 
? Rose, Phys. Rev. 53, 844 (1938). 
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33. Production and Properties of Carbon 14. MARTIN 
D. KAMEN, Radiation Laboratory, AND SAMUEL RUBEN, 
Department of Chemistry, University of California.—Various 
samples of graphite bombarded with 4-Mev deuterons have 
been found to possess the long-lived radioactivity isotopic 
with carbon reported recently.! Since the radiations emitted 
have been shown definitely to be electronic (absorption in 
aluminum and Cellophane identical), it is quite certain 
that the reaction is C'* (d,p) C“. No positron emitters 
could have been formed with deuterons of the energy used 
in these investigations. The total yield at 4 Mev (appar- 
ently saturation energy for the thin target reaction) is 
approximately 0.03 u-curie for 10,000 u-ampere hours of 
bombardment. Using Pollard’s estimate? for the cross 
section of this reaction, the half-life of C can be estimated 
to have a lower limit close to 1000 years. (Actually, the 
samples have shown no decay in six months.) This value 
coupled with the measured upper energy limit of 90+15 kv 
for the beta-rays is in gross disagreement with that ex- 
pected (ca. two or three days) from analogy with the case of 
He*—Li*. The difficulties involved in the preparation of 
strong samples of C™ will of necessity confine its use as a 
tracer in biochemical investigations to researches in which 
high dilution of tracer material is unavoidable. 


1 Phys. Rev. 57, 549 (1940). 
2 Phys. Rev. 56, 1168 (1939). 


34. The Beta-Radiation from Si” and P®™ W. H. 
BarKas,* E, C. Creutz, L. A. Detsasso, R. B. Sutron 
AND M. G. Wuite, Princeton University—Measurements 
have been made in the cloud chamber on the positrons 
emitted by Si?? and P®. Spectra each containing about 
2000 tracks give, respectively, 3.54+0.1 Mev and 3.0+0.1 
Mev for the upper limits of Si?? and P®. The radioactive 
isotopes were produced by the reactions Al?’ (p,m) Si?” and 
Si* (p,n) P® by high energy protons from the Princeton 
cyclotron. The disintegration energy found for Si?’ would 
indicate that the deviation, if any, from proportionality of 
nuclear volume to mass number is small.! While several 
measurements have previously been made on P® the great 
dispersion in the published energies made another measure- 
ment important. P® is one of the nuclei in the series of 
mass numbers 4k+2 which are of interest in the study of 
the spin dependent forces. Our measurement is consistent 
with the hypothesis that the effect of this type of force in 
nuclear binding energies falls off inversely with the mass 
number. 


* Member The Institute for Advanced Study. 
1 McCreary. Kuerti and Van Voorhis, Phys. Rev. 57, 351 (1940). 


35. The Latitude Effect of Cosmic Rays above 50°N 
Latitude. Pau, F. Gast anp D. H. LouGuripce, Uni- 
versity of Washington.—Data have been collected continu- 
ously during 14 months over the range of geomagnetic 
latitude from 53°30’N (Seattle) to 61°36’N (Juneau). A 
Carnegie, Model C cosmic-ray meter, shielded with 12 cm 
of lead, was mounted in a specially constructed deck-house 
aboard the M. S. Northland. A complete trip was made 
every two weeks. The results were then averaged by seasons. 
It was found, in agreement with Compton and Turner! and 
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Gill,? that the highest intensity occurred during winter and 
the lowest during summer. Furthermore, intensity in- 
creased slowly with increasing latitude, a rise of about 0.5 
percent occurring in the range of latitude mentioned. A 
temperature coefficient was computed for each month using 
the half-trips with highest and lowest mean temperatures 
and these results were then averaged for the year giving 
—0.09+0.03 percent per degree centigrade. A temperature 
coefficient was also computed by fitting a least-squares line 
to the daily mean intensities vs. daily mean temperatures 
plot for data at Seattle over the entire period of observation. 
The slope of this line gives for the temperature correction 
—0.11 percent per degree centigrade. The application of the 
temperature coefficient computed on the monthly basis 
makes the latitude curve flat within the limits of the prob- 
able error, which preliminary investigation indicates jis 
about 0.1 percent. 


1A. H. Compton and R. N. Turner, Phys. Rev. 52, 799 (1937). 
? Piara S. Gill, Phys. Rev. 55, 1151 (1939). 


36. The Sensitive Time of a Wilson Cloud Chamber. 
Wayne E. Hazen, University of California. (Introduced by 
Robert B. Brode.)—The sensitive time of a cloud chamber 
30 cm in diameter and 30 cm deep was determined experi- 
mentally by means of a collimated source of high energy 
beta-rays (P™) which was set in motion inside the chamber 
just before the expansion, A time scale was established by 
illuminating the moving source with a 60-cycle light in 
addition to the usual flash illumination for photographing 
the tracks. Photographs showed a series of images of the 
moving source and also beta-ray tracks issuing from the 
source for a certain portion of its path, corresponding toa 
certain time interval. The time interval for sharp tracks is 
the sensitive time. A theoretical expression for the sensitive 
time r derived by E. J. Williams! is: 


ps V \?/ dr \? 
nor (5) (7) é 


where p, s, x and y are the density, specific heat, conductiv- 
ity, and ratio of specific heats of the gas, V and S are the 
volume and surface area of the chamber, r is the expansion 
ratio, and ér is the increase of expansion ratio over that 
which will just give tracks. Experimentally it has been 
found that for nitrogen (r=11 percent) r increases about lin- 
early with ér up to ér=1 percent, reaches a maximum of } 
sec. at 6r = 1.5 percent and then falls off. Experiments with 
He and H; gave qualitative agreement with Williams’ ex- 
pression as far as dependence of r on the gas is concerned. 


1 E. J. Williams, Proc. Camb. Phil. Soc. 35, 512 (1939). 


37. Further Investigations of Air Mass Effect on 
Cosmic-Ray Intensity. D. H. LouGuripGE anp Paut F. 
Gast, University of Washington.—The authors have previ- 
ously reported! the existence of a noticeable change in 
cosmic-ray intensity at the fronts separating different types 
of air masses. Using the same type of apparatus, a Carnegie, 
Model C cosmic-ray meter with a 12-cm lead shield, a sur- 
vey has been made of the variation in cosmic-ray in- 
tensity in the vicinity of all the barometric lows observed 
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during a period of about 1 year, the passage of a front at 
the surface being associated with a low barometer. Data 
were then obtained from the Seattle airport office of the 
U. S. Weather Bureau as to the type of associated front 
with each low. It was found that of the 75 lows investigated 
17 were cold fronts, 6 were warm, 34 were occlusions, 13 
contained no fronts and 5 involved more than a single 
front passing the meter in a short time. These 5 were not 
included in the investigation. The cosmic-ray intensity in 
the vicinity of these lows was first corrected for the usual 
barometer effect. The mean of the 17 cold fronts showed an 
increase of about 1 percent. The 6 warm fronts gave a de- 
crease of 0.7 percent. And the occluded fronts gave various 
types of fluctuation depending on whether warmer or 
colder air followed the occlusion. 


1 Donald H. Loughridge and Paul Gast, Phys. Rev. 56, 1169 (1939). 


38. The Occurrence of Trichell Pulses in Negative 
Point-to-Plane Corona in Air. L. B. Loes, G. G. Hupson 
anp A. F. Kip, University of California.—The appear- 
ance of the regular relaxation-oscillator-like pulses in 
negative point-to-plane corona in air at atmospheric pres- 
sure has appeared to be capricious and uncontrollable. 
This is due to several factors: (1) Dirty electrodes and air. 
(2) Electrodes with high field regions exceeding the 0.2 mm 
diameter size of an active spot will usually have multiple 
spots between which the discharge oscillates giving random 
irregularly spaced discharges. (3) Improperly polished or 
conditioned points will show irregular bursts of pulses until 
an active spot forms. (4) To form and maintain an active 
spot the air must have more than 30 percent relative 
humidity at 20°C. This gives enough H* ions in time to 
make and to maintain a clean unoxidized active spot of 
low work function. (5) Dry air yields positive ions which 
quickly oxidize and pit even Pt surfaces. (6) By condition- 
ing small polished Pt points in He at low negative corona 
currents they at once give Trichell pulses in moist air 
which continue indefinitely. (7) The various pre-onset 
potentials for negative points are not materially different 
from the analogous potentials for positive points. (8) 
Ultraviolet light aids onset by photoelectrons but produces 
chemical products which inhibit the currents. (9) No 
measurable differences were observed between brass, Cu, 
Al, Fe and Pt points, though in all cases the condition of 
the point was paramount. 


39. Theoretical Calculations of Breakdown Potential 
for Sphere-Gaps. J. M. MEEK, University of California.— 
The potentials required for breakdown of symmetrical 
sphere-gaps for spacings up to a diameter are calculated 
on the basis of the streamer theory' of spark discharge 
giving agreement to within 3 percent of the measured 
values. Calculations including variation of air density 
are also found to agree with experiment. There are two 
types of mechanism for breakdown depending on gap- 
length: (1) The electron avalanche proceeds all the way 
across the gap from cathode to anode and there forms a 
positive streamer which leads to breakdown; this occurs for 
spacings in which the variation of field strength across the 
gap is small. (2) The electron avalanche which initiates 


the positive streamer has its origin in the gap near the 
anode; this occurs for larger spacings where the voltage 
gradient varies so much across the gap that the value of 
the Townsend primary ionization coefficient a is virtually 
zero over most of the mid-gap region. Since the sparking 
potentials calculated from processes (1) and (2) differ, 
a scattering of values may be expected in the transition 
region between the two mechanisms. This scattering is 
observed experimentally.2, The transition region further 
accounts for the fact that at certain gap settings higher 
voltages are required for breakdown between spheres of 
small diameter than for larger spheres at the same gap 
setting.’ 

1 J. M. Meek, Phys. Rev. 57, 722 (1940); L. B. Loeb and J. M. Meek, 
J. LS gt a Gow ise Jay lemme, in press. 

A an, Elektrotech. Zeits. 57, (1936). 

3M. Toepler, Elektrotech. Zeits. 53, 1219 (1932); J. Claussnitzer, ibid. 
57, 177 (1936). 

40. A Four-Gram Radium Pack of Improved Design. 
A. H. WARNER, University of California at Los Angeles 
and Los Angeles Tumor Institute, AnD R. H. Net, Los 
Angeles Tumor Institute-—Protection is obtained by the 
use of a mercury-filled steel sphere of fifteen centimeters 
radius. Radiation measurements show that while the 
radium is in safe position the dose at the surface is less 
than one-tenth roentgen per day. The radium is moved to 
treatment position by a remotely controlled oil pressure 
engine, and is returned to safe position by springs. The 
radium position is controlled by mounting it on a piston 
within a mercury-filled cylinder that slides in a hole 
through the center of the sphere. For treatment the radium 
is pushed to the end of the cylinder, which is adjusted to 
the desired treatment distance. By means of a stop this 
distance can be preset for any value from three to fifteen 
centimeters. The pack is supported on ball-bearing trun- 
nions at a fixed distance from the ceiling. Vertical treat- 
ment angles are set by a worm gear and a handwheel. 
Horizontal angles are set by adjustment of the treatment 
table which has a motor-driven height adjustment. This 
design combines complete protection for the staff while 
adjusting the patient for treatment with remote control 
of the treatment period. 


41. The Electrical Conductivity of Tartaric Acid Crys- 
tals. James J. BRapy anp Bruce ELLE, Oregon State 
College—The electrical conductivity of tartaric acid 
crystals increases with time to reach a maximum value and 
then decreases to a small value as compared with the 
original conductivity. If an electrical field is not applied 
for a few days, the crystal recovers most of the original 
conductivity. Coating the crystal faces next to the elec- 
trodes with colloidal graphite produces three distinct 
changes: (1) The elimination of the maximum in the con- 
ductivity-time curve; (2) a lower final conductivity; and 
(3) the crystals do not recover their conductivity after 
standing with no field. The conductivity decreases rapidly 
as the temperature of the crystal is lowered. The tempera- 
ture range studied was from 20°C to —74°C. 


42. X-Ray Absorption Fine Structure Comparison for 
Two Elements in the Same Crystal. S. T. STEPHENsoN, 
State College of Washington.—The fine structures on the 
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short wave-length side of the K-x-ray absorption edges of 
the elements Cu, Se, Br, Rb and Sr in the compounds 
CuSeQ,, CusSe, CuBr, ZnSe, RbBr and SrBrz have been 
investigated with a focusing quartz crystal spectrograph. 
The structures of two elements in the same ionic crystal 
are not identical (in agreement with the results of some 
other workers for a few compounds containing elements of 
lower atomic number). The structures of Cu and Se in 
CuSeQ, are different even at energy distances of 150 volts 
from the main edge contrary to the predictions of crystal 
energy zone theory. CuBr and ZnSe present interesting 
possibilities, because they are more homopolar than ionic 
and any ion charge effects should be minimized. Their 
structures are relatively weak, however, and comparison 
is difficult. 


43. Some Anomalies in the Photographic Recording 
of Gamma-Radiation. R. A. MORRISON AND H. M. PARKER, 
Tumor Institute of the Swedish Hospital, Seattle —Arrange- 
ments of radium sources to give uniform irradiation in 
radium therapy or radiobiological experiments can be pre- 
calculated.! Such arrangements should be confirmed by 
ionization methods or otherwise. An autophotograph of the 
radiation would be the quickest and simplest check, but 
it is shown that such photographs bear little relation, either 
qualitatively or quantitatively, to the gamma-ray distribu- 
tion. The blackening obtained is approximately one-third 
due to gamma-rays and two-thirds due to beta-rays, 
although the ratio varies widely with the experimental 
arrangement. Under some conditions the secondary radia- 
tions produce peculiar patterns which are not readily 
explained in detail. Sometimes the beta-radiation can be 
removed by a magnetic field, but the field strength re- 
quired is unreasonable in general. Electrostatic deflection 
is also inadequate. Even when the beta-radiation is re- 
moved the photographs cannot be visually interpreted, 
owing to subjective effects. These effects are shown in a 
striking manner in the radiation close to the end of a 
radium tube. The photographs show definite light rings, 
which are shown by microphotometry to be spurious. 
The use of powerful magnets and the necessity for pho- 
tometry in all cases vitiates the apparent simplicity of a 
photographic technique. 


1R. Paterson and H. M. Parker, Brit. J. Radiol. 7, 592 (1934); 11, 
252 (1938); Patterson, Parker and F. W. Spiers, ibid. 9, 487 (1936). 


44. A General Purpose Dosimeter. H. M. PARKER, 
Tumor Institute of the Swedish Hospital, Seattle—A utility 
instrument for most of the radium and roentgen-ray 
measurements required in the laboratory is described. 
The electrometer preferred is the Lindemann electrometer 
on account of its low capacity, stability, wide sensitivity 
range and first-order freedom from direct radiation effects. 
The electrometer can be connected in three ways: (1) 
Townsend null method for weak radiations or minute 
ionization chambers. Absolute measurements can be made 
by balance against a standard cell and standard condenser. 
The sensitivity is not better than one-tenth that obtained 
with a good electrometer tube system. (2) Direct reading 
of ionization current to 10~" amp. by high resistance leak 
method. (3) Condenser chamber method in which the whole 


electrometer and shielding system is elevated to a potential 
of 240 volts, the electrometer needle and central chamber 
electrode being at 250 volts. This differential technique is 
approximately 100 times more sensitive than standard 
methods. The apparatus is suitable for the following 
measurements: (a) absolute absorption of radiation energy, 
(b) absolute intensity of roentgen-ray and gamma-ray 
beams, (c) rapid measurements of radioactive sources, 
(d) continuous observation of roentgen-ray intensity, 
(e) routine measurement of total dose (gamma- or roentgen 
rays) in radiotherapy, (f) testing of a-ray leakage from 
radium containers, (g) 8-ray measurements, (h) stray 
radiation measurements. 


45. The Variation of Sparking Potential with Dense 
Initial Photoelectric Currents. J. M. MEEK, University of 
California.—The minimum sparking potential of a dis- 
charge-gap is known to be lowered appreciably when the 
cathode of the gap is subjected to the intense ultraviolet 
radiations produced by an auxiliary spark-gap. This 
lowering is explained in terms of the streamer theory of 
spark discharge,' and is ascribed to the field distortion 
produced by the positive space-charge in the gap antecedent 
to breakdown as a result of the difference in mobilities of 
positive ions and electrons. The consequent variation of the 
Townsend primary ionization coefficient @ across the gap is 
considered, and calculations of the breakdown potential are 
made for different values of initial photoelectric current. 
The calculated lowering is in fair agreement with that 
observed experimentally, when it is noted that in all 
experiments so far performed the source of illumination is a 
transient one, far shorter in duration than the time to 
establish the equilibrium space-charge calculated. The 
time-lag of sparking for large initial currents is shown to be 
related to the time of build-up of the space-charge field, 
and its variation with applied potential and initial current 
is indicated. 


1J. M. Meek, Phys. Rev. 57, 722 (1940); L. B. Loeb and J. M. 
Meek, J. App. Phys. 11, 438 (1940); also July issue, in press. 


46. Further Exact Solutions of the Boltzmann Equation 
Applicable to the Diffusion of Neutrons. E. A. ScuucHARD 
AND E. A. UEHLING, University of Washington.—A solution 
previously given in the case of exponentially-distributed 
sources in a half-infinite medium! is extended by analytic 
continuation and superposition to cover any source 
distribution representable by a finite Fourier series. The 
analyticity of the solving function allows the decay factor 
in the exponential source term to assume pure-imaginary 
as well as positive-real values including zero. The super- 
position possibility follows from the linearity of the integral 
equation defining the solution function. Uniqueness is 
present for bounded solutions since the homogeneous 
integral equation has only the zero solution except in the 
limiting pure-scattering case when a one-signed solution 
exists which is not finite at the infinite point. Such a 
solution may be interpreted as due to an “‘infinitely-strong” 
incident current at the remote medium face in a manner 
completely analogous to that for the corresponding case in 
astrophysical radiation theory (law of star disk darkening®). 


1 E. A. Uehling and E. A. Schuchard, Phys. Rev. 57, 251-2A (1940). 
2 E. Hopf, Problems of Radiative Equilibrium (Camb. Tract No. 31, 
1934). 
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47. Radioactive Hydrogen—A Correction. Luis W. 
ALVAREZ AND R. CornoG, University of California.—The 
first sample of radioactive hydrogen was placed in the only 
chamber available at the time. To guard against the 
possibility that H* would diffuse through a rubber tube 
connected to the chamber, three specially designed cham- 
bers were constructed of brass and glass. Enough data have 
been accumulated from one of these to show that our 
previously reported decay was due to diffusion. No 
appreciable decay has been observed in five months with 
the improved chamber. If, as O’Neal and Goldhaber have 
suggested,! McMillan’s Be+D activity? was really H*, we 
can use his estimate of the life as greater than ten years. 


This agrees better with the extrapolated yield of the D—D 
reaction. The half-life will have to be computed from 
accurate data of that type, when they are available from 
laboratories equipped for such work. We observed some 
time ago that deuterium recovered from the cyclotron 
pumping system was more radioactive than could be 
explained by the D—D reaction. This is now explained in 
terms of the Be+D reaction. The enhanced specific 
activity of H* samples now made through the Be reaction 
increases the sensitivity of our electrostatic apparatus for 
measuring the upper limit, which is now in operation. 


1 O'Neal and Goldhaber, Phys. Rev. 57, 1086A (1940). 
2 McMillan, Phys. Rev. 49, 875 (1936). 
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MINUTES OF THE PITTSBURGH, PENNSYLVANIA, MEETING, JUNE 20-22, 1940 


HE 236th regular meeting of the American 

Physical Society was held at Pittsburgh, 
Pennsylvania, on Thursday, Friday and Satur- 
day, June 20, 21 and 22, 1940. The scientific 
sessions were held at the University of Pittsburgh, 
the Carnegie Institute of Technology and the 
Mellon Institute for Industrial Research. The 
presiding officers were Professor John Zeleny, 
President of the Society, Dean George B. 
Pegram, Vice President, and Professors O. H. 
Blackwood, Lee A. DuBridge and A. G. 
Worthing. The registered attendance at the 
meeting was about two hundred. 

A symposium of invited papers sponsored by 
the Committee on Applied Physics of the 
American Physical Society was held on Saturday 
morning, June 22 at nine-thirty o’clock at the 
Mellon Institute for Industrial Research. Dr. 
Frederick Seitz of the University of Pennsyl- 
vania spoke on The Theory of Internal Strains in 
Solids; Dr. Paul D. Foote of the Gulf Research 
and Development Company on Gasoline; and 
Dr. R. H. Kent of the Aberdeen Proving Ground 
on Physical and Chemical Characteristics of Ex- 
plosives and Their Military Applications. 

On Thursday afternoon trips were made 
through the U. S. Bureau of Mines, the Mellon 
Institute and the Aluminum Company Works 
after which the Society was entertained at tea 
in the Commons Room of the Cathedral of 
Learning as the guests of the University of 
Pittsburgh. On Thursday evening the members 
of the Society were the guests of the Westing- 
house Electric and Manufacturing Company at 
a broadcast program “Musical Americana,” at 
the Syria Mosque. On Friday afternoon there 
were trips to the Westinghouse Research Labora- 


tories and the Westinghouse East Pittsburgh 
Works. On Saturday afternoon, following an 
inspection of the Gulf Research Laboratories, a 
picnic was held on the grounds of the Labo- 
ratories. 

An informal dinner was held on Friday even- 
ing, June 21, at the Webster Hall Hotel at seven 
o'clock. President Zeleny presided. This was 
followed by light entertainment. There were one 
hundred and forty-nine at the dinner. 

Meeting of the Council. At its meeting held on 
Friday, June 21, 1940, the death of one fellow 
(Sinclair Smith) was reported. Eight candidates 
were transferred from membership to fellowship, 
one candidate was elected to fellowship, and 
sixteen candidates were elected to membership. 
Transferred from membership to fellowship: Otto 
Beeck, Newell S. Gingrich, Jerome M. B. 
Kellogg, John G. Kirkwood, P. Kusch, Sidney 
Millman, Chester M. Van Atta, and Clifford N. 
Wall. Elected to fellowship: Spiro Kyropoulos. 
Elected to membership: Mutsusuke Abe, B. N. 
Cacciapuoti, Ross W. Callon, Samuel R. Cook, 
Zaimoku Hai, Giiti Iwata, Charlotte L. Meaker, 
Teruo Momota, Keizo Muraoka, Frank Oppen- 
heimer, Rene Planiol, Thomas M. Snyder, 
Martin Summerfield, Shozo Todani, Mary E. 
Warga, and Edwin A. Yunker. 

The regular scientific program of the Society 
consisted of fifty-six papers, seven of which, 
numbers 6, 13, 39, 46, 51, 52 and 54, were read 
by title. The abstracts of these papers are given 
in the following pages. An author index will be 
found at the end. 

HAROLD W. WEBB 
Acting Secretary 


ABSTRACTS 


1. Application of a Cloud Chamber to the Detection of 
Charged Particle Groups. H. L. Scnuttz, W. L. Davip- 
SON, JR., AND L. H. Ort, Yale University.—The ranges of 
charged particles resulting from nuclear transmutations 
have been studied almost exclusively with the use of 
proportional counters and ionization chambers. Such 
methods suffer three definite limitations, particularly when 
a cyclotron is used to produce a high energy beam of 


bombarding particles. In the first place, the presence of a 
large neutron background interferes with the detection of 
weak groups. Secondly, absoiute yields are difficult to 
obtain since a high counting level is necessary in order to 
discriminate against 6-radiation. Finally, the finite depth 
of counting volume impairs the resolution of groups. All 
of these limitations may be overcome by allowing the 
particles to register in an expansion chamber. The funda- 
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mental technique has been described by Bower and 
Burcham. We have adapted a diaphragm type of expansion 
chamber for use in conjunction with the cyclotron in 
carrying out studies of this nature. Two argon flash tubes 
serve as an intense source of illumination over very short 
periods of time. Nonstereoscopic photographs are taken 
with the aid of an automatic camera. The particles are 
allowed to pass down an evacuated tube at right angles to 
the incident beam and enter the cloud chamber 40 cm 
from the target. Preliminary experiments have verified the 
presence of the strong 28-cm proton group from boron 
bombarded by 3.1 Mev deuterons as reported earlier by 
Pollard, Davidson, and Schultz. Evidence for an excited 
state in C8 has also been found. The reaction Al?"(d,p)Al** 
has been studied with an aluminum target of 0.15-cm air 
equivalent thickness. The groups found by McMillan and 
Lawrence also appear in the present work. In addition 
there is evidence for other groups. A detailed investigation 
of d-p reactions is now being carried out. 


2. Longitudinal Extraction of Ions from Low Pressure 
Constricted Arc Discharge in H, and in BF;. Horr Lu 
AND RALPH H. ScHUMAN, University of Minnesota.—We 
have attempted to extract ions efficiently from a low pres- 
sure arc confined in a cylindrical steel constriction. Ions 
are drawn out along the arc axis through a tungsten loop 
filament by a 1-mm hole probe at 2 kilovolts. A 3-mm 








Arc in : He BF; 
Lower pressure limit, mm of Hg 4x107? 2X10 
Satisfactory operating state: 
Pressure, mm of Hg 6xX1072 3x10 
Arc current, milliamperes 125 150 
Arc drop, volts 80 70 
Steady ion beam current, microamperes 90 120 








shielding hole at arc potential in front of the probe produces 
a converging field which further concentrates the ions 
toward the center of the probe. By making the loop area of 
the filament smaller than the constrictional cross section, 
an arc of 2.5 cm length to the anode can be struck by the 
self-striking auxiliary arc to the constriction. A focusing 
cylinder accelerates the ions into a parallel beam which 
terminates at a collector biased to 50 volts to retain 
secondary electrons. The ion yield increases rapidly with 
decreasing pressure except near the threshold pressure 
where the arc goes off. Results are given below. A pre- 
liminary test with a second source improved in geometry 
and choice of materials indicates an increase in ion output 
by a factor of ten. 


3. Some Experiments on the Irradiation of Deuterium, 
Beryllium, and Indium Nuclei by X-Rays. D.L. NortHrup, 
C. M. Van Attra, R. J. VAN DE GRAAFF AND L. C. VAN 
Atta, Massachusetts Institute of Technology.—Yield curves 
will be shown for the disintegration of deuterium and 
beryllium! with continuous x-rays produced by the impact 
of a homogeneous beam of electrons on a gold target. The 
high voltage electrostatic generator and accelerating tube 
employed have been described.? The yield curves were 
observed as a function of the accelerating voltage applied to 
the electrons and extend from below threshold to a voltage 


of 2.65 Mev. The threshold voltages for both deuterium 
and beryllium, as measured on a generating voltmeter, 
were found to be in good agreement with values obtained in 
other laboratories. In both cases the neutrons from the 
disintegrations were detected by measurement of the 
radioactivity they produced in silver. Preliminary obser- 
vations are in progress on the angular distribution of the 
neutrons from the deuterium disintegration. Excitation 
with x-rays of the 4.1-hour period in indium* was observed 
by surrounding a thin walled Geiger-Miiller counter with 
the irradiated indium as well as by irradiation of counters 
constructed with indium cathodes. The latter counters 
showed, in addition to the 4.1-hour exponential decay, a 
more rapid exponential decay in counting rate consistently 
reproducible with a given counter, but shown by further 
experiments to be non-nuclear in origin. 


1G. B. Collins, B. Waldman, and E. Guth, Phys. Rev. 56, 876 (1939). 

2 Phys. Rev. 57, 563A (1940). 

3 B. Pontecorvo and A. Lazard, Comptes rendus 208, 99 (1939). G. B. 
Collins, B. Waldman, E. M. Stubblefield, and M. Goldhaber, Phys. 
Rev. 55, 507L (1939). 


4. Protons from Deuteron Bombardment of Separated 
Chlorine Isotopes. E. F. SHRADER AND E. PoLiarp, Yale 
University—Deuteron bombardment of chlorine yields 
three energy groups of protons. To determine the assign- 
ments of the groups a target of AgCl enriched in the heavy 
isotope has been bombarded. The isotope separation was 
accomplished by the use of a modified, multi-stage, Clusius 
and Dickel thermal diffusion column, employing hydrogen 
chloride gas at atmospheric pressure. The over-all length is 
12 meters. After four days of continuous running a 40 cc 
sample was withdrawn at the bottom, dissolved in water, 
and activated simultaneously with a normal sample by 
bombardment with slow neutrons. The 37-minute beta-ray 
emission from Cl*** of the two samples was compared 
simultaneously by means of two calibrated Geiger counters 
and the enriched sample was shown to contain 41.5 percent 
Cl*’. Targets of enriched and normal AgCl were bombarded 
with 3.3-Mev deuterons from,a cyclotron and it was shown 
that the yield of the longest range group decreased rela- 
tively to the yield of the inside groups. This long range 
group is therefore due to Cl*(dp)Cl** as expected. The 
group at 4.00 value is therefore due to Cl*"(dp)Cl** and 
permits the calculation of the mass of Cl**. The value 
obtained is 37.9803. This, using the known beta-ray upper 
limit of Cl**, gives a mass of 37.9751 for A** which agrees 
with the value from Cl*(ap)A*. 


5. Fast Neutron Threshold for Uranium Fission. R. O. 
Haxsy,* W. E. SHoupp,* W. E. STEPHENS,* AND W. H. 
WELLS, Westinghouse Research Laboratories.—Using the 
neutrons from the Li (p,m) reaction, we have investigated 
the fast neutron excitation of fission in uranium. By 
increasing the proton energy, the maximum neutron energy 
is raised and the yield of fissions is measured by an ioniza- 
tion chamber and linear amplifier. The slow neutron fission 
background is minimized with cadmium and boron carbide 
shields, and with the use of sulfur insulation in the ioniza- 
tion chamber. The threshold is found to occur at a neutron 
energy of 0.35+0.1 Mev. 

* Westinghouse Research Fellow. 
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6. The Heat of Fission of Uranium. Matcoim C. HEn- 
DERSON, Princeton University.—The heat produced during 
slow neutron bombardment in a 13.64g sample of metallic 
uranium was measured on a resistance thermometer.' 
Simultaneously the number of fissions produced in a 
54-microgram layer of uranium was counted by an ioniza- 
tion chamber and pulse amplifier. The two uranium samples 
were within 1 cm of each other inside the same 1.27 cm 
lead shield and surrounded by 5.08 cm of paraffin. The 
source of neutrons was the Princeton cyclotron, using the 
beryllium-proton reaction at 6.5 Mev. The 54-microgram 
layer gave 40.1+0.1 alpha-particles per minute into 27 
solid angle and under slow neutron bombardment gave 
about 340 fissions per minute. At the same time the heat 
output was about 40 microwatts. Since thermal equilibrium 
is approached exponentially, the galvanometer deflection— 
the measure of the heat production—is the weighted and 
integrated effect of the heat produced in all preceding 
minutes. The heat produced in each minute is proportional 
to the number of fissions observed. A method of calculation 
based on these facts is necessitated by the continual 
fluctuation in the output of neutrons from the cyclotron, 
but has the advantage that every reading taken is sig- 
nificant. The weighted average of 13 runs, after various 
corrections which lower the result by 23 percent, is 180 Mev 
per fission. The average deviation from this figure was 5 
Mev and the maximum deviation was 12 Mev. 


1M. C. Henderson, Phys. Rev. 56, 703 (1939). 


7. P-Wave Effects on Proton-Proton Scattering in the 
Meson Theory. HuBErtT M. THAXTON, WILLIAM PRIVETTE 
AND DANIEL LEATHERBERRY, Agricultural and Technical 
College of North Carolina.—The potentials for the p-states 
derived! from the neutral meson theory are applied to the 
calculation of proton-proton scattering effects for the 
experimentally investigated energy region 670 to 1830 kev. 
The phase shifts K, are calculated by numerical integration 
and adjunction of Coulomb functions at 5e?/mc*. The cut- 
off radius used was 0.46h/yuc = 1.006 X 10" cm with n= 180 m, 
corresponding to a potential which is constant inside the 
cut-off radius. The contribution to the ratio of scattering 
to Mott’s due to the p-scattering is also calculated.? Series 
expansions in terms of energy are derived for the coeffi- 
cients in the scattering formulas? and are used to calculate 
the coefficients necessary for the energies considered in 
these calculations for angles 15° to 45° at 5° intervals. For 
670 kev the phase shifts are (—0.37°) for V(*Po); (0.22°) for 
V(P1); (—0.09°) for V(?P:) with an increase in value for 
the higher energies to (—1.72°) for V(*P 9); (1.11°) for 
V(@P;); (—0.40°) for V(#P2) at 1830 kev. A comparison of 
these phase shifts with those derived? for the attractive and 
repulsive p effects for the square and Gauss error well 
demonstrates that the p effects using the meson potentials 
are large and contribute appreciably to the ratio of 
scattering to Mott’s value. The effect of change of mass 
u=180 m to n.=335 m is being studied. 


1H. A. Bethe, Phys. Rev. | 57, 260 (1940). 

2G. Breit. C. Kittel and H. M. Thaxton, Phys. Rev. 57, 255 (1940). 

aa . Thaxton and A. M. Monroe, Phys. Rev. 56, 616 (1939); 
M. ) h and H. M. Thaxton, Phys. Rev. 56, 616 (1939). 
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8. Pair Production by Electrons. J. R. FELDMEIER AND 
GeorGE B. CoLiins, University of Notre Dame.—The 
experimental values of the cross section for pair production 
by electrons, as determined by a number of investigators,! 
not only show large deviations from the theoretically 
predicted value, but also show discrepancies among 
themselves. The intense monochromatic source of electrons 
from the Van de Graaff generator at Notre Dame was 
employed for a study of the process of pair production by 
electrons in the energy range from 0.9 to 1.5 Mev, since 
this source offers a distinct experimental advantage over all 
the previous investigations, which employed §8-rays. The 
trochoid method** of focusing was employed. The positron 
current was measured directly by collecting the positrons 
in a Faraday cage connected to an electrometer tube. 
This method was possible because of: (I) the high efficiency 
of the trochoid method of focusing; (II) the intense source 
of electrons available. A gold target 10-4 cm thick was 
irradiated with electron currents up to 10 ya. If the large 
experimental cross section (~10~" cm*) as found by a 
number of workers! is correct, this should result in a 
positron current of 10-" amp. per ya of incident current, 
Currents of this magnitude were not observed. There was, 
however, some indication of a positron current of 107% 
amp. per ua of incident current, which indicates a cross 
section for the process of pair production by 1.5 Mey 
electrons of the order of magnitude predicted by theory 
(~107¢ cm?), 


1 See review article by H. R. Crane and J. Halpern, Phys. Rev. 55, 


838 (1939). 
2J. Thibaud, Quelques Techniques Actuelles en Physique Nucleaire, 


(Gauthier-Villars, Paris, 1938). 
3M. Monadjemi, J. de Phys. 8, 347 (1937). 


9. A Theory of Cosmic-Ray Phenomena Based upon a 
Single Primary Component. W. F. G. Swann, Bartel Re- 
search Foundation of the Franklin Institute-—The funda- 
mental assumptions and conclusions are: (1) There is only 
one type of primary radiation, a charged particle radiation 
—probably protons—of heavy mass. (2) The primary 
radiation has an energy spectral distribution with a lower 
limit determined by entry through the magnetic field. 
(3) By processes at present unknown, each proton on 
entering the atmosphere experiences a certain probability 
of splitting into ten mesotrons, and to a first approximation 
these mesotrons are born at rest in the system of axes in 
which the protons are moving. (4) Under the conditions of 
(3) the mesotrons born from the entering protons of mini- 
mum energy will have too short a life to get out of the 
stratosphere. Moreover, on disintegrating into electrons 
and neutrinos they will, on account of the low energy of the 
mesotrons, show approximation to symmetry of emission 
and provide for the flat intensity-zenith angle curve 
characteristic of high altitudes in these latitudes. (5) The 
mesotrons born of higher energy protons have greater 
energy and longer lives, so that they descend to the lower 
regions of the atmosphere and the electrons resulting from 
their disintegration perpetuate more completely their 
original path directions. (6) A spectral distribution which 
would provide an exponential law for the case of mass 
absorption of mesotrons will, in view of mean life con- 
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siderations, give an absorption coefficient increasing with 
altitude and such as to simulate the participation of two 
components. 


10. The Latitude Effect in Cosmic Rays at Far Southern 
Latitudes. E. T. CLARKE AND S. A. Korrr, U.S. Antarctic 
Service and Bartol Research Foundation of the Franklin 
Institute —Cosmic-ray intensities have been measured at 
sea level using a single Geiger counter inside a lead shield 
7.5 cm thick. The counts were scaled down 4:1 by a 
conventional thyratron circuit and then recorded on a dial 
recorder. Roughly 190,000 counts per day were recorded. 
The instrument was operated on board the U.S.S. North 
Star on its two voyages to Antarctica, reaching on the 
first a maximum geomagnetic latitude of 77°S. and on the 
second 57°S. It was found that the cosmic-ray intensity 
showed the well-known “knee” at approximately 39°S., 
and that between this latitude and 77° the intensity con- 
tinued to rise slightly. The rate of rise in this portion of the 
curve, observed in February and March, was found to be 
the same as that reported by Compton! between 35° and 
55°N. during the northern summer months. The total 
rise between the knee and 77°S. was found to be about 3 
percent, while the “magnetic” latitude effect between the 
knee and the equator (at 78°W. longitude) was 8+0.4 
percent. It was found that if an external air temperature 
coefficient? of —0.15 percent per degree centigrade was 
applied to the counting rates obtained between the knee 
and 77°S., the curve of intensity against latitude in this 
region would be flat. The agreement obtained between the 
measurements with this counter and with electroscopes over 
this same course indicates that the specific ionization of 
the cosmic-ray particles does not, to within the accuracy of 
this determination, vary with latitude at sea level. 


1A. H. Compton and R. N. Turner, Phys. Rev. 52, 799 (1937). 
?V. F. Hess, Phys. Rev. 57, 781 (1940). 


11. Single Scattering of Electrons. R. B. RANDELS, 
K. T. CHAo AND H. R. CRANE, University of Michigan.— 
The single scattering of electrons has been measured by 
means of a cloud chamber, for the following gases and 
energies: 


ENERGY RANGE, LENGTH OF TRACK, 


Gas Mev METERS 
Air 1.0- 4.5 800 
A 1.0— 9.5 508 
Kr 1.9-— 9.5 112 
Xe 1.5-11.5 804 


Stereoscopic pairs of photographs were taken, although up 
to the present the angles have been measured in the 
projection only. The energy of each electron was measured, 
and in plotting the results the energies were separated into 
narrower ranges than those given in the table. The distri- 
butions obtained were compared with those calculated by 
projecting the Mott! distribution onto a plane. The plots 
for all the energy and atomic number groups were very 
similar to each other, in respect to their deviations from 
the Mott curve. The amount of scattering was in all cases 
greater than that predicted by Mott, by a factor of 
roughly 1.5, at those angles measured, namely greater than 
15 degrees. It is to be noticed that the wild diversity of 


results (factors 0.1 to 30) for various atomic numbers and 
energies which one finds in the literature is absent. The 
credence given to our factor 1.5 will depend upon a careful 
investigation of possible systematic errors, rather than upon 
obtaining more tracks. 


1N. F. Mott, Proc. Roy. Soc. A124, 440 (1929). 


12. The Effect of Cryst illine Structure on the Multiple 
Scattering of Electrons. N. L. OLEson, K. T. CHAO AND 
H. R. Crane, University of Michigan.—Experiments' on 
the multiple scattering of electrons of 10° to 107 ev in 
lead have given significantly lower values than those 
calculated.*? An important part of the multiple scattering is 
made up of numerous small deflections, of the same order 
as the angular separation between maxima in the crystal 
diffraction pattern. Therefore we must inquire whether 
diffraction phenomena such as extinction play an im- 
portant part, since most scatterers used to date have been 
polycrystalline in structure. Wheeler® has probed into the 
question theoretically, and found reason to believe that 
the effect may be important in accounting for the apparent 
deficiency in the scattering by metallic lead. To test this, 
we have compared the multiple scattering in polycrystalline 
lead with that in a solution of lead chlorate in water. A cell 
having 0.2-mm glass walls contained a layer of solution 2 
mm thick. This contained 0.35 g of lead per cc. The 
scattering power of all the atoms of the cell other than lead 
was taken into account, but was small compared to that of 
the lead. At the dilution used, there could be little ‘‘order”’ 
among the lead atoms. Since the scattering power of the 
other constituents was comparatively small, the cell was 
very nearly equivalent to a lead gas. Three hundred and 
thirteen particles of average energy 6 Mev gave the same 
result as was obtained with an equivalent amount of 
polycrystalline lead. While it is still important to know 
theoretically the extent of this effect we believe we have 
shown that it is too small to account for the major part of 
the discrepancy in lead. 


1C. W. Sheppard and W. A. Fowler, Phys. Rev. 57, 273 (1940); N. L. 
Oleson, K. T. Chao and H. R. Crane, Phys. Rev. 57, 1063A (1940). 

2 E. J. Williams, Proc. Roy. Soc. A169, 569 (1939); S. A. Goudsmit 
and J. L. Saunderson, Phys. Rev. 57, 24 (1940). : 

3J. A. Wheeler, Phys. Rev. 57, 352 (1940). 


13. The Radioactive Isotopes of Gold. J. M. Cork AND 
J. HALPERN, University of. Michigan.—In studying ‘the 
radioactivity induced in gold two new emitters of half-life 
54 hours and 164 days have been found. In addition the 
half-lives of three previously announced activities have 
been more precisely determined. The beta- and gamma- 
energies associated with each radioactivity have been 
measured by absorption methods and by the cloud 
chamber. Gold has a single stable isotope of mass 197 and 
while each of the five radioactivities can be reasonably 
assigned to a particular isotope, the placement is not as yet 
uniquely determined. The half-lives, energies and probable 
responsible isotopes appear to be as follows: 67.8 hr., 
B~ (0.74), y (0.24, 0.50) [198]; 54 hr., 8~ (0.57), y (0.53) 
[195 or 196]; 5.6 days, 8~ (0.36), y (0.41) [196]; 164 days, 
B~ (0.45), y (0.11) [199] and 37 m, 8* [195]. 
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14. Abnormal Diamagnetism of Ge at Low Tempera- 
tures; the Specific Heat of Zr. CHARLEs F. Squire, Uni- 
versity of Pennsylvania.—The diamagnetic susceptibility 
per gram of pure germanium changes from —1.0X10~ to 
—1.0X 10 in cooling through a transition of the coopera- 
tive type according to our measurements. The specific heat 
has a large hump at the transition (75°K) according to 
measurements of F. Simon and S. Critescu.! According to 
H. Nitka,? the x-ray evidence shows no change of crystal 
structure (diamond type) but about 1 percent contraction 
of volume on cooling through the transition. The large 
diamagnetism has an analogy in the case of Bi; it seems 
unlikely that it can be identified with the enormous 
diamagnetism of a superconductor. However, the transi- 
tion may be caused by a cooperation between electrons so 
that a lower energy state is formed and so that electrons 
may move through large areas in the crystal under the 
influence of a magnetic field. We believe that a Debye 
@=177°K on the low temperature side and a @=290°K on 
the high temperature side of the transition explains the 
true abnormality of the specific heat curve. There is also a 
hump in the specific heat of Hf at 85°K ;! we have therefore 
measured the specific heat of Zr down to 80°K but without 
finding the expected hump. A Debye @=190°K fits our 
curve very well. 


1F. Simon and S. Critescu, Zeits. f. physik. Chemie 25, 273 (1934). 
2H. Nitka, Physik. Zeits. 38, 895 (1937). 


15. The Theoretical Magnetic Susceptibility of Molec- 
ular Deuterium as Compared with That of Molecular 
Hydrogen. ENos E. WITMER, University of Pennsylvania. 
—The molar magnetic susceptibility x, of molecular 
hydrogen or molecular deuterium is given by 


Ley |P(nn’)|? 


6m An hy(n, n’) 





xu +78) + 
uM 6met . 


The first term has been evaluated exactly and the second 
approximately, using the wave functions of James and 
Coolidge for the normal electronic state of molecular 
hydrogen. Furthermore, a Morse wave function was used 
as the vibrational function in evaluating the first term. This 
function for Dz differs from that for He, leading to slightly 
different values for the first term. Thus for H: the first 
term is —4.115X10~-¢ and for Dy, it is —4.08010~*. The 
second term in the formula above may also yield slightly 
different results for Hz and Dz, but since the value of this 
term is less than 8 percent of the value of the first term, 
this difference is not important. The best value of x, for 
H;is probably — 3.965 x 10-*. Hence the value for D2 should 
be about —3.93 x 10~*, 


16. The Fock Equations and Diamagnetic Susceptibility 
for Magnesium III. W. Jacque Yost, Brown University.— 
The calculation of a self-consistent field including the 
exchange terms has been completed for Mg III in the 
normal state. The methods used are similar to those re- 
ported in the case of Mg III without exchange.' None of the 
final Z(nl|r) diverge from self-consistency by more than 
+0.003, Three approximations were necessary in both s 
groups and four for the 2p group. The inclusion of the 
exchange terms produces a shift in the charge distribution 
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in such a manner as to make the ion more compact. The 25 
functions show a greater change than the 29 functions, 
which is contrary to results for similar configurations. The 
greater difficulty encountered in the numerical solution of 
the Fock equations is shown to arise from the inhomo- 
geneity of the equations, An interpolation method is sug- 
gested for obtaining a good approximation to the solutions 
with exchange, whenever the solutions without exchange 
are known for the same configuration. The diamagnetic sus- 
ceptibility for Mg III, as calculated from the solutions with 
exchange, is —3.7410~*. This is in good agreement with 
the value —3.3X10~-*, which Pauling? quotes as the best 
average value from several experiments. This calculation 
indicates that the earlier value of —8.6X10~*, given by 
Joos,’ is too high. 


1W. J. Yost, Phys. Rev. 57, 557 (1940). 
2L. Pauling, Proc. Roy. Soc. 114A, 204 (1927). 
3G. Joos, Zeits. f. Physik 19, 347 (1923). 


17. Theory of the Approach to Magnetic Saturation. 
WILLIAM FULLER Brown, Jr., Princeton University,— 
Ferromagnetic saturation is not attained in finite fields 
because of internal forces that turn the spontaneous mag- 
netization J, out of the direction of the field H. These 
deviating forces are due to crystal anisotropy and to in- 
ternal stresses. When they are uniform or vary slowly from 
point to point, a standard theoretical treatment! leads to a 
formula J,—J=6/H*. But if they change rapidly over 
short distances, this treatment is no longer valid; for then 
the interatomic coupling forces responsible for the spon- 
taneous magnetization prevent it from changing its direc- 
tion fast enough to follow the deviating forces exactly.2 A 
calculation has been made for the case of deviating forces 
concentrated in points, lines, or planes. These lead to terms 
in J,—J of the form a/H™?, with n=1, 2, 3, respectively, 
provided HK or >>4xJ,; at intermediate fields the formulas 
are more complicated because of magnetic interactions, 
Experimentally’ an a/H term is found as well as the 6/H? 
term, and the coefficient a is increased by plastic flow. This 
suggests that the a/H term may be due to stress concentra- 
tions associated with dislocation lines.‘ 

1F, Bitter, Introduction to Ferromagnelism (McGraw-Hill, 1937), p. 
‘Ter. J. App. Phys. 11, 160 (1940), especially Figs. 2 and 6. 


A. R. Kaufmann, Phys. Rev. 57, 1089A (1940). 
4J. M. Burgers, Proc. Phys. Soc. 52, 23 (1940). 


18. Electron Band Treatment of Susceptibilities of 
Nickel and Nickel Alloys. KENNETH E. KEYEs, Carnegie 
Institute of Technology—The temperature dependence of 
the susceptibilities of nickel and its alloys (nickel-copper 
and nickel-zinc) has been measured by various experi- 
menters.! It has been found possible to explain this depend- 
ence formally by a straightforward application of the 
Fermi-Dirac statistics to the electron bands taking, of 
course, proper account of exchange forces. For nickel and 
its alloys the bands that need be considered are those aris- 
ing from the (3d) and (4s) energy states. The theory of 
metals indicates that the proper distribution of the (3d) 
band near the top is given by N(e) =a(em—e-)*, while for 
the 4s-bands the distribution is given sufficiently accurately 
for our purpose by N(e) =constant =). By properly choos- 
ing the parameters a and 6 it is possible to obtain good 
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agreement with experiment. The results are discussed in 
relation to the measurements of Keesom and Kurrelmeyer? 
on the specific heat of nickel-copper alloys at low tempera- 
tures. The present treatment differs from that of Stoner* 
in that it takes account of the presence of the (4s) band 
which overlaps the (3d) band. 


1 Mary A. Wheeler, Phys. Rev. 56, 1137 (1939). 
2 W. H. Keesom and B. Kurrelmeyer, Phys. Rev. 57, 1068A (1940). 
3E. C. Stoner, Proc. Roy. Soc. A165, 372 (1938). 


19. High Frequency Resistance and Permeability of 
Iron in a Magnetic Field. J. Barton Hoac anp C. R. Cox, 
University of Chicago.—The effect of a superimposed steady 
magnetic field on the high frequency resistance and perme- 
ability of iron has been investigated in the wave-length 
region from 11 to 160 meters. The substitution method of 
determining resistance was used in conjunction with a 
resonant circuit coupled to an oscillator. Permeabilities 
were computed from resistance measurements by the use 
of Kelvin’s skin effect equation. It was found that the 
effect of an applied field is to reduce the permeability and 
the resistance of iron, the reduction amounting to 60 or 70 
percent for fields of 850 oersteds. The percentage decrease in 
radiofrequency resistance due to the application of a field 
was found to be approximately constant over the range from 
30 to 160 meters and to rise to a greater value at wave- 
lengths less than 30 meters. The permeability with zero 
applied field was found to be approximately constant over 
the range from 30 to 160 meters and to decrease appreciably 
from 30 to 11 meters. A comparison will be made of the 
present permeability values (for H=0) with those of other 
workers in this range. 


20. Magnetic Properties of Iron-Aluminum Alloys. 
R. M. Bozortu, H. J. WILLIAMs AND R. J. Morris, JR., 
Bell Telephone Laboratories.—The alloy containing about 
four percent aluminum has been found to have a valuable 
combination of magnetic, electrical and mechanical proper- 
ties. After melting in hydrogen or in air, rolling hot and 
then cold, and annealing at 1000°C, maximum permeabili- 
ties (um) of over 25,000 have been attained. The cold rolling 
produces marked directional properties and in the direction 
of rolling and at right angles the permeability (u) after 
annealing is as high as 8000 at a flux-density (B) of 14,000. 
In swaged rod, »=12,000 at B=14,000, and 7000 at 
15,000, and the coercive force (H,) is 0.20. After cold rolling 
and annealing for one hour, torque curves show that the 
directional character is marked when the annealing tem- 
perature lies between 700° and 1200°C. Special annealing 
in hydrogen at a high temperature reduces the coercive 
force to 0.08. The material is less brittle than iron-silicon 
alloys containing the same amount of silicon, the permeabil- 
ities at high flux-densities are higher than the commercial 
iron-silicon alloy and the resistivity is about the same. 
Ingots of 250 pounds have been satisfactorily cast and 
worked. Although u» is about the same as that previously 
obtained,' H, is much lower and yu is much higher at B 


'=14,000 and 15,000. The hysteresis loss at B=15,000 is 


about one-fourth of that formerly reported. 


'T. D. Yensen and W. A. Gatward, University of Illinois Bull. No. 
95, 1-50 (1917). 
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21. Vicalloy, a New Permanent Magnet Material. E. A. 
NESBITT AND G. A. KELSALL, Bell Telephone Laboratories.— 
A new permanent magnet material with unusual mechan- 
ical as well as magnetic properties has been developed. In 
the best specimens, the coercive force (H,) is 400 oersteds, 
the residual induction (Bg) 9600 gauss, and the energy 
product (BH) as high as 2.8 X 10°. Before it is given its final 
heat treatment, it can be rolled and machined almost as 
readily as mild steel. The composition is 36 to 62 percent 
cobalt, 6 to 16 percent vanadium and 30 to 52 percent iron. 
The heat treatment and mechanical treatment used to at- 
tain the best magnetic properties were as follows: cast, hot 
swaged, cold drawn with a reduction in area as high as 95 
percent, then heat treated for an hour at 600°C. Good 
mechanical properties and energy products as high as 1.0 
X 10° are obtained without cold working. The alloy differs 
from most age-hardening alloys in that the y phase stable 
at high temperatures is dispersed in the a phase stable at 
low temperatures, instead of vice versa. The cold work 
transforms 7 to aand the anneal at 600°C transforms a part 
of the alloy to y. This material is not commercially avail- 
able at present. 


22. Change of Length and Young’s Modulus with Mag- 
netization and Heat Treatment. H. J. Wittiams, R. M. 
BozoORTH AND H. CHRISTENSEN, Bell Telephone Laboratories. 
—The purpose of this investigation has been to study the 
changes in certain physical properties that result from 
different treatments given to an alloy in a temperature 
range reaching to 1000°C. The magnetostriction at satura- 
tion varied from 2.5X 10~* to 21 X 10~* and the variation in 
Young’s modulus with magnetization varied from 0.09 
percent to over 8 percent. The alloy studied, permalloy 
containing 68 percent nickel, was chosen because it is 
especially sensitive to such heat treatments. The treatments 
were (1) the usual anneal followed by slow cooling, (2) 
the permalloy treatment (air quenched from 600°C), heat 
treatment (3) in a longitudinal and (4) in a transverse mag- 
netic field. Measurements were also made on cold-rolled 
material before annealing. The results are interpreted in 
terms of the domain theory as far as possible. Young's 
modulus was determined by measuring the natural fre- 
quency of vibration of a hollow rectangle magnetized 
parallel to its sides so that the magnetic circuit was com- 
plete without air-gaps or end effects. 


23. Wave Reflections at Oblique Incidence. C. D. 
THomAsS AND R. C. CoLWELL, West Virginia University.— 
In the troposphere, the temperature of the air does not 
always decrease with increased height above the earth's 
surface. Very frequently inversion layers are encountered 
at heights of from one to ten kilometers, in which there is 
an abrupt transition from cold dry air to warm moist air. 
The difference in dielectric constant between these two 
regions is sufficient to cause a reflection of radio waves. 
At perpendicular incidence the reflected wave is weak 
compared to the direct wave; but at oblique incidence, the 
reflected wave may be fairly strong. An application of 
Maxwell’s equations to these boundary layers gives a 
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quantitative relation which is in fair agreement with the 
experimental results. Short radio waves are bent around 
the curving surface of the earth by reflection from the 
inversion layers as well as by diffraction. 


24. The Variation in Intensity of Radio Signals. R. C. 
CoLwELL, West Virginia University.—For several years, 
the strength of radio signals from nearby broadcasting 
stations has been taken at midday. When the results are 
plotted, it is found in every case that the signals in winter 
are much stronger than in summer. There is also a day to 
day variation caused by the changing weather cycle. 


25. The Influence of ‘‘Cold Ends” on Performance of 
Vacuum-Tube Air Coolers. I. E. MouromtTserr, Westing- 
house Lamp Division, Bloomfield, New Jersey.—Mathe- 
matical expressions are derived for longitudinal tempera- 
ture distribution in a hollow cylinder under the assumption 
of uniform heating of the middle portion of the cylinder 
on the inside and uniform cooling on the outside of the 
entire cylinder. The results obtained are applied to a 
practical case of an air cooler designed for a vacuum tube 
with an external copper anode. Temperature distribution 
along the core of the cooler is calculated and represented 
graphically. The effect of variable air velocity on tempera- 
ture distribution is discussed; curves for the ‘‘normal” and 
50 percent and 200 percent of the normal velocity are cal- 
culated. Permissible anode dissipation is plotted as function 
of air velocity. It is shown that without taking the actual 
temperature distribution into consideration an error of 
approximately +25 percent to —50 percent in maximum 
ratings can be made. 


26. Arc Cathodes of Low Current Density at High 
Amperage. JOSEPH SLEPIAN AND W. E. BERKEY, Westing- 
house Electric & Manufacturing Company.—From photo- 
graphs, and from the marking on the electrodes, Slepian 
and Haverstick' found that short duration arcs of 25 
amperes in gases at a pressure of a few centimeters had 
apparent current densities at the cathode of less than 100 
amp. per cm’. This is in sharp contradiction to the density 
of several thousand amperes per cm? which seems to be 
required by generally accepted theories of the cold cathode 
arc.! Similar results have been found up to currents of 
5000 amperes, burning for 1/120 sec. with electrodes of 
various metals in air at less than 10 cm pressure. Apparent 
cathode current densities calculated from the observed 
marking on the electrodes were less than 1000 amp. per 
cm*, The markings on the electrodes were apparently 
produced by oxidation only, the energy density developed 
at the electrodes being insufficient to bring the electrode 
surface to the melting point in the 1/120 second duration 
of the arc. The circuit interrupting capacity of these short 
low current density arcs was found to be not less than that 
of short arcs at atmospheric pressure. 


1 Phys. Rev. 33, 52-55 (1929). 


27. Short Time Photographs of a Low Pressure Copper 
Arc. R. C. Mason, Westinghouse Research Laboratories.— 
By the use of a narrow slit in a synchronously rotating disk 
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as a shutter, photographs with an exposure time as short 
as 210-5 sec. have been made of a 200-amp. (peak) a.c. 
arc between copper electrodes in air at about 10 mm 
pressure. The light from the cathode region in general was 
diffuse, as if the cathode spot covered a comparatively 
large area. In a few photographs, the diffuse area appeared 
absolutely uniform in brightness, while in many cases there 
were in addition extremely small concentrated points of 
light on the cathode. The cathode current density, as 
judged from the diffuse area, would be from 200 to 1000 
amp. per sq. cm. Two successive photographs, separated 
in time by 2X10 sec., as well as comparison of the 
marking left on the electrode by the arc with the photo- 
graphs, revealed that the arc was usually in motion over 
the cathode. Typical photographs will be shown. 


28. Simple Calculation of Klystron* Efficiency. E. U. 
Conpon, Westinghouse Research Laboratories.—The be- 
havior of the energy modulated electron beam in an oscil- 
lation generator of the Klystron* type can be understood 
in a simple way by considering the trajectories of the 
individual electrons and averaging over the phase of the 
oscillation at which the various electrons enter the oscil- 
lating field. This point of view permits a simple calculation 
of Webster’s approximate formula’ for the efficiency of 
power conversion in the Klystron.* 


* Sperry Gyroscope Company trademark. 
1D. L. Webster, J. App. Phys. 10, 501 (1939). 


29. A Thermistor Voltage Regulator. C. B. GREEN AND 
G. L. PEARSON, Bell Telephone Laboratories.—Thermistor 
is a contraction of the words ‘‘thermal resistor” and desig- 
nates an electrical resistance whose value is markedly 
dependent upon its temperature.' Thermistors with a large 
negative temperature coefficient of resistance can be made 
of metallic oxides. One such thermistor which is com- 
mercially available is described and its thermal and elec- 
trical characteristics given. A considerable portion of its 
voltage-current characteristic has a negative slope, i.e., the 
voltage decreases as the current increases. This suggests a 
number of interesting applications for thermistors, among 
which is their use as automatic voltage regulators. If a 
properly chosen ohmic resistance is placed in series with 
the thermistor, the voltage drop existing across the ter- 
minals of the thermistor-resistance combination will 
remain constant despite a large variation of current 
through it. The electrical characteristics of a typical ther- 
mistor voltage regulator are presented and the effect of 
ambient temperature upon its operation discussed. A 
model regulator has been constructed which over a limited 
ambient temperature range will maintain a voltage of 13 
volts to +1 percent across a high impedance load when 
operating from a nominally 120 volt a.c. supply varying 
+30 percent, or from a 35-volt supply varying +20 per- 
cent. 

1 Phys. Rev. 57, 1065A (1940). 


30. A Magnetic Ultra-Micrometer for Measurement of 
Thin Films or Nonmagnetic Material Superimposed Upon 
a Base of Magnetic Material.—W. B. ELttwoop, Bell 
Telephone Laboratories—A magnetic bridge is described 

















which measures without destruction the average thickness 
over a given area of a nonmagnetic film of any kind upon 
one side of a magnetic base material. The thickness is in 
terms of an equivalent resistance or galvanometer deflec- 
tion and is empirically calibrated and is only slightly 
affected by large variations in the permeability of the base 
material. The sensitivity of the bridge can be made to 
detect 10~¢ inches of film. The bridge consists of two short 
collinear magnetic probes provided with primary windings 
excited with a.c. The test specimen is clamped between the 
ends of the probes perpendicular to them and the differ- 
ential voltage between two secondary coils on the probes 
is a measure of the thickness of the film. This a.c. e.m.f. 
is measured by a d.c. galvanometer which is connected to 
the coils through a vibrating reed rectifier enclosed in 
glass which is driven synchronously by the a.c. power 
supply to the bridge. This device provides ample sensitivity 
without amplification. 


31. The Effect of Pressure Variation of Viscosity on the 
Lubrication of Plane Sliders. M. Muskat anp H. H. 
EvincER, Gulf Research & Development Company.—The 
Reynolds theory has been applied to the calculation of the 
lubrication properties of plane sliders—thrust bearings— 
of infinite width provided with lubricants whose viscosities 
increase with the pressure. The variation of viscosity with 
pressure was assumed to be exponential. The important 
variable characterizing the lubricant and the effect of the 
pressure variation of its viscosity was found to be the 
product of the viscosity pressure exponent and the bearing 
load per unit area. Curves for the friction coefficient, 
minimum film thickness, and lubricant flow were calculated 
for fixed values of this product, both for fixed wedge angle 
and pivoted sliders. It was found that for each choice of 
this product there will be a limiting position of the pivot 
line of the slider or of the equivalent Sommerfeld variable 
at which the film pressures and friction forces would 
become infinite, and beyond which it will be impossible to 
operate the slider. Moreover the absolute maximum value 
for this product under any conditions was found to be the 
value 2. This means that the absolute maximum load per 
unit area which can be carried by such bearings is equal to 
twice the reciprocal of the viscosity pressure exponent. 


32. Experiments on Boundary Lubrication. F. MorGan, 
M. MuskatT, AND D. W. REED, Gulf Research & Develop- 
ment Company.—Apparatus has been constructed some- 
what similar to that of Bowden to study the stick-slip 
behavior of the friction and temperature at the contact 
between metallic sliders under various conditions of speed 
and load, with different types of surfaces, and with sliders 
having given periods of free vibration. Simultaneous 
records were obtained of the instantaneous values of the 
friction and temperature. The friction determinations were 
made by reflecting light directly from the vibrating element 
onto a photographic film. The temperature fluctuations 
were recorded in terms of the thermoelectric voltages, 
generated between the sliding surfaces, which, after ampli- 
fication, were sent to a high frequency galvanometer 
recorder. To check that these voltages were not due to 
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spurious effects records were obtained for the sliding of steel 
on steel. In these no thermoelectric voltage was observed 
even though the friction traces showed large fluctuations. 
For constantan on steel the characteristics of the traces 
were found to depend on the relative speed and load, as 
well as on the natural frequency of the vibrating element. 
Preliminary results indicate that under certain conditions 
of lubrication some stick-slip may still take place while in 
other cases it disappears entirely and no temperature 
jumps occur. 


33. Precipitation of Dirt. R. A. NIELSEN, Westinghouse 
Research Laboratories.—The unwanted deposition of dirt 
and smoke on room walls is a nuisance in industrial cities; 
this is especially true in a community where soft coal is 
used as a fuel. The deposits that occur are of two kinds: 
a uniform deposit resulting in a fairly inconspicuous 
darkening of the walls; and patterned deposits silhouetting 
laths, studdings, nails, etc., that often become very con- 
spicuous before the end of a heating season. The action of 
convection, diffusion, and thermal gradients in producing 
the deposits that are observed on the walls will be dis- 
cussed. Data on the magnitude of thermal gradients near 
wall surfaces of homes will be presented together with 
suggestions for minimizing the deposition of dirt on walls. 


34. On the Heat Emission Associated with the Processes 
in Oversaturated Solid Solutions (“Aging”). H. CaLus 
AND R. SMOLUCHOWSKI, Warsaw Institute of Technology 
and Princeton University.—‘‘Aging”’ a process little under- 
stood, especially at its early stages, occurs in oversaturated 
solid solutions which lead to precipitation. Its study is 
interesting in view of the problem of mechanism of diffusion 
in crystal lattice and equilibrium conditions. The process is 
accompanied by changes of mechanical, electric and mag- 
netic properties and is important for the applications of 
duraluminum alloys. As a further step in its study, in par- 
ticular of the rate of reaction, accurate measurements were 
made of the heat effects associated with the beginning of 
aging. The Swietoslawski microcalorimetric technique used 
before for similar research was applied. The method of 
measurements consisted in following the change of tem- 
perature difference between a quenched metal block and a 
thermostat (+0.002°C) by means of a differential thermo- 
couple. One obtained the rate of heat emission from the 
formula: H =c[m—k(to—t)] where m is the slope of the 
time-temperature curve, to—¢ the thermocouple indications, 
k a constant, and c the specific heat. The results were 
checked by an adiabatic method in which the thermostat 
and the block have the same temperature. One was able 
to make measurements soon enough aftert the quenching 
to observe the increase of the heat emission before it 
reaches a maximum and decreases asymptotically. It was 
thus possible to measure the total heat and the value 
1.75+0.05 cal. per gram was obtained for Duralumin. 
Studies were made on the influence of temperature of 
aging on the heat emission, and also of the composition for 
pure Al-Cu alloys (up to 5 percent Cu by weight). The 
heat emission increases with the amount of copper, being 
zero for pure aluminum. 

* W. Swietoslawski and J. Czochralski, Wiad. Inst. Met. 3, 59 (1936). 
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35. Field Emission X-Ray Tube. C. M. Stack, Lamp 
Division, Westinghouse Electric & Manufacturing Company, 
Bloomfield, New Jersey.—It has been found possible to 
draw currents of the order of several thousand amperes from 
cold metals by field emission in vacuum. This principle has 
been put to use in the design of a condenser discharge x-ray 
machine for high speed radiography. For a practical tube 
it seems necessary to use an auxiliary electrode spaced close 
to the cathode and connected to the anode through a high 
resistance. This electrode serves to initiate the discharge 
which is then transferred to the anode. It can also be 
made to serve as a focusing electrode. Radiographs of 
bullets and other high speed objects will be shown. 


36. An Attempt to Measure Young’s Modulus and 
Poisson’s Ratio by X-Ray Methods. L. L. DAVENPortT, 
University of Pittsburgh. (Introduced by S. S. Sidhu.)— 
Measurements of longitudinal extension and transverse 
contraction of polycrystalline tungsten wires under stress 
have been made by back reflection photograms using 
Ni Ka radiation. The effect of strain in 321 direction has 
been determined. The preliminary results appear satis- 
factory and indicate an additional possibility of a deter- 
mination of the yield point. A method of measuring radii 
of diffraction rings has been developed. The values for a 
single crystalline direction may be computed by this tech- 
nique. 


37. Atomic Distribution in Aluminum-Silver Alloys 
During Aging. CHARLES S. BARRETT AND ALFRED H. 
GEISLER,* Carnegie Institute of Technology—Laue photo- 
graphs of aluminum-rich aluminum-silver crystals during 
aging at 20° and 150°C show more or less clearly defined 
streaks along certain zonal ellipses, in addition to the 
streaks caused by thermal agitation. These have been 
analyzed by stereographic and reciprocal lattice projec- 
tions and are found to result from cross-gratings parallel 
to planes of the form {111}. The streaks with 20° aging 
are more diffuse than with 150° aging; no streaks were 
found with 200° aging. When full precipitation occurs, 
sharp spots appear along the streaks at places predicted 
from earlier studies of the Widmanstatten structure’ 
formed by the visible precipitated crystals. Two theories 
can account for the cross-grating diffraction: (a) silver 
atoms collect in plate-like clusters on irregularly spaced 
{111} planes in a way analogous to that proposed in 
aged aluminum-copper alloys,** and (b) certain {111} 
planes shift parallel to themselves as required for the 
transformation from face-centered cubic to hexagonal 
close-packed lattices, the shift occurring on random planes 
in such a way as to destroy the periodicity normal to the 
planes. 


* Aluminum Company of America Graduate Fellow. 

1R. F. Mehl and C. S. Barrett, Trans. Am. Inst. Min. Met. Eng., 
Met. Div. 78, 1931. 

2A. Guinier, Comptes rendus 204, 1115 (1937); 206, 1641 (1938); 
Nature 142, 569 (1938). 

3G. D. Preston, Nature 142, 570 (1938); Phil. Mag. 26, 855 (1938); 
Proc. Roy. Soc. A167, 526 (1938). 


38. X-Ray Diffraction Studies of Anhydrous Chromic 
Oxides Prepared by Different Methods. S. S. Sipuu, 
University of Pittsburgh, AND Marc DarRIN, Mellon Insti- 
tute-—Anhydrous chromic oxides prepared by different 
methods and analyzing from 99 to 100 percent in purity 
show marked differences in their physical properties. They 
vary in appearance from a very bulky powder to a very 
dense, visibly crystalline material. Their crystalline 
structure, however, remains the same, rhombohedral 
(hexagonal system). The size of the unit cell in each case 
has the normal x-ray value. Powder diffraction photo- 
grams prepared with standard-size specimens and a camera 
of the same effective diameter are identical with respect 
to the number and positions of the diffraction lines, but 
the intensities of the corresponding lines originating from 
the same crystal planes vary considerably, depending upon 
the method of preparation. For example, in some samples 
the 102 and 110 intensities are exactly the same, but in 
others the former ipcreases and the latter decreases, 
Whether the intensity anomalies result from (1) the orien- 
tation of scattering centers owing to the movement of the 
molecules, (2) the formation of unstable small crystallites 
in which the molecules from certain crystal planes diffuse 
to other planes as the size of the crystallite grows, or (3) a 
temporary substitution of oxygen atoms for chromium 
atoms, as in the passivity of chromium, will be discussed, 


39. An Electron and X-Ray Diffraction Study of the 
Grain Boundary Substance in Cadmium. BERNARD L. 
MiLLeER, University of Pennsylvania. (Introduced by Ray- 
mond Morgan.)—All metals in their usual state consist of 
a conglomeration of microscopic grains. Insoluble im- 
purities collect at the boundaries of these grains and form 
films between the crystals. As such they may exercise con- 
siderable influence on the mechanical, diffusion, corrosion, 
recrystallization, electrical and magnetic properties of the 
metal. The grain boundary material in commercial cad- 
miums was isolated by dissolving laminae of cadmium in 
ammonium nitrate solution, the boundary substance 
remaining as insoluble films. Electron diffraction patterns 
were made of such films using 40 to 50 kilovolt electrons 
and x-ray diffraction patterns were obtained of powders 
of these films employing copper Ka-radiation. Guided by 
a knowledge of the elements present as indicated by a 
spectrographic analysis, the diffraction patterns were 
identified as belonging to the compounds cadmium car- 
bonate and basic lead carbonate. Since it is known that 
normal lead carbonate converts to basic lead carbonate in 
ammonium nitrate solution it is concluded that cadmium 
carbonate and normal lead carbonate were present at the 
grain boundaries in the cadmium metals. 


40. X-Ray Diffraction Studies of Silver-Rich, Silver- 
Magnesium Alloys. Harotp R. LetNerR, HENry H. 
GEORGE AND S. S. Sipnu, University of Pittsburgh.—A 
preliminary survey of the a and 8 solid solutions of mag- 
nesium in silver has been made using a Debye-Scherrer 
camera and Cu Ka-radiation. The lattice parameters of 
both the face-centered cubic a-phase and the body-centered 
cubic 8-phase are found to increase with increasing mag- 
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nesium content. Line intensities of alloys in the 8-phase, 
allowed to cool in the furnace, indicate a highly ordered 
structure in the region of 50 percent magnesium. Quenched 
alloys having compositions in the two-phase region between 
the a- and #-phases and also some of the alloys in the 
-phase annealed for 113 hours at 775°C, exhibit substan- 
tially less order. Further experimental work to study the 
magnesium-rich, silver-magnesium alloys is in progress. 


41. X-Ray Absorption Edges in Gaseous, Liquid and 
Solid States. T. DRYNSKI AND R. SMOLUCHOWsKI, Warsaw 
University, Warsaw, and Princeton University.—The fine 
structure of the x-ray absorption edges depends mainly 
upon the structure of the energy spectrum above the occu- 
pied levels and on the transition probabilities. Although a 
quantitative interpretation is not always possible it is of 
interest to compare the fine structure of the x-ray absorp- 
tion edges in gaseous, liquid and solid states. As absorbing 
substances were chosen: (i) GeCl,, which in gaseous state 
has a Ge K-edge which structure is experimentally and 
theoretically known; (ii) AsCl;, which has a similar molecu- 
lar structure. Special experimental arrangements have been 
developed in order to obtain a thin layer of absorbing sub- 
stance in liquid (room temperature) and in the solid (melt- 
ing point for GeCl, —52°C, for AsCl; —18°C) state. The 
absorbing substance was kept in both cases in a thin glass 
capillary tube of proper inside diameter and thin walls. 
The structure of the Ge K-edge of solid GeCl, differs con- 
siderably from that obtained with both liquid and gaseous 
GeCl,, the structure in the two latter states being practi- 
cally identical. For AsCl; the edges in the case of gaseous 
and liquid state were obtained and show in general the 
same effects as for GeCly. The results are in accord with 
general qualitative expectations which one can formulate 
in considering the characteristic features of the gaseous, 
liquid and solid states. 


42. An X-Ray Study of Liquid Benzene, Cyclohexane, 
and Their Mixtures. WHEELER P. Davey AnD Paut H. 
BELL, The Pennsylvania State College —X-ray (Mo K alpha) 
studies were made of pure benzene, pure cyclohexane, and 
their mixtures, by using a Geiger-Mueller counter with 
balanced filters. The benzene showed at 25°C a rather 
sharp intense peak at the customary 8°40’ and a new 
broader peak of about one-eighth intensity at 4°20’. The 
cyclohexare showed a similar pair of peaks at 8°0’ and 
4°0’. The mixtures all showed a broad peak of low intensity 
reaching from 4° to 8° and three sharp peaks at 8°0’, 8°20’, 
and 8°40’ superimposed on a broad peak which reached 
from about 8°0’ to about 8°40’. The positions of the three 
sharp peaks were not affected by the proportions of the two 
components, and their relative intensities are independent 
of amount of stirring. The customary shift with tempera- 
ture was observed on all peaks. The results are consistent 
with a cybotatic type of picture. Benzene is pictured as 
having short-lived highly organized groups of —B-B 
-B-B- floating in a chaotic sea of disorganized ben- 
zene molecules. The peak at 8°40’ is thought to be due to 
resonating groups of -B—-B~B—-B-B—B- and —B-B- 
-B-B—B-B—. Cyclohexane would contain similar groups 





of —C—C—C-—C-, etc. The mixtures are assumed to contain 
~B-B-B-B-, -C-C-—C-—C-, and ~B-C-B-—C-. The presence 
of any considerable amount of more complicated groupings 
is obviously highly improbable. 


43. The Structure of Liquid Argon. E. P. MILLER AND 
K. LarKk-Horovitz, Purdue University.—A special high 
vacuum camera has been constructed which allows the 
investigation of liquids at low temperatures in a plane 
parallel cell with mica windows 0.01 mm thick and about 
4 mm in diameter. Liquid argon in a layer 1.3 mm thick 
has been investigated at a pressure of 910 mm Hg with 
monochromatic Ag Ka-radiation. The diffraction pattern 
shows three distinct rings at sin 8/A : 0.152, 0.284, 0.410 
and a faint ring at sin 8/A~0.59. From a Fourier analysis 
the atomic distribution curve has been determined: there 
are about 10 nearest neighbors in a distance of 3.80A (as 
compared to 12 neighbors at 3.82A in the solid). This num- 
ber is comparable to the 9.8 Cl atoms found around any Cl 
atom in LiCl as reported some time ago. A concentration 
of next nearest neighbors is indicated at 5.4A and further 
concentrations at 6.7A and 7.9A. From these results we 
conclude that the transition solid-liquid in argon produces 
a disorder without however changing the essential pattern 
of coordination as observed in the solid. 


44. The Diffraction and Reflection of Molecular Beams. 
WiLuiAM H. Bessey, Carnegie Institute of Technology.*— 
The diffraction and reflection of helium atoms and hydro- 
gen molecules by lithium fluoride cleavage surfaces were 
studied by the method of molecular beams. A search was 
made for diffraction maxima very close to the specularly 
reflected beam; their presence would be direct evidence for 
the secondary structure of crystals postulated by Zwicky. 
The results were negative. Anomalous reflection curves 
were found, however, which were similar to those obtained 
by Renninger' for the reflection of x-rays by certain rock 
salt crystals. Both results can apparently be explained by 
assuming that crystals are made up of small pieces, crystal- 
lites, which are slightly tipped with respect to each other. 


* Now at the South Dakota State School of Mines. 
1M. Renninger, Zeits. f. Krist. 89, 344 (1934). 


45. On the Color of Solutions of Alkali Metals in Am- 
monia. HANs VON R. JAFFE, Allegheny College —The con- 
centrated solutions of alkali metals in liquid ammonia 
show metallic reflection with a remarkable dependence of 
the color of the reflected light on the angle of incidence. 
For the extreme case of the saturated solution of lithium 
the author has reported! a change of color from deep red 
to yellow, green, and finally white as the angle of incidence 
was increased from 0 to 90°. Measurements of the Hall 
effect of the solid compound Li(NH:;), carried out at the 
same time led to the conclusion that the solid compound 
as well as the saturated solution contains one free electron 
for each atom of Li present. It is now shown that, using 
this electron density, the classical theory of dispersion of 
free electrons satisfactorily accounts for the observed color 
phenomena. To explain the absorption spectra of the 
dilute solutions the potential energy of the electron in the 
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field of surrounding NH; molecules must be taken into 
account. An energy of 1 ev would be in agreement with the 
data on absorption so far available. 

1 Hans Jaffe, Zeits. f. Physik 93, 741 (1935). 


46. Halation on Kinescope Screens. RicHARD F. BAKER, 
Columbia University.—Halation in the conventional kine- 
scope is caused by light which has returned to the phosphor 
by way of total internal reflection and has then been 
scattered. Halation is objectionable in television reception 
because of the resultant loss of contrast and is especially 
annoying in any quantitative oscillograph work. The use 
of an absorbing medium between the phosphor and the 
glass envelope or in the glass itself for reducing halation 
has been proposed, and in conjunction with a small degree 
of optical contact between the phosphor and the glass is 
quite effective. Another method for minimizing halation is 
to combine with the advantages of an attenuating film a 
high index of refraction m, which is greater than the 
index of either the glass m, or the phosphor m». An analysis 
taking account only of the two total reflections at the film- 
glass and glass-air interfaces and assuming the validity of 
Lambert’s law shows that the fraction of the total flux 
leaving an elementary area of the phosphor which reaches 
the air is 

log (1—1/mm*)#/log (1 —,?/mm?)}. 
For the conventional phosphor-glass combination the 
fraction is 

log (1—1/m,*)*/log (1—n,#/n,*)!4. ; 
In all cases where n», >n,>n, the film offers an advantage 
insofar as the percentage of flux returning to the phosphor 
is concerned. This advantage of the film is increased when 
the absorption of the halo-forming flux in the film is taken 
into account. The advantages of this method in practice 
may be realized by depositing a film of high refractive 
index, low absorption index and low reflection coefficient 
between the phosphor and the glass envelope. The increase 
in contrast achieved in this manner is of course attained at 
the expense of spot intensity due to attenuation in passing 
through the film. 


47. Rotational Structure of Some Fundamental Infra- 
Red Bands of Deuterated Formic Acid. LincoLn G. SMITH 
AND V. Wi.uiaMs, Princeton University.—The rotational 
structures of the following infra-red bands have been 
obtained: »(C—H) in HCOOD, »(C—D) and »(O—D) 
in DCOOD, and »(C—D) in DCOOH. The approximate 
band centers are, respectively, 2944, 2232, 2632, and 
2219 cm. The »(C—H) band of HCOOD is similar to 
that of HCOOH previously reported! in that no gQ branch 
is present, whereas each of the other three shows a definite 
qQ branch. This indicates that the axis of least moment of 
inertia is perpendicular to the C—H bond in HCOOH 
and HCOOD, but is appreciably shifted from this position 
when deuterium is substituted for the carbon hydrogen. 
The similarity of the »O—D) and »(C—D) bands in 
DCOOD shows that these bonds make approximately 
equal angles with the axis of least moment of inertia. 
These results are in qualitative agreement with the struc- 


ture of formic acid presented by Badger and Bauer. The 
structure of the molecule will be further discussed in the 
light of these new data. 

1 Paper No. 117, Washington meeting, April 26, 1940. 


48. Transmission Line Method of Measuring the Dielec- 
tric Constant of Gases and Water Vapor at Ultra-High 
Frequencies. JOHN P. HAGEN, M. Distap Anp F. C. 
IsELEY, Naval Research Laboratory.—A concentric trans- 
mission line, with the inner conductor a quarter wave- 
length long and grounded to the outer sheath at one end, 
was loosely coupled to an external ultra-high frequency 
oscillator. A detector was also loosely coupled to the 
quarter-wave line and the frequency of the oscillator 
adjusted to produce resonance in the line. Measurements 
were made of the resonant frequency first with dry air 
surrounding the inner conductor and then with moist air 
at various humidities and temperatures. Since the dielectric 
constant of the surrounding gas is inversely proportional 
to the square of the resonant frequency, the dielectric 
constant of the gas can be readily calculated. The experi- 
mental results for water vapor at 50°C with a frequency 
of 150 megacycles agree very well with those of other 
workers using frequencies below one megacycle. This 
shows that the dielectric constant of water vapor is prac- 
tically independent of frequency up to at least 150 mega- 
cycles. This method is also suitable for measuring the 
dielectric constant of other gases at ultra-high frequencies. 


49. Ultrasonic Absorption in Liquids. E. C. Grea, Jr., 
Case School of Applied Science.—The absorption coefficient 
in liquids was determined by measuring the voltage which 
must be applied to the vibrating crystal in order to bring 
the points of convergence! of parallel light into focus in a 
microscope set at various distances down the sound beam.” 
As was expected by theory, a linear relationship was found 
between the square root of the voltage and the reciprocal 
of the convergence distance and also between the logarithm 
of the voltage and the distance of the light beam from the 
radiator along the sound beam. In the latter case, the 
absorption coefficient was measured as a function of 
the slope of the line. Values of a (Biquard’s notation) at 
1901.5 kc are as follows: benzene, 0.032; toluene, 0.0099; 
and chloroform, 0.051. Due to unequal amplitudes of 
vibration present over the surface of the crystal and the 
corresponding effect on the depth of focus, a quantitative 
estimate could not be made of the errors involved. Investi- 
gation of the values of the absorption coefficient, presented 
both above and in the literature, shows that for most 
liquids the absorption over the frequency squared becomes 
a constant only above a frequency of about one mega- 
cycle. Only an approximate correlation appears between 
viscosity and absorption. 

1 Lucas and Biquard, J. de Phys. et le Rad. 3, 464 (1932). 
2 Gregg, Abstract 6, Kenyon Meeting of Am. Phys. Soc., April 6, 


1940. 
3 Dye, Proc. Roy. Soc. London A138, 1 (1932). 


50. Absorption of Supersonic Waves in Gases. I. F. 
ZARTMAN AND Frep H. Situ, Muhlenberg College.—The 
absorption of supersonic waves in CO;-free dry air, H: 
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and CO, was measured at a frequency of 606 kc at room 
temperature and atmospheric pressure. The variable path 
acoustic interferometer developed by Hubbard was used, 
precautions being taken to insure the maintenance of 
plane parallelism between reflector and source for all 
positions of the reflector, proper support for the crystal 
and prevention of acoustic radiation from the unused 
face of the crystal. Contamination of the purified gases 
was avoided by using only metal, glass and quartz in the 
construction of the apparatus. The following energy 
absorption coefficients were obtained: CO2-free dry air, 
0.244; He, 0.350; COs, 1.26. 


51. The Theory of Gaseous Isotope Separation in a 
Force Field with Application to the Ultracentrifuge. G. 
HaroL_p WILson, University of Delaware. (Introduced by 
Enos E. Witmer.)—This investigation deals with the 
problem of the rate of change of concentration of each 
component kind of molecule in a mixture of isotopic 
molecules when in a field of force. A kinetic theory deriva- 
tion of the equation for the transport of molecules in a 
field of force is given for each component in the mixture. 
From this are derived the differential equations governing 
diffusion in a force field. The diffusion equations were 
solved subject to the conditions obtaining in an ultra- 
centrifuge of special form by means of a differential 
analyzer. These solutions are used to make a calculation 
for a typical case. Approximate analytic expressions for 
the solutions of the fundamental differential equations are 
obtained which are valid if the speed of the centrifuge is 
not too high. Other expressions which hold if the force 
field is constant are also derived. 


52. Elasticity of Solids at Different Temperatures, Espe- 
cially Near Phase Transitions. H. F. Lup.orr, Cornell 
University.—As indicated,’ the thermoelastic properties 
can be computed from the solid state theory. One needs an 
equation of state relating the internal pressure of a solid 
to its volume and temperature. In general it is sufficient 
to consider one term referring to the pressure of the electro- 
static forces and another term containing the pressure of 
the thermal waves. However, near phase transition regions 
a third term has to be added which takes into account the 
configurational change in the lattice during the transition. 
This term, according to Bethe and Kirkwood,? yields the 
expression : 


1 av 
p= J, Cond x 


(C,* anomaly in the specific heat curve, V interaction 
energy between neighboring atoms). It is shown that V(v) 


‘can be computed if C, has been measured. An equation of 


state containing these three terms enables one to compute 
the variation of the elastic parameters for all temperature 
ranges. At low temperatures one gets a 7*-law, at high 
temperatures a 7-law; the elastic behavior near phase 
transitions can be derived if measurements of one of the 
thermal parameters are available. 


1 Phys. Rev. 57, 558 (1940). 
? Bethe and Kirkwood, J. Chem. Phys. 7, 578 (1939). 


53. A Self-Consistent Solution to the Vacancy Problem 
in Metals. H. B. HUNTINGTON, University of Pennsylvania. 
—Previous calculations have indicated a preference for the 
hole mechanism for substitutional diffusion, but the 
nonorthogonality of the wave functions then employed 
made quantitative estimates of the involved energies 
somewhat unreliable. A more thoroughgoing procedure 
was here followed—namely to find a Hartree-Foch self- 
consistent solution for the electrons in the neighborhood 
of the vacancy. A free electron model was used with 
parameters fitting the copper lattice. Initially analytic 
functions, determined from a square barrier approximation, 
were used to calculate the exchange potentials for S and P 
functions. An electrostatic potential was also determined. 
With these fields the wave functions were integrated, and a 
repetition of the process brought a reasonable degree of 
self-consistency. Preliminary calculations give a value of 
about 2 to 3 ev for the energy needed for the formation of a 
hole. 


54. Pressure-Temperature Dependence of the Com- 
pressibility Factor and Density of Hydrocarbons.* Bruce 
L. Hicks, University of Wyoming.—Several successful 
empirical equations which describe the P-d-T relations of 
liquids and gases have been of the form P= P(T, d), which 
is indicated by theoretical treatments. However, for many 
purposes it is desirable to know some inverse function such 
as density or volume as a function of temperature and 
pressure. Especially useful in applications is the function 
Z(T, P)=PV/RT, the compressibility factor, and, particu- 
larly at low pressures, the function V(T, P) =(RT/P)—V, 
the residual volume. The inverse functions, Z and V, and 
likewise the density d may be calculated from the function 
P=P(T,d) by means of Lagrange’s formula for the re- 
version of series. The expressions are 


a, Fp ~zRT= RT+27 _ A I 


m ea maf a} L 


from which V may be obtained since V=(1—Z)RT/P, and 


d WTP) 145 p* ve~ a 
P(T,d) P RT a-(n+1)! P(T, d) dnt 


With the help of Faa’ di Bruno's formula' for the deriva- 
tives of a function of a function, the necessary partial 
derivatives of the functions {d/P(T, d)}™ taken for d=0 
may be computed directly without forming the inter 
mediate derivatives. Explicit calculation of the coefficients 
of some of the lower powers, P", using a recently developed 
equation of state, P=P(T,d) for the saturated hydro- 
carbons,? will be reported in the near future. These 
coefficients will be polynomials in T and 1/T as are the 
coefficients of d" in the original function, P(T, d). 

















* To be read by title. 

1F. Faa’ di Bruno, Annali di Scienze Matematiche e Fisiche di 
Tortolini 6, 479 (1855). 

2 Benedict, Webb and Rubin, J. Chem. Phys. 8, 334 (1940). 
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55. Explanation of Anomalous Magnetic Torque Curves. 
R. M. BozortH ANp H. J. Wiiiiams, Bell Telephone 
Laboratories.—When a disk cut from a cubic crystal of a 
ferromagnetic material is placed in a magnetic field parallel 
to its plane, the torque exerted on the disk by the field 
generally increases continually with the strength of the 
field, approaching a finite limit (saturation) in very high 
fields. An exception to this course for one orientation of a 
crystal of iron-silicon alloy has recently been observed by 
Tarasov.' We have confirmed his findings and observed a 
similar effect for a series of orientations of disks cut parallel 
to the (110) and (100) planes. As the field strength is 
increased, the torque passes through a well-defined maxi- 
mum before beginning the final approach to saturation. 
This ‘“‘anomalous” peak is explained in terms of the well- 
known energy equation: 


E=Ex+En=K;\(a;*a2?+a2%a;?+a;a;*) — HI, cos 8, 


in which the a’s are the direction cosines with respect to the 
crystal axes of the magnetization vector (/,) of one domain 
and @ is the angle between J, and H. As H increases, the 
path traced on a sphere by the end of the vector J, is 
determined by minimizing the energy for specific values of 
H. The graphical method developed is simple and can be 
used for calculating torque and magnetization curves for 
any direction of the applied field. A necessary condition 
for the occurrence of the peak is that dEx/d@ have a 
maximum between the direction of H and the nearest 
direction of easy magnetization. In (100) disks the demag- 
netizing factor must be small. 
1L. P. Tarasov, Phys. Rev. 56, 1224 (1939). 


56. Spark Gaps with Short Time Lag. JosePH SLEPIAN 
AND W. E. BerKEY, Westinghouse Electric & Manufacturing 
Company.—Short spark gaps (order of one mm) in air at 
atmospheric pressure, unless specially radiated, show 
large spark lag when tested at little above the sparking 
potential. In engineering literature this property is meas- 
ured by the impulse ratio, i.e., the ratio of the voltage at 
which breakdown occurs under a voltage surge rising at a 
specified rate (about 50 kilovolts per microsecond) to the 
voltage at which breakdown occurs with slowly increasing 
impressed 60-cycle voltage. The spark lag shows statistical 
variations, and its mean has been shown to be nearly equal 
to the mean time for emission of an electron from the 
cathode, prior to the spark.! The electron current from the 
cathode prior to the spark is greatly increased by the 
presence of a pointed projection on the cathode, so that the 
mean spark lag at a given voltage is greatly reduced, 
However, if a single pointed projection is used, of sufficient 
size to reduce the spark lag at a given voltage, it also 
reduces the 60-cycle sparking potential, so that the impulse 
ratio, which is the quantity important in engineering 
applications, is not reduced. By using a very large number 
of extremely small pointed projections on the cathode, the 
spark lag can be reduced without appreciable lowering of 
the 60-cycle sparking potentials. Thus impulse ratios little 
greater than unity can be obtained. Small particles of 
carborundum, rutile, Alundum and porcelain of various 
sizes were attached to the cathodes of spark gaps, and the 
impulse ratios tested. Minimum impulse ratios were 
obtained when the particle linear dimensions were between 
2X10-% and 15107? cm. 

1 R. Strigel, Wiss. Verdff a.d. Siemens-Konzern 11-2, 52-74 (1932). 
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